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reviewer’s guide

Carnegie Learning®
Middle School Math Solution
You want the best for your students. You put everything you have into helping them

grow and reach their potential, every single day. You know how critical it is for them to build
deep conceptual understanding of mathematics and develop 21st century skills they need for a
successful future.

We do, too. We’ve spent 25 years conducting cutting-edge cognitive science research on
how students learn math. We’ve also helped create the most innovative classrooms, pushing
the boundaries of math instruction to find out what students are truly capable of and disrupting
traditional methods in favor of what works better.

If we work together, we can give your students the
advantage they deserve.
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The Crisis in Math
Education Today
Traditional “sage on the stage” instruction is not working for our students.

Only 33% of
U.S. 8th graders
are proficient
in math
Only 25% of
U.S. 12th graders
are proficient
in math

According to recent studies, U.S. students are ranked 27th in mathematics when compared with other countries.1
Per NAEP, 67% of U.S. 8th graders are below proficient in math, a number which climbs to 75% among U.S.
12th graders.2
In addition, according to the ACT, 75% of high school students who took the ACT test were not ready for collegelevel work.3 Similarly, the American Management Association has reported that only 37% of employers feel college
graduates are well prepared to collaborate with others, while 26% feel that graduates are strong critical thinkers
and 25% believe graduates are capable of real innovation or creativity.4

Something needs to change.
PSA, 2012
NAEP, 2015
3
ACT, 2012
4
American Management Association, 2010
1
2
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How Is
Carnegie Learning
Different?
One Partner, 180 Days

Unlike other providers, Carnegie Learning provides everything a district needs
for 180 days of math—printed, consumable textbooks and implementation
guides for group instruction, adaptive software and printed materials for
individual learning, and support from real math experts who do more than just
train teachers how to use Carnegie Learning materials—they transform teachers
into confident math practitioners.

Top of Our Class x3

Research and math learning are the building blocks of our DNA. Our team
of cognitive scientists and researchers actively lead emerging brain and
education research into how people learn. And they've done this since the
company's birth 25 years ago at Carnegie Mellon University. We also have a
team of master practitioners with decades of experience bringing researchproven (not research-based) resources to life in real classrooms. Lastly, our
professional learning team of transformers is stacked with math experts who
all have 10+ years of experience in the most innovative math classrooms, all
focused on providing teachers with profound, ongoing support.

Proven and Passionate

Our math program is superior to any other on the market, not only in terms of
raising performance (proven by the Gold Standard RAND research study) but
by changing the conversation from math performance to math learning. Test
scores are important, but we also emphasize learning in context and taking
that learning into other real-world contexts. Exceptional educators believe in
students, are passionate about their practice, and go to any length to bring this
kind of learning to life. Exceptional companies believe in these educators and
share their optimism for the very same work.
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The Carnegie Way
If we expect different results, we have to think differently.

Our People Are Different

We are the only company that brings together researchers, cognitive scientists, master
practitioners, and transformers to develop solutions that are proven to work for students. Built on
research on how students learn best and decades of in-classroom experience, our materials help
students achieve a deeper level of math understanding.

Research
Why Math?
“To me, math is a way of making sense of the world, and I think it’s
important for students to get past the mechanics of arithmetic and
symbol manipulation and gain deeper insights into what math can do
and how it can help you model the world.”
Why Carnegie Learning?
“We take the research very seriously. We take pride in the high
percentage of Ph.D. learning scientists we have on staff. So we
understand what’s been proven to work and balance that with a
healthy respect for the difficulty in translating laboratory research into
practical and effective classroom practices. We’re also unique in that
we don’t just read about learning science—we’re active collaborators
with some of the world’s leading learning scientists.

Dr. Steve Ritter

Co-Founder and
Chief Product Architect

“Part of this scientific approach is that we always believe that we
can learn more and that there are ways to improve our products and
services. We’re never done.”

Cognitive Science
Why Math?
“One of the real joys in life is becoming an expert in something. To
become an expert, however, you must receive advanced training.
For most of us, that means you are going to need to take a course
in mathematics. To give yourself the best possible chance of
succeeding, you need to start with a solid foundation. I work here
because I believe that algebra is the pivot point for most children. It’s
the first time they engage with abstract concepts, such as variables.
My job is to set students up for success by providing them with the
best math education on the planet.”
Why Carnegie Learning?
“Our approach is different because it is inspired by empirical data.
We are helping to transform the classroom by applying cognitive
science to our products and services.”
4 \ Carnegie Learning

Dr. Bob Hausmann

Author and
Learning Technology Scientist

Master Practitioners
Why Math?
“Mathematics is so much more than rules and algorithms. It is
learning to reason, make connections, and make sense of the world.
Mathematical reasoning is important in every aspect of your life. I
want to dispel the notion that certain people are just not good at
math. Everyone has the potential to understand mathematics—we
just have to open the doors.”
Why Carnegie Learning?
“I saw the results firsthand while using Carnegie Learning resources
as a high school math teacher and I continue to see results everyday.
Everyone that works for Carnegie Learning has a passion to help
students gain the types of mathematical insights and reasoning that
we know are so valuable later in life. We challenge each other every
day to make improvements to our products and to think differently.

Sandy Bartle Finocchi
Senior Academic Officer

“When I think about the impact we can have on kids’ lives, it is an
unparalleled opportunity. On the wall in my office, I have a letter from
a 6th grade student that always reminds me of why our work is so
important. It says, ‘Thank you for allowing me to use your program.
Personally, it helps me a lot.’ That’s why we do what we do. That’s why
Carnegie Learning.”

Transformers
Why Carnegie Learning?
“Our company philosophy is all about ‘Learning by Doing.’ Our
resources are designed to support that philosophy and our belief is
that students should be engaged with mathematics in a studentcentered collaborative classroom. This means students are active
learners, providing and communicating their own ideas, arguments
and reasoning while problem solving in mathematics.
“I witnessed firsthand the success my students had with the Carnegie
Learning resources. My students didn’t always come to me with the
best foundation or motivation to learn math, but something in them
changed after utilizing these resources. I knew I had to be a part
of this movement, and once I met the kind of people that worked
at Carnegie Learning, I knew I wouldn’t go anywhere else. We are
passionate about math teaching and learning and we will strive to
ignite that passion in leaders, teachers, students, and parents.”

Sami Briceño

Product Manager, Professional
Development and
Former MS/HS Teacher
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Our Instructional Approach Is Different

We want students to learn math, not just memorize it. Our Instructional Design team is made
up of master practitioners—professionals who have walked the walk as leaders in their own
classrooms. We have coached teachers in classrooms across the K–12 continuum, led hundreds
of professional development sessions on best practices in the math classroom, facilitated content-deepening
courses for teachers, and taught methods courses at the postsecondary level. We have worked with thousands of
teachers in classrooms around the country to see what works and what doesn't. We bring teacher voices into the
design, development, authoring, and implementation of our solution.
In addition to reading and integrating the latest field knowledge in math education, we infuse our lessons with
findings from learning science to help students not only learn mathematics, but also learn to problem solve on
their own.

Engage:

Activate student thinking by tapping into prior knowledge and real-world experiences.

Getting Started
Form of 1

Consider the number 1. What comes to mind?

Be sure
to write
expressions
for 1 that
include
multiplication
and division.

1. Write five different numeric expressions for the number 1.

Share your numeric expressions with your classmates.
2. Did you and your classmates use common strategies to write
your expressions? How many possible numeric expressions
could you write for this number?
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3.1

Multiplication Equations

to mirro
the exp
2. x 5 4

Develop:

Just as with addition equations, solving multiplication equations
involves determining the value for the variable that makes the
Build a deep mathematical understanding through collaboration and questioning.
statement true. You can use bar models to understand the structure
of the equation and reason about the solution.

x

WORKED EXAMPLE
Consider the multiplication equation 2x 5 6.

2x

This equation states that for some value of x, the
expression 2x is equal to 6.

6

You can decompose 2x by rewriting it as the
equivalent expression 1x 1 1x, or x 1 x.

x

x
2x

To maintain equivalence, decompose 6 in a similar way.

6

The bar model demonstrates that these two equations
are equivalent.
2x 5 6

3

4

How do these
bar models
relate to the
bar models
you used to
solve addition
equations?

3. x 5 9
x

x

9

9

3

x1x5313
By examining the structure of the second equation,
you can see that x 5 3.

3
4. x 5 __
2

x

1. Why is the number 6 decomposed into the numeric
expression 3 + 3?

Solve each equation using a bar model.
2. 3x 5 12

3. 7x 5 63

4. 4x 5 6

6
_
4

LESSON 3: Play It In Reverse • M3-3

5. Compare the solution strategies used by Sydney and Kailey.
What do you notice?

Sydney
2
__
5 x 5 20
2

__
5x
__
2
__
5

Kailey
__2 x 5 20
5
5__ __2
__5
2 5 x 5 2 20

()

20

5 ___
2
__
5

(5)

1x 5 20 __
2
x 5 50

NOTES

()

1x 5 50
x 5 50
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LESSON\ 3:7 Play It

Demonstrate:

Students reflect on and evaluate what was learned.

NOTES

TALK the TALK
Reasoning About Solving
Multiplication Equations
Each equation in this lesson is written as px 5 q, where p and
q are positive rational numbers and x is the unknown. You have
investigated different strategies to solve these equations.
Analyze each given equation.
• Do you recognize a fact family relationship between the
numerical coefficient and the constant?
• Is the numerical coefficient a whole number? A fraction?
Or a decimal?
• Do you recognize a way to form a numerical coefficient of
1 using a Property of Equality?
2n 5 12

2 x 5 14
__

3x 5 55

1.1m 5 5.5

1.45r 5 5.9

7h 5 35

3
x 5 __
__

3
8r 5 __
4

5

4

8

1. Sort each equation according to the solution strategy you
think is most efficient.
Use Number Sense
to Write Equivalent
Expressions

Division Property
of Equality

Multiplication
Property
of Equality

2. Provide a rationale for your choice of solution strategy or
strategies.

M3-14 • TOPIC 2: Equations
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Our Blended Learning Is Different

We believe that every student can learn math, and we are passionate about providing tools
and support for every teacher to help make that learning happen.
To some, blended learning means a mix of printed materials
and online resources. At Carnegie Learning, we deliver a
different brand of blended learning: one that combines
collaborative group learning with focused individual
learning. Our powerful 1-to-1 tutoring technology supports
and helps students, while real-time assessments, reports,
and dashboards give teachers specific insight into where
students are and where they're heading.

You'll have all the tools you need for:

Learning Together:
Students learn together in a collaborative
classroom model where they can think
critically, reason mathematically, and learn
from each other. Consumable textbooks
and manipulatives allow them to engage
directly with the mathematics as they learn.

Learning Individually:
Students learn independently through gamechanging software that adapts to give them
exactly what they need at any given moment.
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Our Goal for Learning:
We're not satisfied with helping students do well on math tests. We
want students to really understand math and become stronger, more
confident learners. But what does that look like?
1. TRANSFER: The knowledge you learn in one context can be used in another way.
It's not just about solving equations, it's also about understanding why you want
to solve equations and how what you're learning has an application outside the
classroom.
2. RETENTION: This means memory, but not just now; it's also about being able
to use the information in the future.
3. ACCELERATING FUTURE LEARNING: Knowledge builds on knowledge,
meaning deep learning makes it possible for you to learn new things faster.
For example, if you deeply understand middle school mathematics, it makes it
much easier to deeply understand algebra.

All three of these ideas are rooted in cognitive science
focused on how people learn and what true learning is.

Our Research Is Different

A gold-standard Department of Education-funded randomized trial of more than 18,000 students
at 147 middle and high schools in 7 states proved that the Carnegie Learning blended approach,
in the second year of implementation, nearly doubled growth in performance on standardized
tests relative to typical students.5 Studies at this scale are exceedingly rare, and this study is among the largest
rigorous trials ever done on a mathematics curriculum. A subsequent study found that student gains were even
larger for students who completed more curriculum in the Carnegie Learning Software.6
0.1

Control

0.2

0.3

Carnegie Learning
Algebra I

0.4

0.5

Carnegie Learning Algebra I
Higher Completion*

*Students completing more than 27 sections in Carnegie Learning Software
5
6

RAND, 2014
Sales, Adam, 2015
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0.6

SD

Our Mission Is Different

Carnegie Learning is changing the conversation from math performance to math learning. We emphasize
learning in context and applying math to real-world situations in which students can relate. Exceptional educators
believe in students, are passionate about their practice, and go to any length to bring this kind of learning to life.
Exceptional companies do the same.
We're passionate about delivering a better brand of math learning, one that focuses on what research tells us
works best:
1. Collaborative classrooms
2. Deeper learning and 21st century skill development
3. One-to-one tutoring made possible through powerful technology

There Is a Better Way

The stakes are high and the challenge is real. Improving math learning and deeper learning skills in a big way won't
be easy, but we believe in you and your passion to make a difference. We also believe in your students and their
desire to do great things. The secret? None of us has to do this alone.

Working together, we can do amazing things.

Are you ready?
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Your Guide to the
Carnegie Learning
Middle School Math Solution
Sample Pages

In the following pages, you'll get to experience a Carnegie Learning lesson and see what truly makes it different.

Teacher's Implementation Guide
Review a sample from our Teacher's Implementation Guide, the definitive resource for planning, guiding, and
facilitating student learning.
•
•
•
•

Scope and Sequence
Module 3 Overview: Determining Unknown Quantities
Topic 2 Overview: Equations
Equations, Lesson 4: Solving One-Step Equations

Skills Practice and Assessments
Explore opportunities for your students to practice their new skills and assess their knowledge.

Family Guide
Check out resources available for parents to support their student's learning at home.

MATHia® Software Platform
See the game-changing, AI-powered software platform that provides dynamic, personalized 1-to-1 tutoring and
ongoing formative assessment for every student.

Virtual Sample Kit

We invite you to sign up for our Virtual Sample Kit, where you can review
additional print materials and try the MATHia Software Platform for yourself!

www.carnegielearning.com/samples
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Keep an Eye Out for Important Textbook Features
Characters (See page 42 for an example in the textbook!)
Characters are embedded throughout the text to remind students to stop and think in order to promote
productive reflection.

Standards for Mathematical Practice (See page 43 for an example in the textbook!)
Activities require students to make sense of the mathematics and demonstrate their reasoning through writing,
discussing, problem solving and presenting. Our instructional materials emphasize the habits of mind defined by
the Practice Standards throughout each lesson.
Although each activity provides teachers an opportunity to develop their students’ expertise in a number of
different practices, we have denoted with an icon the practice or pair of practices intentionally being developed.

Worked Examples (See page 44 for an example in the textbook!)
Research shows that learning is best supported with a mix of problem solving and worked examples. We include
worked examples to provide a means for students to view the flow of each step taken to solve the example
problem. In most cases, students will answer questions posed about the worked example. The questions
represent and mimic an internal dialog about the mathematics and strategies.
This approach supports students to develop the desired habits of mind for being conscientious about the
importance of steps and moves them beyond the specificity of the example to make generalizations.

Thumbs Up/Thumbs Down (See page 47 for an example in the textbook!)
Thumbs Up problems provide a framework that allows students the opportunity to analyze viable methods and
problem-solving strategies. These problems help students make inferences about correct responses.
Research shows that providing only positive examples will not eliminate some of the things students may think, so
negative examples are included as well. From incorrect responses, students learn to determine where the error in
calculation is, why the method is an error, and also how to correct the mistake.

Who's Correct? (See page 50 for an example in the textbook!)
Students will determine what is mathematically correct and what is incorrect, and then explain their reasoning.
These types of problems will help students analyze their own work for errors and correctness.
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Standards for Mathematical Practice (SMP)
All Carnegie Learning instructional materials are designed to create mathematical

thinkers who are active learners and active participants in class. The types of activities within
the Middle School Math Solution require students to make sense of the mathematics and to
demonstrate their reasoning through problem solving, writing, discussing, and presenting. The
materials emphasize the habits of mind defined by the Practice Standards throughout each
lesson.
Although each activity provides teachers an opportunity to develop their students’ expertise in
a number of different practices, we have denoted with an icon the practice or pair of practices
intentionally being developed.

! Make sense of problems and persevere in
solving them.
This practice standard is evident every day in every lesson. Throughout the text
materials, students are expected to make sense of problems, plan a solution path,
and work towards solutions. They are asked to check their answers, make sense of the
approaches of others, and make connections across representations.

Questions to ask students to develop this habit of mind:
•
•
•

What is this problem asking and what is your plan for answering it?
What tools do you need to solve this problem?
Does your answer make sense?

! Reason abstractly and quantitatively.
! Construct viable arguments and critique
the reasoning of others.
Questions to ask:
•
•
•
•
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What representation can you use to solve this problem?
How can this problem be represented with symbols and numbers?
How can you explain your thinking?
How does your strategy compare to your partner's?

! Model with mathematics.
! Use appropriate tools strategically.
Questions to ask:
•
•
•
•

What expression or equation could represent this situation?
What tools would help you solve this problem?
What representations best show your thinking?
How does this answer make sense in the context of the original problem?

! Attend to precision.
Questions to ask:
•
•
•
•

Is your answer accurate?
Are you using the correct units or labels?
Is there a more efficient way to solve this problem?
Is there more sophisticated vocabulary that you could use in your explanation?

! Look for and make use of structure.
! Look for and express regularity in repeated
reasoning.
Questions to ask:
•
•
•
•

What characteristics of this expression or equation are made clear through this
representation?
How can you use what you know to explain why this works?
Can you develop a more efficient method?
How could this problem help you to solve another problem?

As you ask students the types of questions to develop the intent of the Practice Standards, encourage students to
ask themselves the same types of questions as they work. The ability of your students to self-question will improve
as these varieties of expertise develop.
Middle School Mathematics Solution \ 15

scope and
sequence
Course 1
Module 1:
Topic 1:
Topic 2:
Topic 3:

Composing and Decomposing
Factors and Area
Positive Rational Numbers
Decimals and Volume

Module 2:
Topic 1:
Topic 2:
Topic 3:

Relating Quantities
Ratios
Percents
Unit Rates and Conversions

Module 3:
Topic 1:
Topic 2:
Topic 3:

Determining Unknown Quantities
Expressions
Equations
Graphing Quantitative
Relationships

Module 4:

Moving Beyond Positive
Quantities
Signed Numbers
The Four Quadrants

Topic 1:
Topic 2:
Module 5:
Topic 1:
Topic 2:
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Describing Variability of
Quantities
The Statistical Process
Numerical Summaries of Data

Course 2

Course 3

Module 1:
Topic 1:
Topic 2:
Topic 3:
Topic 4:

Thinking Proportionally
Circles and Ratio
Fractional Rates
Proportionality
Proportional Relationships

Module 1:
Topic 1:
Topic 2:
Topic 3:

Transforming Geometric Objects
Rigid Motion Transformations
Similarity
Line and Angle Relationships

Module 2:
Topic 1:

Operating with Signed Numbers
Adding and Subtracting
Rational Numbers
Multiplying and Dividing
Rational Numbers

Module 2:
Topic 1:

Developing Function Foundations
From Proportions to Linear
Relationships
Introduction to Functions
Multiple Representations of
Linear Functions

Topic 2:
Module 3:
Topic 1:
Topic 2:
Topic 3:
Module 4:

Reasoning Algebraically
Algebraic Expressions
Two-Step Equations and
Inequalities
Multiple Representations of
Equations

Topic 1:
Topic 2:
Topic 3:

Analyzing Populations and
Probabilities
Introduction to Probability
Compound Probability
Drawing Inferences

Module 5:
Topic 1:
Topic 2:

Constructing and Measuring
Angles and Triangles
Three-Dimensional Figures

Topic 2:
Topic 3:
Module 3:
Topic 1:
Topic 2:
Topic 3:

Modeling Linear Equations
Solving Linear Equations
Systems of Linear Equations
Patterns in Bivariate Data

Module 4:
Topic 1:
Topic 2:

Expanding Number Systems
The Real Number System
Pythagorean Theorem

Module 5:
Topic 1:
Topic 2:

Applying Powers
Exponents and Scientific Notation
Volume of Curved Figures
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course 1 sample
textbook lesson
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Module 3 Overview
Determining Unknown Quantities
Why is this Module named
Determining Unknown
Quantities?
Determining Unknown Quantities introduces
students to the formal study of algebra, which
is the study of patterns and generalizing those
patterns with symbols. Algebra is often seen as a
set of rules and procedures to follow; instead, it
should be viewed in terms of patterns and
sense-making. The focus of Module 3 is
making sense of and reasoning about variables,
expressions, and equations.
Throughout the module, students develop a
deep understanding of unknown quantities as
variables, representing either any number from
a given set or a specific number from a set of
numbers. Students determine unknown values in
real-world and mathematical problems by writing
and evaluating expressions, creating equivalent
expressions, writing and solving equations, and
creating and interpreting graphs. Students use
the entire set of nonnegative rational as possible
values for the unknown quantities.

What is the mathematics
of Determining Unknown
Quantities?
Determining Unknown Quantities contains three
topics: Expressions, Equations, and Graphing
Quantitative Relationships. As in Relating

_MO_M03_T02_L03_001-004.indd 1

30 Days

Quantities, this module begins with the building
blocks of algebra: algebraic expressions. Students
develop strategies for creating equivalent
expressions. Students then equate expressions
and solve for unknown values. Finally, they use
a graph to represent the relationships on a
coordinate plane.
Expressions focuses on the first cluster of
standards in the Expressions and Equations
domain: apply and extend previous
understandings of arithmetic to algebraic
expressions (6.EE.A). Students formalize
properties of arithmetic and apply them to
algebraic expressions to see structure in
algebraic expressions. Students begin to view
expressions as objects they can manipulate and
operate with.
Equations addresses the second cluster of
standards in the Expressions and Equations
domain: reason about and solve one-variable
equations and inequalities (6.EE.B). Students
build from expressions as entities on their
own to entities that are compared with other
expressions. Students explore solutions to
equations, understanding that a solution is any
value from a given set that makes a number
sentence true. Students encounter equations
that have one solution, no solution, or infinite
solutions, not to go beyond the limits of the
standards but to help students develop a

MODULE 3: Determining Unknown Quantities • M3-1
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robust view of solutions to equations. As an

an increasing set of abstract representations and

additional contrast, students analyze simple

strategies to solve problems.

algebraic inequalities and their solution sets.
Just as students used area models to decompose
numbers and figures, they will use bar models
to decompose equations. Students use their
number sense to reason about relationships
between quantities prior to developing their
strategies for setting up and solving simple onestep equations.
Graphing Quantitative Relationships requires
students to analyze relationships between
quantitative independent and dependent
variables (6.EE.C), including relationships
that are not linear. Students use their prior
knowledge of graphing in the first quadrant,
writing expressions and equations, and solving
equations as they explore independent and
dependent variables. They use graphs to
determine unknown values of a quantity. As
students solve equations of the form x 1 p 5 q
and px 5 q, where p, q, and x are nonnegative
rational numbers, they continue to compare and
contrast additive and multiplicative relationships.
As students move into their formal study of
algebra, visual and concrete representations
remain important, but such models have greater
limitations. Throughout the module, students will
use a limited set of concrete representations and

How is Determining Unknown
Quantities connected to prior
learning?
Determining Unknown Quantities builds on
student knowledge of numeric expressions,
patterns, and numeric operations developed
throughout elementary school. In Course 1,
students formalize the Order of Operations and
properties of arithmetic and apply these skills to
the entire set of nonnegative rational numbers.
Students then build from their understanding
of numeric expressions, which was reinforced
in Factors and Area, to algebraic expressions.
Although students have been using symbols to
represent and solve for unknowns in equations
since Grade 3, the terms variable, solution, and
equation are formally defined.

When will students use
knowledge from Determining
Unknown Quantities in future
learning?
This module establishes a strong foundation
of reasoning to determine unknown values.
Instruction on formal algorithms is delayed until
students have had ample opportunity to reason
about one-step equations. Connecting reasoning
with formal algorithms for solving equations

M3-2 • LESSON 3: Module Overview
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helps students see mathematics as a web of
interconnected topics. As students continue in

of their results, and verifying their solutions—
will prove invaluable in developing expertise as

their mathematical journeys, they may rely on

mathematical problem solvers.

procedures to solve equations, but the strategies
and reasoning developed in this module—
strategies for solving, judging the reasonableness

Learning Together: 21 Days
Topic

1: Expressions

2: Equations

3: Graphing Quantitative
Relationships

5:29
PM
_MO_M03_T02_L03_001-004.indd
3

Standards
6.EE.1
6.EE.2
6.EE.3
6.EE.4
6.EE.6

6.EE.5
6.EE.6
6.EE.7
6.EE.8

6.EE.9

Days

Highlights

8

Students extend their application of the Order of Operations with
numeric expressions to include exponents. They write and evaluate
algebraic expressions to solve problems. Students create equivalent
expressions and determine if expressions are equivalent.

7

6

Students learn that the equals sign indicates a relationship between
two expressions. They learn that equations can have 1, 0, or infinite
solutions and that inequalities have a solution set. Students use bar
models to reason about solving one-step addition and multiplication
equations. They develop strategies for solving equations without the
models and practice writing and solving equations.

Students use multiple representations to model and solve problems.
They learn that quantities can vary in relation to each other and
are often referred to as independent and dependent quantities.
However, quantities do not necessarily vary in a linear pattern;
students analyze graphs for non-linear as well as linear scenarios.
Students solve for unknown values of the independent or dependent
variable by analyzing their graphs. They then solve linear equations
using the variety of tools available to them and they contrast the
advantages and limitations of each.

MODULE 3: Determining Unknown Quantities • M3-3

Middle School Mathematics Solution \ 21
25/10/16 5:29 PM

Learning Independently with MATHia X or Skills Practice: 9 Days
Topic

Standards

Days

1: Expressions

6.EE.2c
6.EE.3
6.EE.4
6.EE.6
6.EE.7

2: Equations

6.EE.5
6.EE.7
6.EE.8

3

3: Graphing Quantitative
Relationships

6.EE.9

1

5

Focus Areas
•
•
•
•

Number Properties
Algebraic Expressions
Equivalent Algebraic Expressions
Reasoning with Expressions and Equations

• Solving One-Step Equations
• Solving One-Step Inequalities

• Problem Solving with One-Step Equations

M3-4 • LESSON 3: Module Overview
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Equations
Topic Overview
How is Equations organized?
The Common Core Expressions and Equations
Progressions document states that students
should understand solving an equation as a
process of reasoning to determine what numbers
make equations true. So, this topic focuses
primarily on developing reasoning skills about
equations prior to learning an algorithm for
solving equations.
To begin the Equations topic, students
use what they learned in Expressions to
create equations and determine whether
given values are solutions to equations or
to simple inequalities. Students develop
an understanding of the equals sign as an
indicator of a relationship, not as an operator.
They learn that solving an equation means
maintaining equality of the expressions
on either side of the equals sign. Students
then analyze equations and generalize that
equations can have one solution, no solution,
or infinite solutions. When given a particular
equation and set of values, students use
substitution to determine if the equation
has 0, 1, or more solutions from that set.
By contrast, they learn that simple algebraic
inequalities have infinite solutions described
by a solution set.

TO_M03_T02_001-006.indd 1

Next, students use bar models to reason about
solving one-step addition and multiplication
equations. Bar models are used to emphasize
the importance of maintaining equality. Students
decompose and compose numeric and algebraic
expressions with bar models to solve equations. By
the end of the topic, students develop strategies
for solving one-step equations without using the
bar model. However, the time taken initially to
reason about equations without an algorithm for
solving is critical, as it lays an important foundation
for understanding equality, variables, solutions, and
the general structure of equations.
Students solve a variety of real-world problems
by writing and solving one-step addition and
multiplication equations. Throughout the topic,
students use a variety of nonnegative rational
numbers as they solve equations.

What is the entry point for students?
In the previous topic, students learned about
expressions. Equations begins by asking students
to set expressions equal to each other and
then determine if they are truly equal. They
can use their knowledge of properties, formally
developed in Expressions, or employ any of the
additional strategies developed in this topic.
Students will continue to use their knowledge of
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writing and evaluating expressions as they write
and solve equations.

• Use inverse operations to solve one-step
addition and multiplication equations.
• Solve real-world and mathematical problems of

How does a student demonstrate
understanding?
Students will demonstrate understanding of the
standards in Equations if they can:
• Recognize solving an equation or inequality

•
•

•

•

•

•

•

as a process of answering “Which values from
a specified set, if any, make the equation or
inequality true?”
Check a solution to an equation or inequality.
Use substitution to determine whether a given
number in a specified set makes an equation
or inequality true.
Identify the constraint or condition in a realworld or mathematical problem in order to set
up an inequality.
Recognize that inequalities of the form
x . c, x , c, x $ c, and x # c have infinitely
many solutions.
Write an inequality of the form x . c, x , c,
x $ c, or x # c to represent a constraint or
condition in a real-world or mathematical
problem.
Represent solutions to inequalities of the form
x . c, x , c, x $ c, and x # c on the number
line diagrams.
Relate variables to a context.

the form x 1 p 5 q and
px 5 q, for cases in which p, q and x are all
nonnegative rational numbers.
• Write and solve equations for real-world
mathematical problems containing one
unknown.

Why is Equations important?
Equations provides students with their first formal
encounter with variable equations. They will
continue writing and solving equations and writing
inequalities as constraints in Graphing Quantitative
Relationships. In grade 7, students will expand
their ability to solve equations to one- and twostep linear equations with positive and negative
values. By grade 8, students will be able to solve
a wide variety of linear equations. The foundation
of understanding developed in Equations will
enable students to work with a wider range of
equations in the future. They will develop a clear
knowledge of what it means to solve an equation
and an understanding of the connections
between procedures for solving equations and the
reasoning behind those procedures. Reasoning
about solutions to equations will continue to build
students’ number sense, an important goal of
mathematics education.
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How do the activities in Equations
promote student expertise in the
mathematical practice standards?

reason using concrete and abstract ideas; and
communicate their thinking while providing a
critical ear to the thinking of others.

All Carnegie Learning topics are written with
the goal of creating mathematical thinkers
who are active participants in class discourse.
Elements of the habits of mind defined by
the practice standards should be evident in
all lessons. Students are expected to make
sense of problems and work towards solutions;

Equations addresses understanding what an
equation is and what it means to be a solution to
an equation. Tools such as bar models are used to
develop this understanding. Students should be
able to reason quantitatively about equations, be
able to generalize strategies, and see structural
similarities in solving different kinds of equations.

Materials Needed
None

Learning Together: 7 Days
Lesson

Lesson Name

Standards

Days

Highlights

Spaced Review

2.1

First Among
Equals:
Reasoning with
Equal Expressions

6.EE.5
6.EE.8

3

Students learn that an equation is a mathematical
sentence created by equating two expressions.
They rewrite equations using number sense and
properties in order to maintain equality. Then
students create equations from a list of expressions
and determine the solutions to their equations
using
substitution from a given set of possible solutions.
They learn that equations may have one solution,
no solution, or
multiple solutions.
Students are introduced to algebraic inequalities.
They analyze graphs and solution sets of algebraic
inequalities, including inequalities of the form x . c,
x , c, x $ c, and x # c.

6.RP.3
6.EE.1
6.EE.2a

TO_M03_T02_001-006.indd 3
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Lesson

Lesson Name

Standards

Days

Highlights

Spaced Review

2.2

Bar None:
Solving OneStep Addition
Equations

6.EE.6
6.EE.7

1

Students use bar models to solve a variety of
one-step addition equations of the form p 1 x
5 q, where p, x, and q are nonnegative rational
numbers. Then they use properties of arithmetic
and algebra to solve addition equations without
using models, eventually using the Subtraction
Property of Equality to solve a variety of addition
equations.

6.EE.2a
6.EE.3
6.EE.5

2.3

Play It In Reverse:
Solving One-Step
Multiplication
Equations

6.EE.6
6.EE.7

2

Students use bar models to solve a variety of
one-step multiplication equations of the form
px 5 q, where p, x, and q are nonnegative
rational numbers. Then they use properties of
arithmetic and algebra to solve multiplication
equations without using models, eventually using
multiplicative inverses or the Multiplication or
Division Properties of Equality to solve a variety of
multiplication equations.

6.RP.3d
6.EE.3
6.EE.7

2.4

Getting Real:
Solving Equations
to Solve Problems

6.EE.6
6.EE.7

1

Students solve a variety of real-world and
mathematical problems that can be represented
and solved using equations with variables. Students
also investigate division problems in which the
remainder must be interpreted correctly in order to
arrive at a reasonable conclusion.

6.NS.3
6.EE.3
6.EE.7

Concrete and Visual Representations Used
Bar Models to Solve Addition Equations
x 1 10 5 15
x

10
x 1 10
15

5

5

5

x55
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Bar Models to Solve Multiplication Equations
8
__
x = 64
5

3x 5 12
x

x

3
_
5x

x

x

3x

1
1
1
1
1
1
1
1
_
_
_
_
_
_
_
_
5x 5x 5x 5x 5x 5x 5x 5x

12

8
_
5x

4

4

64

4
8

8

8

8

8

40

8

8

8

24

x 5 40

Learning Independently with MATHia: Approximately 3 days
Unit

Workspace

Overview

Solving One-Step
Equations with a Balance

Students use an interactive balance to explore representing and solving
one-step addition and multiplication equations. Students are encouraged
to determine solutions using the interactive model.

Representing One-Step
Equations

Students examine worked examples and answer questions about
using inverse operations to solve one-step addition and multiplication
equations.

Solving One-Step Using Substitution to
Identify Solutions to
Equations
Equations
Solving with Addition and
Subtraction (No Type In)

Students determine which given values for a variable are solutions to an
equation.
Students use an equation solver to solve one-step equations involving
addition and subtraction.

Solving with Multiplication Students use an equation solver and inverse operations to solve one-step
and Division (No Type In) equations involving multiplication and division.
Solving One-Step
Equations (Type In)
Representing
Inequalities

7:52 PM
TO_M03_T02_001-006.indd
5

Students use an equation solver and inverse operations to solve a variety
of one-step equations.

Graphing Inequalities with Given simple verbal inequality statements, students represent the
Positive Rational Numbers inequalities in symbols and on number lines. They will determine if given
values are solutions to the inequalities.
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Learning Independently with Skills Practice: Approximately 3 days
Problem Set

Overview

Using Substitution to Identify Solutions to
Equations

Students determine which given values for a variable are solutions to an
equation.

Identifying the Number of Solutions to
Equations

Students examine the structure of equations to determine if they have one
solution, no solution, or an infinite
number of solutions.

Graphing Inequalities with Positive Rational
Numbers

Given simple verbal inequality statements, students represent the
inequalities in symbols and on number lines. They determine if given values
are solutions to the inequalities.

Solving One-Step Addition Equations with a Students use number sense to compose and decompose expressions in a
Bar Model
bar model to determine the solutions
to one-step addition equations.
Solving One-Step Equations with a Balance

Students explore representing and solving one-step addition and
multiplication equations with a balance model.

Solving One-Step Addition Equations

Students solve one-step equations in the form p 1 x 5 q.

Solving One-Step Multiplications with a Bar
Model

Students use number sense to compose and decompose expressions in a
bar model to determine the solutions
to one-step multiplication equations.

Solving One-Step Multiplication Equations

Students solve one-step equations in the form px 5 q.

Using Formulas to Solve Problems

Given a common formula and one or more given values, students solve for
the remaining unknown.

M3-6 • LESSON 3: Topic Overview
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3

Play It In
Reverse

MATERIALS
None

Solving One-Step Multiplication Equations

Lesson Overview
Students reason about and solve a variety of one-step multiplication equations of the form px 5 q,
where p, x, and q are nonnegative rational numbers. They first analyze worked examples and create
bar models to understand the structure of equations in this form and reason about their solutions.
Through composition and decomposition to isolate the variable using bar models students are
primed to formalize their strategies using inverse operations and Properties of Equality. Students
then solve multiplication equations without using models and provide justification for their solution
strategies. To deepen their understanding to reason about solutions, they will rewrite equations with
two variables to see structural similarities between these equations and the one-variable equations
they solved throughout the lesson. Finally, students will analyze a set of equations and determine the
most efficient solution strategy based on the form of the multiplication equation.

Grade 6 Expressions and Equation
Reason about and solve one-variable equations and inequalities.
6. Use variables to represent numbers and write expressions when solving a real-world or
mathematical problem; understand that a variable can represent an unknown number, or,
depending on the purpose at hand, any number in a specified set.
7. Solve real-world and mathematical problems by writing and solving equations in the form
x 1 p 5 q and px 5 q for cases in which p, q, and x are all nonnegative rational numbers.

Essential Ideas
• A solution to an equation is any value for a variable that makes the equation true.
• A one-step equation is an equation that can be solved using only one operation.
• To solve an equation, you must isolate the variable using Properties of Equality.
• The Properties of Equality state that if you perform the same operation on both sides
of an equation, then equality is maintained.

_TIG_M03_T02_L03_01A-01L.indd 1A
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Lesson Structure and Pacing: 2 Days
Day 1
Engage
Getting Started: Form of 1
Students generate a variety of numeric expressions equivalent to 1. They are encouraged to use
expressions that include multiplication and division. The goal of this Getting Started is to help
students think about how they would create the value of 1, which is a critical element in
developing solution strategies to isolate a variable in one-step multiplication equations.
Develop
Activity 3.1: Reasoning About Multiplication Equations
Students use bar models to solve one-step multiplication equations of the form px 5 q, where
p and q are whole numbers. They analyze a worked example and then solve four additional
equations of the same form using the bar model. In each equation, students decompose the
constant, q, into p equally-sized parts.
Activity 3.2: Solving Equations with Fractional Coefficients
Students use bar models to solve one-step multiplication equations of the form px 5 q, where
p is a fractional value. They complete a partial worked example, where p is a unit fraction, and
then solve two additional equations of the same form using the bar model. Students analyze two
solutions to equations in which the coefficient is a non-unit fraction less than 1 and then solve two
similar equations with the bar model. Then students create a bar model for a fractional coefficient
greater than 1. Finally, students reflect on how the equations represented in the activity were
similar.
Activity 3.3: Solving More Complex Multiplication Equations
Students use bar models to solve one-step multiplication equations of the form px 5 q, where p
and q are nonnegative rational numbers. They analyze two solution strategies and then solve two
additional equations using bar models.

Day 2
Activity 3.4: Solving Multiplication Equations Without Models
Students use properties and inverse operations to solve one-step multiplication equations. They
examine a worked example and solve similar equations, focused on mirroring the process used in the
bar models. Students then use the Division Property of Equality to solve problems. They examine stu2
2
dent work for solving __
x 5 20 that shows dividing both sides of the equation by __
and multiplying
5
5
5
__
both sides of the equation by 2 . They then solve a variety of one-step multiplication equations.
Activity 3.5: Reasoning About More Interesting Multiplication Equations
Students solve multiplication equations in two variables by writing one variable in terms of the other.
Students use properties of arithmetic and algebra to rewrite equations in equivalent forms to see
that, structurally, these equations are similar to the equations they have solved throughout the lesson.
Demonstrate
Talk the Talk: Reasoning About Solving Multiplication Equations
Students consider different solution strategies to solve equations of the form px 5 q.
M3-1B • TOPIC 2: Equations
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Getting Started: Form of 1

ENGAGE

Facilitation Notes
Students generate a variety of numeric expressions equivalent to 1. This
concept primes students as they develop different solution strategies to
isolate the variable to solve any one-step multiplication equation.
Direct students to complete Question 1. Then share responses as a
class and answer Question 2. Circulate as students work with partners
or in groups and encourage students to use expressions that include
multiplication and division. If your students do not provide responses
involving addition of fractions, multiplication of a fraction and its reciprocal,
or division of rational numbers, use the following prompts.
Questions to ask
2
• Can you write expressions for 1 that include the number __
?
3
1
• Can you write expressions for 1 that include the number __
?
3

• Can you write expressions for 1 that include the number 1.6?
Differentiation
Change Question 1 to be more specific. For example, “Write three
1
different numeric expressions for 1 that include the number __
.”
3

Summary
There are many different ways to write equivalent numeric expressions to
represent the number 1 using a variety of operations. This skill is helpful
when learning to solve one-step multiplication equations using a variety of
solution strategies.

Activity 3.1

DEVELOP

Using Bar Models to Solve Multiplication Equations

Facilitation Notes
Students use bar models to solve one-step multiplication equations of the
form px 5 q, where p and q are whole numbers. They analyze a worked
example and discuss the strategy to decompose the numerical coefficient
to 1x before solving additional equations. In each equation, students
decompose the constant, q, into p equally-sized parts.
Ask a student to read the introduction aloud. As a class, discuss the worked
example and Question 1. Emphasize that the goal of the model is to show

5:53
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the relationship between the numerical coefficient and the solution, the
value of x that makes the equation true. In order to rewrite the equation,
you must decompose 2x into x and x.
Questions to ask
• In the given equation, what is the mathematical term to describe
the 2? What is the mathematical term to describe the 6?
• How do you know that 1x and x represent the same expression?
• How does the bar model show the solution to the equation?
• Is there another way to create the bar model for this equation?
Direct students to complete Questions 2 through 4 with a partner or in
groups. As you circulate, it is important to encourage students to show
multiple approaches to solving equations. The emphasis in this activity is to
develop relational thinking and flexible thinking about solution strategies.
Questions to ask
• Do you notice any patterns in what you are doing?
• How are all of these equations similar?
• How are all of these equations different?
• How is the relationship between the numeric coefficient and the
constant in Question 4 different than those relationships in Questions
2 and 3?
• How is the process of using the bar model the same throughout?
Differentiation
• Assign each group a different equation and ask them to explain their
bar model to the class.
• Working in pairs, each student could create a new equation and ask
their partner to solve their equation using a bar model.

Summary
A bar model is visual representation used to solve one-step multiplication
equations and show the value of x, or 1x that makes the equation true.

Activity 3.2

Solving Equations with Fractional Coefficients

Facilitation Notes
The standard specifies solving equations of the form px 5 q, where p, x,
and q are nonnegative rational numbers. The focus in this activity remains
on solving multiplication equations with p as a nonnegative rational number
other than a whole number using bar models.
M3-1D • TOPIC 2: Equations
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1
Students may generalize that the solution to __
n x 5 q is x 5 nq, that is fine;
however, that is not the focus of this activity. Formalizing the strategies to
solve one-step multiplication equations will occur in Activity 3.4.

Ask a student to read the introduction to the activity aloud. Then discuss
Questions 1 as a class. Give students a few minutes to read through the
worked example and complete Question 2. Then discuss as a class.
Questions to ask
• What is the numerical coefficient in the equation?
• What is the constant in the equation?
• What is the relationship between 1x and x?
• How does the numerical coefficient in this equation compare to the
numerical coefficient in the equation 2x 5 6?
• Why did you have to compose to get a whole x in this model?
• How did you determine the number of equally sized bars needed in
this model?
• How many equally sized bars are needed to represent 1x?
Direct students to complete Questions 3 and 4 with a partner or in groups.
Share responses as a class.
Question 5 is the first time students will see an equation where the
numerical coefficient is not a unit fraction. Remind students that they can
2
1
rewrite __
as a whole number times a unit fraction, 2(__
. Have students
3
3)
complete Question 5 with a partner or in groups. Share responses as
a class.
Questions to ask
• How does Vanessa’s model demonstrate that you can rewrite the
2
numerical coefficient __
as a whole number times a unit fraction,
3
1
__
or 2( 3 )?
1
2
• What is the relationship between __
x and the given __
x? Similarly,
3
3
what is the relationship between 4 and the given constant 8?
Direct students to complete Questions 6 and 7 with a partner or in groups.
Share responses as a class.
As students work, look for
• Students who create a model similar to Vanessa’s.
• Students who create a model similar to Carson’s.
Complete Questions 8 and 9 as a class.
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Summary
When an equation contains a numerical coefficient that is a fraction less
than 1, to complete a bar model it is necessary to determine the number
of parts in the whole number 1x. To create these bar models, you can use
composition strategies to determine 1x. When the numerical coefficient is a
number greater than 1, you can use decomposition to determine 1x.

Activity 3.3

Solving More Complex Multiplication Equations

Facilitation Notes
Students continue to use bar models to solve equations of the form px 5 q,
where p, x, and q are nonnegative rational numbers. The p and q values in
each equation in this activity are fractional values.
Consider the equation and answer Question 1 as a class. Then discuss the
Thumbs Up solution strategies. Have students complete Questions 2 and 3
with a partner or in groups.
Questions to ask
• What is the first step in Landon’s bar model?
1
4
• How is __
x related to __
x?
5
5

4
• Why did Landon scale up __
?
5
• How many parts do you need to decompose the constant into? How
do you determine the number of parts? What in the equation helps
you determine the number of parts?
• How does Zoe’s model demonstrate that you can rewrite the numerical
4
1
coefficient __
as a whole number times a unit fraction, or 4(__
?
5
5)
4
1
__
__
• What is the relationship between 5 x and the given 5 x? Similarly, what
1
1
is the relationship between ___
and the given constant ___
?
40
10
1
1
__
___
• Why did Zoe show 4 of 10 in her model?

Direct students to work with a partner or in groups to answer Questions 4
and 5. Share responses as a class.
Questions to ask
• Did you use Landon’s or Zoe’s strategy to solve the equation?
• How does your model demonstrate that you can rewrite each
fractional coefficient as a whole number times a unit fraction?
The intent of asking Question 6 is to see which students have noticed
the connections of the model to the Properties of Equality and inverse
operations.
M3-1F • TOPIC 2: Equations
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Summary
There is more than one strategy that you can use to solve any one-step
multiplication equation. Learning to analyze the structure of an equation
before you start will help you efficiently apply solution strategies to
determine unknown values.

Activity 3.4

Solving Multiplication Equations Without Models

Facilitation Notes
In this activity, students will use Properties of Equality and inverse operations
as formal strategies to solve one-step multiplication equations. A worked
example is provided that mirrors the relational thinking process that students
used to solve equations with bar models. Students then use the Division
Property of Equality and the Identity Property of Multiplication as formal
strategies to solve equations. Peer examples are presented to show two
2
different solution strategies to solve the equation __
x = 20: dividing both
5
sides of the equation by the fractional coefficient and multiplying both sides
of the equation by the reciprocal of the fractional coefficient. Students also
check to ensure each solution satisfies the original equation.
Each equation in Questions 1 through 3 have whole number numerical
coefficients. The strategy highlighted is to use the Division Property of
Equality. To begin, ask a student to read the introduction aloud. Review
the worked example as a class and answer Question 1.
Questions to ask
• What is the numerical coefficient in the given equation?
• How does the worked example reflect what you did when you used
bar models with similar numerical coefficients?
• The final step shows the variable isolated. What is the numerical
coefficient of the variable r?
Allow time for students to complete Question 2, again share responses. The
intent for students to answer Question 2 mirroring the worked example is to
make the connections of formal solution strategies to the ways in which they
created bar models. Discuss and complete Question 3 as a class.
Questions to ask
• How is the form of each equation you solved so far in this activity the
same?
• Describe the numerical coefficients in each equation.
• What is the numerical coefficient understood to be in the final step of
all the equations you have solved so far in this activity?

53
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Direct students to complete Question 4 and share responses as a class.
Questions to ask
• How is the form of this equation different than the forms of the other
equations you solved so far in this activity?
• What is the numerical coefficient in this equation?
The equation in Question 5 contains a fractional numerical coefficient.
The intent of the sample student work is for students to think about
different strategies they can use to isolate the variable creating a numerical
coefficient of 1. In Question 3, students justified the solution strategy using
the Division Property of Equality. After completing this question, students
can add the use of the Multiplicative Property of Equality as a solution
strategy to solve one-step multiplication equations. It is important to help
1
students make the connection that a 4 b is the same as a(__
. Ask students
b)
to complete Question 5 and then discuss the different Properties of Equality
to justify each solution strategy as a class.
Questions to ask
• How does Sydney use the definition of division in her strategy?
• What properties justify each step in Sydney’s method?
• What properties justify each step in Kailey’s method?
5
• Does the order in which (__
was placed on both sides of the
2)
equation in Kailey’s second step matter?
• Given any one-step multiplication equation, will Sydney’s strategy
always work? Will Kailey’s strategy always work?
Ask students to complete Question 6 with a partner and share responses as
a class. As you circulate, notice the different solution strategies students are
using.
As students work, look for
• Are students using the same solution strategy to solve each equation?
• As students apply the Properties of Equality, watch that the property
5
1
is applied consistently. For example, given __
x 5 __
, writing the next
4
2

()

()

()

()

5
5 __
2 __
1
2 __
2 __
1
2
x 5 __
is correct but __
x 5 __
is not. In the latter,
step as __
1 2
1 4
1 2
4 1

two properties were applied simultaneously. The Commutative
Property does apply to rational numbers but students may encounter
other systems (e.g., matrices) in the future in which the Commutative
Property does not hold. Requiring students to use precision as they
apply properties prepares them for proof and for higher mathematics.
• Always require students to state the solution as an equation, e.g., c 5 5.
Differentiation
Assign each group one equation in Question 7 and ask them to explain
their solution to the class.
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Summary
One-step multiplication equations come in different forms. Students have
investigated different strategies to solve these equations. To solve a onestep multiplication equation you can write equivalent expressions that mirror
structure, use the Division Property of Equality, or use the Multiplication
Property of Equality.

Activity 3.5

Reasoning About More Interesting Multiplication Equations

Facilitation Notes
Students reason with multiplication equations in two variables by writing
one variable in terms of the other. They use properties of arithmetic and
algebra to rewrite equations in equivalent forms to see that, structurally,
these equations are similar to the equations they have solved throughout
the lesson.
Direct students to work with a partner or in groups to read the introduction
and complete Questions 1 through 3. Share responses as a class. The goal
of this activity is to provide students with opportunities to develop relational
thinking and mathematical intuition so encourage them to think about the
equation in different ways.
As students work, look for
• Students that are using number sense to rewrite each equation.
• Students that are isolating one of the unknowns of the equation.
• One of the goals is to provide students with opportunities to develop
relational thinking and mathematical intuition so encourage their
solution process.
Questions to ask
• What strategy did you use to generate the three pairs of values for c
and d ?
• What is the relationship between the two unknowns?
• How did you check to see if your values for c and d made the
equation true?
As a class, discuss the worked example and complete Question 4. Using
number sense to rewrite equivalent expressions to solve equations is a valid
strategy. Have students recall fact families to decide on expressions with
similar structure to see the solution.

:53 PM
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Questions to ask
• Why was 84 decomposed as 12 3 7 in Step 1 instead of another way?
• Could 84 in Step 1 be decomposed as 42 3 2?
• What number properties were used in the process of solving this equation?
The Associative Property of Multiplication? The Commutative Property?
• Was the Identity Property of Multiplication used in the process of solving
this equation?
• What Properties of Equality were used in the process of solving this
equation?
• Could you solve for the other variable?
• Would you apply the same properties to solve for the other variable?
Allow time for students to complete Questions 5 through 7 and share
responses with the class.
Questions to ask
• How did you decide which variable you were going to isolate?
• What solution strategy did you use to isolate that variable?
• How can you check to make sure you performed the operations
correctly to solve for one of the variables?

Summary
Equations come in all different forms; some equations are written that contain
two unknowns. Equations written in two variables can be written in terms of
one variable to understand how the unknown quantities are related.

DEMONSTRATE

Talk the Talk
Reasoning About Solving Multiplication Equations

Facilitation Notes
In this activity, students will reflect on the various solution strategies they can
use to solve equations of the form px 5 q, where p, x, and q are nonnegative
rational numbers.
Ask a student to read the introduction aloud. Discuss the instructions and
direct students to work individually to sort the equations into the category that
they think is the most efficient way to solve each. Share responses as a class.
Each student’s ability to see structure and use number sense will vary. In
general, if the numerical coefficient is a whole number, the Division Property of
Equality is probably the most efficient strategy. If the numerical coefficient is a
M3-1J • TOPIC 2: Equations
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fraction, the Multiplication Property of Equality is probably the most efficient
strategy.

Summary
A solution to an equation is any value for the unknown that makes the
equation true. There are different strategies to use based on the form of the
equation. In general, you can always use the Division Property of Equality to
divide both sides of the equation by the numerical coefficient. Or, you can
always use the Multiplication Property of Equality by multiplying both sides
of the equation by the reciprocal of the numerical coefficient.
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Warm Up Answers
1
1. 4(__
5)

3

Play It In
Reverse

1
2. 9(__
2)

1
3. 23(__
7)
1
4. 1(___
12 )

Solving One-Step Multiplication
Equations

WARM UP

LEARNING GOALS

Rewrite each fraction as
a whole number times a
unit fraction.

• Use bar models to represent one-step multiplication
equations.
• Use inverse operations to solve one-step multiplication
equations.
• Reason about multiplication equations.
• Connect bar models to the algorithm for solving
multiplication equations.
• Solve one-step multiplication equations.

4
1. __
5
9
2. __
2
2
3. 3__
7
1
4. ___
12

You have solved one-step addition equations using bar models and inverse operations. How
can you use similar strategies to solve one-step multiplication problems?
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Answers
Sample answers.
1
4(__
4)
5 __
4
__
(4)(5)
4.2
___
4.2
444

Getting Started
Form of 1
Consider the number 1. What comes to mind?

Be sure
to write
expressions
for 1 that
include
multiplication
and division.

1. Write five different numeric expressions for the number 1.

Share your numeric expressions with your classmates.
2. Did you and your classmates use common strategies to write
your expressions? How many possible numeric expressions
could you write for this number?

M3-2 • TOPIC 2: Equations
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Answers
AC T I V I T Y

3.1

1. The number 6 is
decomposed into the
numeric expression 3 1 3
to mirror the structure of
the expression x 1 x.

Reasoning About
Multiplication Equations

2. x 5 4

Just as with addition equations, solving multiplication equations
involves determining the value for the variable that makes the
statement true. You can use bar models to understand the structure
of the equation and reason about the solution.

x

x
3x

WORKED EXAMPLE
Consider the multiplication equation 2x 5 6.

2x

This equation states that for some value of x, the
expression 2x is equal to 6.

6

You can decompose 2x by rewriting it as the
equivalent expression 1x 1 1x, or x 1 x.

x

The bar model demonstrates that these two equations
are equivalent.
2x 5 6

12

x
2x

To maintain equivalence, decompose 6 in a similar way.

6
3

x

How do these
bar models
relate to the
bar models
you used to
solve addition
equations?

4

4

4

3. x 5 9
x

x

x

x

x

x

x

9

9

9

7x

3

63

x1x5313

9

By examining the structure of the second equation,
you can see that x 5 3.

9

9

9

3
4. x 5 __
2

x

1. Why is the number 6 decomposed into the numeric
expression 3 + 3?

x

x

x

6
_

6
_

4x
Solve each equation using a bar model.
2. 3x 5 12

_TIG_M03_T02_L03_001-016.indd 3

3. 7x 5 63

6
4. 4x 5 6

6
_
4

6
_
4

4

4
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Answers

1. Answers will vary.
The numerical coefficient
in this equation is a fraction
less than 1.
2.

AC T I V I T Y

3.2

Solving Equations with
Fractional Coefficients

x
1
_
x

1
_
x

1
_
x

2

2

2

3

3

3

Remember there
are different ways
to write equivalent
expressions.
1
x
__
x 5 __
3
3

Multiplication equations often include numbers other than
whole numbers.
1
Consider the equation __
x 5 2.
3

1. Explain how this equation compares to the equations in the
previous activity.

6
x56
WORKED EXAMPLE

1
__
x
3

1
Represent __
x 5 2 as a bar model.
3

2
Because you start
with a fractional

To solve this equation for x, compose
3 equally-sized parts to create the whole, x.

amount of x, you

x

have to compose to
get a whole x.

To maintain equivalence, compose
3 equally-sized parts for the other
expression, too.

1
__
x
3

1
__
x
3

1
__
x
3

2

This structure allows you to see the
value of x.

2. Complete the worked example by filling in the missing values.
1
Then write the solution to the equation __
x 5 2.
3
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Answers
3. x 5 28

Solve each equation using a bar model.
1
3. __
x57
4

x
4. __
55
2

x
1
__
4x

1
__
4x

1
__
4x

1
__
4x

7

7

7

7

2
5. Consider how to use bar models to solve __
x 5 8.
3

Analyze each strategy.

a

Vanessa’s
Solution

This reminds
me of tape
diagrams.

4

1
__
3x

x
x

1
__
3x

2
__
3x

1
__
3x

8

4
4

4. x 5 10

l i

x
1
__
3x

28

1
_
x

5

5

2

__1 x

__2 x

1
_
x

12

2

10
5a. Carson did not rewrite
2
1
1
__
x as __
x 1 __
x.
3
3
3

4

12

5b. Sample answer.

1
Vanessa needed __
x to
3
make 1x. This is one-half
of what she was given, so
she also needed one-half
of 8 to determine the
value for x.

a. How is Carson’s solution strategy different from Vanessa’s
solution strategy?

b. What reasoning might Vanessa have used in her solution
strategy?
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Answers
6. x 5 15

Solve each equation using a bar model.

x
1
__
5x

1
__
5x

3

4
6. __
x 5 12
5

1
__
5x

1
__
5x

1
__
5x

4
__
5x

1
__
5x

12

3

3

3

3

8
8. Consider the equation __
x 5 64.
5

3

a. How does this fractional coefficient compare to the
fractional coefficients that you have seen in this lesson
so far?

15
2
7. x 5 10 ___
3

How do you
know if you need
to compose
or decompose
when using bar
models?

x
1
__
4x

1
__
4x

1
__
4x

1
__
4x

3
__
4x

1
__
4x

8

1
__
3 (8)

8
__
3

8
__
3

8
__
3

3
7. __
x58
4

8
__
3

b. Create a bar model and solve for x.

Reflect on the equations you solved in this activity.
9. How were they similar? What was common in how you used
the bar models?

32
___
3

8a. Sample answer.
The coefficient of x is
greater than 1. I will
8
need to decompose __
5
and then keep only 5 of
the bars.
8b. x 5 40
3
__
5x

x

1 __
1 __
1 __
1 __
1 __
1 __
1 __
1
__
5x 5x 5x 5x 5x 5x 5x 5x

M3-6 • TOPIC 2: Equations

8
_
5x

64
8

8

8

8

8

40

8

8

8

9. Answers will vary.
All of the equations had fractional coefficients.
All of the equations required me to think about how many parts would be in the whole 1x.

24
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Answers
1. Sample answer.
The numerical coefficient
and constant are both
fractional values.

Solving More Complex
Multiplication Equations

AC T I V I T Y

3.3

2a. Landon used ratio
reasoning to scale up

4
1
Consider the equation __
x 5 ___
.
5
10

8
4
from __
to ___
. Once the
5
10
denominators were the
same, he was able to set
the numerators equal to
each other.

1. How is this equation different from the equation you solved in
the previous activity?

Compare the two solution strategies proposed by Landon and Zoe.

e

Landon’s Solution
4
1
__
___
5 x 5 10
4
8
__
Scale 5 up to ___
10 .
8
1
___
___
10 x 5 10

x
_1 x
5

_1 x
5

8x 5 1

1x

1x

1x

1x

1x

1x

1x

1
_
8

1
_
8

_1 x
5
_1 x
5

__1
0

_1
__1
0

__1
0

__1
10
__1
0

5
__
0

1
1
_
8

_1 x
5

__1
10
__1
0

8x

1
_
8

_1 x
5
_x
5

1x

2b. Sample answer.
You can rewrite the
equation using Properties
of Equality; both sides of
the equation were divided
by 10.

l i

1
_
8

1
_
8

1
_
8

1
_
8

2c. This strategy works
well when it is easy to
determine a common
denominator.
3. Zoe divided her model
into fifths. She then
determined one-fourth
1
of the constant, ___
. So,
10
1
1
each __
x is equal to ___
.
5
40

2. Explain Landon’s solution strategy.
a. What type of reasoning did Landon
use at the beginning of his solution?

3. Explain how Zoe’s solution is similar to
the other equations you have solved
with bar models.

5
Then, x = ___
.
40

b. How did he know to write 8x 5 1?

c. Will scaling up always work?

_TIG_M03_T02_L03_001-016.indd 7

LESSON 3: Play It In Reverse • M3-7

LESSON 3: Play It In Reverse • M3-7

Middle School Mathematics Solution \ 47
25/10/16 6:19 PM

Answers
8
4. x = ___
15

Use a bar model to solve each equation.

NOTES

x
1
__
4x

1
__
4x

2
___
15

1
__
4x

1
__
4x

2
__
5

1
2
__
of __
5
3
2
___
15

2
4
5. __
x 5 __
7
9

1
__
4x

3
__
4x

2
___
15

3
2
4. __
x 5 __
4
5

2
___
15

8
___
15
5
5. x 5 1__
9

x
1
1
__
__
7x 7x

1
__
7x

1
__
7x

2
_
x

1
__
7x

1
__
7x

5
_
x

7

7

4
__
9
2
__
9

1
__
7x

2
__
9

1
__
2 of
4
__
9

1
__
2 of
4
__
9

1
__
2 of
4
__
9

1
__
2 of
4
__
9

1
__
2 of
4
__
9

2
__
9

2
__
9

2
__
9

2
__
9

2
__
9

6. You learned to solve addition equations by first reasoning
with bar models and then with inverse operations. Now that
you have solved multiplication equations by reasoning with bar
models, how do you think that you can solve these equations
without using the bar models?

14
___
9

6. Answers will vary.
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Answers
1a. 4(8) 5 32
32 5 32

Solving Multiplication
Equations Without Models

AC T I V I T Y

3.4

1b. No. There are no other
numbers that multiplied by
4 have a product of 32.
2a.

Like addition equations, all of the multiplication equations you have
modeled in this lesson can be solved with one step. You can use the
Properties of Equality and inverse operations to isolate the variable.
What operation is the inverse of multiplication?

8a 5 72
8(1a) 5 8(9)

Write equivalent
expressions that
mirror structure.

8(9)
8(1a)
____
5 ___
8
8

Use inverse
operations to
reverse the
multiplication of
8 and 1a.

WORKED EXAMPLE
Solve the equation 4r 5 32.
The Identity Property

4r 5 32
4(1r) 5 4(8)
4(1r)
4(8)
____
5 ___
4
4

1r 5 1(8)
r58

of Multiplication

Write equivalent expressions with
similar structure.
Use inverse operations to reverse the
multiplication of 4 and 1r.

states that for any
number m, m ? 1 5 m.
In other words, when
you multiply by 1,
the number stays

Perform division.

Combine like
terms.

a59

Identity
Property of
Multiplication

Identity Property of Multiplication

2b.

1. Examine the worked example.
a. Check the solution to 4r 5 32.

11t 5 132
11(1t) 5 11(12) Write
equivalent
expressions
that mirror
structure.

b. Are there other solutions to the equation? How do you know?

2. Use the same strategy to solve each equation.
a. 8a 5 72

1a 5 1(9)

the same.

11(1t) _____
11(12)
_____
5 11
11

b. 11t 5 132

LESSON 3: Play It In Reverse • M3-9

Use inverse
operations to
reverse the
multiplication
of 11 and 1t.

1t 5 1(12)

Combine like
terms.

t 5 12

Identity
Property of
Multiplication

ELL Tip
The terms coefficient and constant are used throughout this activity.
Make sure that students understand the numbers referred to by
these terms.
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Answers
3. Division Property of
Equality;
Perform division;
Identity Property of
Multiplication
4a. Venita is correct. The

When you worked with one-step addition equations, you used the
Subtraction Property of Equality to more efficiently solve the problem.
Similarly, you can use the Division Property of Equality to solve
multiplication problems.
3. Write the properties that justify each step.

1
coefficient of x is __
, so
7
you need to divide by the
coefficient.

4b. They can check their
answers by substituting
their solutions into original
equation. If the values on
both sides of the equation
are equal, the solution is
correct.

6w 5 90
6w
90
___
5 ___
6
6

1w 5 15
w 5 15

p

4. Diego and Venita are solving the equation 5 5 __
.
7
p

, he would divide by 7.
a. Diego says that to solve 5 5 __
7
5
The value of p that makes the equation true is __
.
7
Venita disagrees and says that they should divide
1
by __
, and the solution is 35. Who is correct?
7

b. How can Diego and Venita check to see whose answer is
correct?
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Answers
5. Compare the solution strategies used by Sydney and Kailey.
What do you notice?

Sydney
2
__
5 x 5 20
2

__
5x
__
2
__
5

Kailey
__2 x 5 20
5
__5 __2 x 5 __5 20
2 5
2

()

20

5 ___
2
__
5

()

5
1x 5 20 __
2

x 5 50

NOTES

()

5. Sydney used the Division
Property of Equality and
the fact that __aa 5 1.
Kailey used the
Multiplication Property
of Equality and the fact
a __
that __
? b 5 1.
b a
Dividing by a fraction is
equivalent to multiplying
by its reciprocal.

1x 5 50
x 5 50

6a. n 5 28
6b. y 5 6
5
6c. h 5 __
3

6d. s 5 25.86
100
1
6e. w 5 ____
5 11__
9
9

6f. k 5 3.5

6. Solve each equation. Check to ensure that your solution makes
the original equation a true statement.
n
a. __
57
4

b. 18 5 3y

3
5
c. __
h 5 __
2
2

d. 3.14s 5 81.2004

3
1
e. 3__
5 ___
w
3
10

f. 4.2k 5 14.7
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Answers
1. This equation contains two
variables.

AC T I V I T Y

3.5

2. Sample answers.
c 5 4, d 5 1;
1
c 5 2, d 5 __
;
2
c 5 8, d 5 2

Reasoning about More
Interesting Multiplication
Equations

Recall that an equation is created by writing two expressions with an
equals sign between them. Equations can be sometimes, always, or
never true.

3. The value for c is always
4 times the value for d; or
1
the value of d is always __
4
times the value of c.

Consider the equation 7c 5 28d.
1. How is this equation different from the equations you have
solved in this lesson?

4a. 84 was decomposed to
include a factor of 12
to mirror the numerical
coefficient on the left side
of the equation.

2. Generate at least 3 pairs of values for c and d that make the
equation true.

3. What patterns do you notice?

Using number
sense to rewrite
equivalent
expressions to
solve equations
is a valid

You can use properties of arithmetic and algebra, along with the
properties of equality, to solve for one of the variables in terms of the
other variable.
WORKED EXAMPLE
12a 5 84b
Step 1 12a 5 (12 ? 7)b
Step 2 12a 5 12(7b)
Step 3
a 5 7b

strategy.

4. Analyze the worked example.
a. Why was 84 decomposed into 12 ? 7?
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Answers
4b. Associative Property of
Multiplication

b. What property was applied in Step 2?

4c. Since both sides of the
equation are multiplied
by 12, the equation will
be true as long as
a 5 7b.

c. Explain the reasoning from Step 2 to Step 3. Which
property was used?

The Division Property of
Equality and the Identity
Property of Multiplication.
5. They are both correct.
One solved for c and the
other solved for d.
1
6. m 5 3n or __
m5n
3
1
7. 24s 5 t or s 5 ___
t
24

5. Jesse and Dominic each proposed a solution for the equation
7c 5 28d. Who’s correct?
Jesse

Dominic

7c 5 28d
7c 5 (7 ? 4)d
7c 5 7(4d)
c 5 4d

7c 5 28d

()

4
__
7c 5 28d
4

Why is it okay
for Dominic to
4?
multiply by __
4

(4 ? 7)c
______
5 28d
4

c 5 28d
28 __
4
c 5d
__
4

()

Use reasoning to solve each equation for one of the variables.
6. 18m 5 54n

_TIG_M03_T02_L03_001-016.indd 13
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7. 12s 5 __
2
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Answer
Answers will vary.
Each student’s ability to see
structure and use number
sense will vary.
In general, if the numerical
coefficient is a whole number,
the Division Property of
Equality is probably the most
efficient strategy.
If the numerical coefficient is
a fraction, the Multiplication
Property of Equality is
probably the most efficient
strategy.

NOTES

TALK the TALK
Reasoning About Solving
Multiplication Equations
Each equation in this lesson is written as px 5 q, where p and
q are positive rational numbers and x is the unknown. You have
investigated different strategies to solve these equations.
Analyze each given equation.
• Do you recognize a fact family relationship between the
numerical coefficient and the constant?
• Is the numerical coefficient a whole number? A fraction?
Or a decimal?
• Do you recognize a way to form a numerical coefficient of
1 using a Property of Equality?
2n 5 12

2 x 5 14
__

3x 5 55

1.1m 5 5.5

1.45r 5 5.9

7h 5 35

3
x 5 __
__

3
8r 5 __
4

5

4

8

1. Sort each equation according to the solution strategy you
think is most efficient.
Use Number Sense
to Write Equivalent
Expressions

Division Property
of Equality

Multiplication
Property
of Equality

2. Provide a rationale for your choice of solution strategy or
strategies.
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2. x 5 30
x

Assignment
1
__
5x

Write

Remember

Explain how to solve the equation

A solution to an equation is the value or values for the variable

px 5 q for x. Be sure to include

that makes the equation true. To solve a one-step multiplication

the properties you use in the

equation, isolate the variable using number sense, the Division

process.

Property of Equality, or the Multiplication Property of Equality.

1
__
5x

1
__
5x

6

6

1
__
5x

1
__
5x

3. x 5 20

x56
2. __
5
5 x 5 __
2
4. __
3
4

x
1
__
5x

Solve each equation. Check your solutions.
5. 2.1 5 0.5y

6. 4r 5 26

2h58
7. __

8b
4 5 __
8. __
3 3

9

6

6

30

Solve each equation using a bar model.

s
9. 14 5 __
3

6

5

Practice

3 x 5 12
3. __
5

1
__
5x

4
_
x

1
__
5x

6

1. 3x 5 10

1
__
5x

10. 3.8x 5 2.736

4

11. Bertrand invites 21 people to his party and wants to give each guest 3 party
favors. If n is the total number of party favors he will need to order, the
n 5 3.
equation that represents this situation is ___
21

1
__
5x

1
__
5x

3
__
5x

2
__
5x

12

8

4

4

4

4

20

a. If Bertrand orders 58 party favors, will he be able to give each guest 3

8
4. x 5 ___
15

party favors? That is, is 58 a solution to the equation?
b. If Bertrand orders 62 party favors, will he be able to give each guest 3

1
__
4x

x

party favors?
c. How many party favors does Bertrand need to order? Use the equation to

1
__
4x

determine the solution. State the inverse operation needed to isolate the
variable. Then, solve the equation. Check your solution.

1
__
4x

1
__
4x

1
__
4x

1
__
4x

2
___
15

2
___
15

5
__
4x
2
__
3
2
___
15

2
___
15

2
___
15
8
___
15
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2
___
15

5. y 5 4.2
13
6. r 5 ___
2

7. h 5 36

Assignment Answers
Write
Use the Division Property of Equality to
divide both sides of the equation by the
coefficient p, or use the Multiplication
Property of Equality to multiply both sides
of the equation by the reciprocal of p. Then
use any needed properties of arithmetic
to rewrite the constant without operation
symbols and in lowest terms.

_TIG_M03_T02_L03_001-016.indd
:19 PM
15

1
8. b 5 __
2

Practice

9. s 5 42

10
1. x 5 ___
3

1x

10. x 5 0.72
1x

1x

3x
10
10
___
3

10
___
3

10
___
3

11a. No
11b. No
11c. n 5 63. The inverse
1
operation is division by ___
21
21
or multiply by ___
.
1
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Stretch
The water pitcher equals
three plates.
Review
1. j 5 4.5
69
2. b 5 ___
20

Stretch
Like bar models, balances are also used to model equation solving. Consider the balances shown.
A

5
3. 2(x 1 __
2)

6
1
4. __
x 1 __
5)
2(

5. 15.24

B

6. 6.2
C

On balance A, a water pitcher balances with a juice bottle. On balance B, the water pitcher balances a cereal
bowl and plate. On balance C, three plates balance two juice bottles. How many cereal bowls will balance a
water pitcher?

Review
Solve each equation. Check your solutions.
1. 2.6 1 j 5 7.1
3
21 5 b 1 __
2. ___
5
4
Rewrite each expression as the product of a constant and a sum of terms.
3. 2x 1 5
3
1 x 1 __
4. __
5
2

Determine the conversion.
5. 6 inches 5

centimeters

6. 10 kilometers 5

miles
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Name

Date

Solving One-Step Multiplication Equations
Solve each equation.
1. 8 5 4w

1
2
2. ___
y 5 __
5
10

3. 6.5 5 2.5z

4. 4.2p 5 21

1
x
5. 2 5 __
5

6. 1.2 5 2a

7. 9t 5 54

2
b51
8. __
7

2
x 5 10
9. __
3

10. 15 5 3x

1
m
11. 4 5 __
4

12. 6y 5 6

Determine what value each variable represents.
1. 2p 5 4

2. 3a 5 6
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Skills Practice
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3. 6 1 2 5 4q

4. 6 1 6 5 2b

5. 3 1 3 5 1c

6. 2z 5 5 1 5

Using Literal Equations to Solve Problems
Determine each answer using the given equation.
1. The equation P 5 4s is used to calculate
the perimeter, P, of a square with a side
length, s. Calculate the perimeter of a
square with side lengths that are each
12 meters long.

2. Use the equation P 5 4s to calculate the
side lengths of a square with a perimeter
of 28 feet.

3. The equation A 5 bh is used to calculate
the area, A, of a parallelogram with base,
b, and height, h. Calculate the area of a
parallelogram with a base of 15 inches and
a height of 9 inches.

4. Use the equation A 5 bh to calculate the
height of a parallelogram with an area of
36 square inches and a base of 9 inches.

F 2 32
5. The equation C 5 ______
is used to
1.8
convert a temperature in degrees
Fahrenheit, F, to a temperature in degrees
Celsius, C. Calculate the temperature, in
degrees Celsius, when the temperature is
86 degrees Fahrenheit.

6. The equation P 5 a 1 b 1 c is used to
calculate the perimeter, P, of a triangle
with side lengths a, b, and c. Calculate the
unknown side length for a triangle with
a perimeter of 25 meters and two sides
measuring 7 meters each.
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End of Topic Assessment
Name

Date

Solve each equation.
4. z 1 8 5 15

1p
5. 2 5 __
6

3 1 v 5 29 __
5
6. 15 __
4
8

5 c 5 8 __
2
7. __
6
3

8. Caden exercises daily by walking on a treadmill. He sets the machine so that he will walk
at a steady rate of 3.6 miles per hour.
a. If t represents time in hours and d represents distance in miles, write an equation that
models the relationship between these variables.

3
b. Use your equation to calculate the distance Caden will walk in __
of an hour.
4

c. Use your equation to calculate how long it will take for Caden to walk 4.32 miles.

9. Write an equation to represent each situation and then solve it.
a. You bought a book from an online bookstore that charges a flat fee of $3.95 for
shipping each order. There was no sales tax on this purchase. If your total cost was
$28.70, what was the price of the book?

2 • EQUATIONS: Assessment
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Carnegie Learning Family Guide

Grade 6

Module 3: Determining Unknown Quantities
TOPIC 2: EQUATIONS
This topic provides a formal introduction
to algebraic equations. It addresses what
an equation is and what it means to be
a solution to an equation. Students learn
that solving an equation requires the
expressions on either side of the equals
sign to remain equal. Tools such as bar
models are initially used to develop this
understanding. Students then learn to
solve equations without the models.
They practice solving a variety of
addition and multiplication problems.

What is the Entry Point for
Students?
In the previous topic, students learned
about properties of expressions. Now they
will use this knowledge to solve equations.
Writing and evaluating expressions are key
skills for writing and solving equations.

What Comes After this
Topic?
In the next topic, students will use multiple
representations (e.g., tables, equations,
and graphs) to model and solve problems.
This topic ties the module together by
combining students’ prior knowledge of
graphing on the coordinate plane with their
new skills from Expressions and Equations.

Using Bar Models to Solve One-Step Equations
A bar model uses rectangular bars to represent known and unknown quantities. Bar models
illustrate the importance of keeping both sides of the equation equal.
The shaded portion of the bar model represents the original equation. The white rectangles
represent how each expression of the equation was decomposed to determine the value of x.
x 1 10 5 15

x

10

3x 5 12

x

x

x 1 10

3x

15

12

5

10
x 5 5
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4

4
x 5 4

x

4

Myth: "Just give me the rule. If you know the rule, then
you understand the math."
Memorize the following rule: All quars are elos. Will you remember that rule tomorrow?
Nope. Why not? Because it has no meaning. It isn’t connected to anything you know. What
if we change the rule to All squares are parallelograms. How about now? Can you remember
that? Of course you can, because now it makes sense.
Learning does not take place in a vacuum. It must be connected to what
you already know. Otherwise, the rule will be forgotten.

ICON
FPO

#mathmythbusted

How can you help at home?

Key Terms

You can support your child’s learning by
asking questions about the work they
did in class or at home. Even if you don't
know the answer to a question, having
your child verbalize an answer helps to
solidify his/her understandings.

Equation
An equation is a statement of equality
between two expressions.
Solution
A solution is any value for a variable that
makes the equation true.

Questions to Ask
• How does this Assignment problem
look like something you did in class?
• Can you show me the strategy you used
to solve this problem? Do you know
another way to solve it?
• Does your answer make sense? How do
you know?
• Is there anything you don’t understand?
How can you use today’s lesson to
help?

Graph of an Inequality
The graph of an inequality is the set of all
points on a number line that make the
inequality true.
Inverse Operations
Inverse operations are pairs of operations
that reverse each other’s effects.
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MATHia
Software Platform

The Carnegie Learning® Middle School Math Solution includes printed, consumable

textbooks and MATHia®, a game-changing AI-powered software platform that provides dynamic,
personalized 1-to-1 tutoring and ongoing formative assessment for every student. Combined, the
textbooks fuel powerful group learning, while MATHia delivers ongoing individual learning for each
student. With the Carnegie Learning Middle School Math Solution, mastering math concepts and
skills is possible.

Feedback and Hints

MATHia provides a different learning experience for each student by offering just-in-time feedback and hints. Hints
are contextual and oriented toward helping the student solve key steps in the problem, as demonstrated below.

Home Page

https://online.carnegielearning.com
MX

MATHia X

Tour

Lesson

Home

Solving with Multiplication and Division (No Type In)

Step-by-Step

System Help

Glossary

Maria Hernandez

I’m Done

Progress

Hints

Solve for w.

Hint

View Solution History

What can you do to both sides
to get the variable w by itself?

8 = 4w
 Previous

Hint 1 of 3

Choose an action to perform.

Expression Simplifications

Equation Transformations

Combine Like Terms

Distribute

Add to both sides

Perform Multiplication

Rewrite as Multiplication

Subtract from both sides

Simplify Fractions

Simplify Signs

Multiply both sides
Divide both sides

Level 1 Hint: This hint prompts students to think about the goal of the current step.
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Next !

Hint

Hint

4w is 4 times w. How do you
undo multiplication?

Divide both sides by 4.

 Previous

Hint 2 of 3

Next !

 Previous

Hint 3 of 3

Next !

Level 2 Hint: This hint points students to the

Level 3 Hint: The last hint provides the answer

information needed to complete the step.

so the student doesn't get stuck.

Home Page

https://online.carnegielearning.com
MX

MATHia X

Tour

Lesson

Home

Solving with Multiplication and Division (No Type In)

Step-by-Step

Progress

Hints

System Help

Glossary

Maria Hernandez

I’m Done

Solve for w.
View Solution History

Divide both sides: Divide both sides by what?

8

=

4 ü

4w
4 ü

2=w

Students will notice that a check mark will appear when a correct answer has been provided.
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Progress Bar

The Progress Bar differentiates instruction for students by assessing multiple skills at a time and ensuring that each
student receives the exact number of problems needed to achieve mastery.

Track Individual Progress for Every Student
Students and teachers can see a visual snapshot of student progress at any time.

Empower Students to Take Ownership of Their Learning with Real-Time Feedback
As a student becomes more proficient in a skill, the bars increase in length and change from orange to green.

Ensure Mastery of Critical Math Skills
Students must show mastery of each discrete skill required before moving on.

Home Page

https://online.carnegielearning.com
MX

MATHia X

Tour

Lesson

Home

Solving with Multiplication and Division (No Type In)

Step-by-Step

System Help

Glossary

Maria Hernandez

I’m Done

Progress

Hints

Solve for w.

Skills

Progress to Mastery

Identify when done.

View Solution History

8 = 4w

Remove positive
coefficient.

2=w
Choose an action to perform.

Expression Simplifications

Equation Transformations

Combine Like Terms

Distribute

Add to both sides

Perform Multiplication

Rewrite as Multiplication

Subtract from both sides

Simplify Fractions

Simplify Signs

Multiply both sides
Divide both sides
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Reports

The APLSE Progress Report lets you know if your students are on track to successfully complete the content assigned
to the class. This predictive report:
•
•
•

Displays student progress and predicts content mastery for the entire course
Provides insight to teachers and leaders on student gains and projected outcomes
Reduces need for summative tests to determine student mastery

You can even drive classroom motivation by rewarding students based on their APLSE score.

APLSE Report

Standards Report

Student Detail Report

APLSE Report: All Students

DATE RANGE

4

From

Export

08/15/16

To

1

STUDENTS ON TRACK

KEY

10/02/16

3

STUDENT APPROACHING
Current

APLSE OVER TIME

On-Track

Projected

Print

Approaching

Off-Track

STUDENTS OFF-TRACK

AVERAGE APLSE

as of 9/29/2016

991

376

800
600
400

Out of 991

200

SCORE DISTRIBUTION

0
21

08/

04

09/

AVERAGE WORKSPACES
COMPLETED

39

18

09/

02

10/

16

10/

30

10/

AVERAGE IMPROVEMENT

3

1
11/

7

2
11/

11

12/

AVERAGE HINTS AND
ERRORS

50%

12.5%

37.5%

AVERAGE PACE

376
On-Track

On-Track

On-Track
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Middle School Mathematics Solution
Sampler

Are You Ready for Something Different?
Carnegie Learning is challenging the status quo in math learning.

Rejecting traditional “sage on the stage” instruction, Carnegie Learning embraces
a research-proven “guide on the side” instructional approach that improves math
results and promotes deeper conceptual understanding, critical thinking and
collaboration.
Sign up for our Virtual Sample Kit to review additional print materials and try
the MATHia® Software Platform for yourself!

www.carnegielearning.com/samples
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