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MANIFESTO

Our Manifesto
WE BELIEVE that quality math education is important for all students, to help
them develop into creative problem solvers, critical thinkers, life-long learners
and more capable adults.
WE BELIEVE that math education is about more than memorizing equations or
performing on tests—it’s about delivering the deep conceptual learning that
supports ongoing growth and future developments.
WE BELIEVE all students learn math best when teachers believe in them,
expect them to participate, and encourage them to own their learning.
WE BELIEVE all teachers teach math best when they really know the content,
have the desire and right mindset, and get the resources and support they
need to build cultures of collaborative learning.
WE BELIEVE our learning solutions and services can help accomplish all of this,
and that by working together with educators and communities we serve, we
guide the way to better math learning.

At Carnegie Learning, we choose the path
that has been proven most effective by research
and classroom experience. We call that path the
Carnegie Learning Way. Follow this code to take
a look inside.
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Mathematics is so much more than rules and algorithms. It is learning to
reason, to make connections, and to make sense of the world. We believe in
Learning by DoingTM—students need to actively engage with the content if
they are to benefit from it. Your classroom environment will determine what
type of discourse, questioning, and sharing will take place. Students deserve
a safe place to talk, to make mistakes, and to build deep understanding of
mathematics. My hope is that these instructional materials help you shift
the mathematical authority in your class to your students. Be mindful to
facilitate conversations that enhance trust and reduce fear.

Sandy Bartle Finocchi, Chief Mathematics Officer

Your students come to you, not as clean slates, but as messy boards full
of knowledge that they have gained in previous math classes and also in
the world. The lessons in this book are designed to build off what students
already know. I encourage you to build confidence in your students by
asking them questions to uncover what they already know, connecting their
prior experiences with new ideas, providing them time to make connections
and to persevere through problems, and giving only the support necessary
to keep them on the right path.

Amy Jones Lewis, Senior Director of Instructional Design

At Carnegie Learning we have created an organization whose mission and
culture is defined by student success. Our passion is creating products that
make sense of the world of mathematics and ignite a passion in students.
Our hope is that students will enjoy our resources as much as we enjoyed
creating them.

Barry Malkin, CEO, Carnegie Learning
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CARNEGIE LEARNING WAY

At Carnegie Learning, we choose the path that has
been proven most effective by research and classroom
experience. We call that path the Carnegie Learning Way.

Our Instructional Approach

Carnegie Learning’s instructional approach is a culmination of the
collective knowledge of our researchers, instructional designers, cognitive
learning scientists, and master practitioners. It’s based on both a scientific
understanding of how people learn and a real-world understanding of how
to apply that science to mathematics instructional materials. At its core, our
instructional approach is based on three simple, key components:

ENGAGE

DEVELOP

DEMONSTRATE

Activate student
thinking by tapping
into prior knowledge
and real-world
experiences. Provide
an introduction that
generates curiosity
and plants the seeds
for deeper learning.

Build a deep
understanding
of mathematics
through a variety of
activities—
real-world problems,
sorting activities,
worked examples,
and peer analysis—
in an environment
where collaboration,
conversations, and
questioning are
routine practices.

Reflect on and
evaluate what
was learned.
Ongoing formative
assessment
underlies the entire
learning experience,
driving real-time
adjustments, next
steps, insights, and
measurements.

FM-8 • The Carnegie Learning Way
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REPORT

Our Research

TEST | INTERPRET

Carnegie Learning has been deeply immersed in
research ever since it was founded by cognitive
and computer scientists from Carnegie Mellon
University. Our research extends far beyond our
own walls, playing an active role in the constantly
evolving field of cognitive and learning science.
Our internal researchers collaborate with a
variety of independent research organizations,
tirelessly working to understand more about how
people learn, and how learning is best facilitated.
We supplement this information with feedback
and data from our own products, teachers, and
students, to continuously evaluate and elevate
our instructional approach and its delivery.

Our Support

We’re all in. In addition to our books and software, implementing Carnegie
Learning in your classroom means you get access to an entire ecosystem of
ongoing classroom support, including:
•

Professional Learning: Our team of Master Math Practitioners is always
there for you, from implementation to math academies to a variety of other
options to help you hone your teaching practice.

•

Texas Support Center: We’ve customized a Support Center just for you
and your students. The Texas Support Center provides articles and videos
to help you implement the Texas Math Solution, from the basics to get you
started to more targeted support to guide you as you scaffold instruction for
all learners in your classroom. Visit www.CarnegieLearning.com/texas-help
to explore online and to access content that you can also share with your
students and their caregivers.

Scan this code to visit

MyCL: This is the central hub that gives you access to all of the products
and resources that you and your students will need. Visit MyCL at
www.carnegielearning.com/login.

resources you will find in

| ANALYZE

•

•

the Texas Support
Center and look for
references throughout
the Front Matter to learn
more about the robust
the Support Center.

LONG + LIVE + MATH: When you join this community of like-minded math
educators, suddenly you’re not alone. You’re part of a collective, with
access to special content, events, meetups, book clubs, and more. Because
it’s a community, it’s constantly evolving! Visit www.longlivemath.com to
get started.

The Carnegie Learning Way • FM-9
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Our Blend of Learning
Carnegie Learning combines consumable textbooks,
MATHia®, our intelligent 1-on-1 math tutoring software,
and transformative professional learning and data
analysis services into a comprehensive and cohesive
learning solution.
A key aspect of this blend is its combination of two forms of learning:

LEARNING TOGETHER
With our consumable textbooks, students work in groups, not only to
develop math skills, but to learn how to collaborate, create, communicate
and problem-solve.

FM-10 • The Carnegie Learning Way
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LEARNING INDIVIDUALLY
Through MATHia, students receive 1-to-1 adaptive math
coaching, providing a personalized learning path and ongoing
formative assessment.

Carnegie Learning’s blend also strikes the right balance in other ways:

CONCEPTUAL UNDERSTANDING

+

PROCEDURAL UNDERSTANDING

CREATIVE EXPLORATION

+

SKILL MASTERY

ACCESSIBILITY

+

EXTENSION

The Carnegie Learning Way • FM-11
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INSTRUCTIONAL DESIGN

In a word, every single piece of Carnegie Learning’s Texas
Math Solution is intentional. Our instructional designers
work alongside our master math practitioners, cognitive
scientists, and researchers to intentionally design, draft,
debate, test, and revise every piece, incorporating the latest
in learning science.

Intentional Mathematics Design

Carnegie Learning’s Texas Math Solution is thoroughly and thoughtfully designed
to ensure students build the foundation they’ll need to experience ongoing
growth in mathematics.

Mathematical Coherence
The arc of mathematics develops coherently, building understanding by linking
together within and across grades, so students can learn concepts more deeply
and apply what they’ve learned to more complex problems going forward.

Mathematical Process Standards
Carnegie Learning is organized around the Mathematical Process Standards to
encourage experimentation, creativity, and false starts, which is critical if we
expect students to tackle difficult problems in the real world, and persevere
when they struggle.

Multiple Representations
Carnegie Learning recognizes the importance of connecting multiple
representations of mathematical concepts. Lessons present content visually,
algebraically, numerically, and verbally.

Transfer
Carnegie Learning focuses on developing transfer. Doing A and moving on isn’t
the goal; being able to do A and then do B, C, and D, transferring what you know
from A, is the goal.

Instructional Design • FM-17
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Texas Math Solutions Overview
Our classroom
activities emphasize
active learning and
making sense of the

The instructional materials in the Carnegie Learning Texas
Math Solution cover functions, figures, and data sets, from
their fundamental concepts to the connections between
them. We think about these interrelated ideas in a holistic
way to integrate students’ understanding with their
developing habits of mind.

mathematics, and we
ask deep questions
that require students to
thoroughly understand
the material.

What are the Carnegie Learning Texas Math Solution
guiding principles?
The Texas Math Solution has been strongly influenced by scientific research
into the learning process and student motivations for academic success. Its
guiding principles are active learning, discourse through collaboration, and
personalized learning.

Active Learning

The research makes it clear that students need to actively engage with content in order to benefit from
it. Studies show that, as instruction moves up the scale from entirely passive to fully interactive, learning
becomes more robust. All of the activities we provide for the classroom and within MATHia encourage
students to be thoughtful about their work, to consider hypotheses and conclusions from different
perspectives, and to build a deep understanding of mathematics. The format of the student text, as a
consumable workbook, supports active instruction.

Discourse through Collaborative Learning

Effective collaboration encourages students to articulate their thinking, resulting in self-explanation.
Reviewing other students’ approaches and receiving feedback on your own provides further metacognitive
feedback. Collaborative problem-solving encourages an interactive instructional mode, and we have
looked to research to provide practical guidance for making collaboration work. The collaborative tasks
within the HSMS classroom are designed to promote active dialog centered on structured activities.

Personalized Learning

One of the ways to build intrinsic motivation is to relate tasks to students’ existing interests. Research has
proven that problems that capture student interests are more likely to be taken seriously. In the textbook,
problems often begin with the students’ intuitive understanding of the world and build to an abstract concept,
rather than the other way around. In MATHia, step-by-step examples guide
students through sample problems, describing each step, rephrasing or redirecting
questions, and homing in on the parts of the problem that may prove difficult.
Functions • Figures •
Data Sets
Transformation
Equivalence &
Congruence
Proportionality &
Similarity

How is the content developed in a mathematically coherent way?
Throughout the HSMS, students examine and investigate functions, figures,
and data sets. Within each category, we strive to extend and connect students’
experience in middle school around the critical mathematical ideas of
transformation, equivalence and congruence, and proportionality and similarity.

Transformation

Transforming functions and figures builds from an understanding of the
fundamental behaviors of translations, rotations, reflections, and dilations.

FM-18 • Instructional Design
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These behaviors apply in the same ways to different function types in algebra and to geometric figures on
the plane. Understanding the structure of transformations leads to connections across multiple domains
in multiple courses.

Equivalence & Congruence

Equivalence is approached in two ways. First, understanding equivalence using multiple relationships of
the same function or data set reveals different properties or key characteristics. Second, understanding
equivalence in terms of expressions allows students to compose and decompose equations, make sense
of solutions, and solve problems. Congruence is treated similarly: understanding congruence using rigid
motions highlights key characteristics that are true for both figures, which leads to establishing triangle
congruence criteria, an important underpinning for formal proof. The concept of equivalence is extended
to the analysis of data, where students learn the critical skill of representing data in equivalent but
differently useful ways, enabling them to make analyses and decisions.

Proportionality & Similarity

Developing proportional reasoning is a life-long journey that begins in middle school: from ratios and
proportions to understanding how linear functions relate to sequences with common differences and how
exponential functions relate to sequences with common ratios. Exploring dilations and the relationships that
hold true in similar figures develops spatial reasoning. Analyzing similarity in right triangles extends to right
triangle trigonometry, connecting the algebra and geometry domains.

How is the mathematics content delivered to promote productive Mathematical
Process Standards?
Students deserve math learning that develops them into creative problem solvers, critical thinkers,
life-long learners and more capable adults, while teachers deserve materials that will support them in
bringing learning to life. There are three organizing principles that guide these instructional materials.

Seeing Connections

Tasks make use of models—e.g., real-world situations, graphs, diagrams, and Worked Examples—to help
students see and make connections between different topics. In each lesson, learning is linked to prior
knowledge and experiences so that students build their new understanding on the firm foundation of what
they already know. We help students move from concrete representations and an intuitive understanding
of the world to more abstract representations and procedures. Activities thus focus on real-world
situations to demonstrate the usefulness of mathematics.

Exploring Structure

Questions are phrased in a way that promotes analysis, develops higher-order-thinking skills, and
encourages the seeking of mathematical relationships. Students inspect a given function, figure, or data
set, and in each case, they are asked to discern a pattern or structure. We want students to become fluent
in seeing how the structure of each representation—verbal, graphic, numerical, and algebraic—reveals
properties of the function it defines. We want students to become fluent at composing and decomposing
expressions, equations, and data sets. We want them to see how the structure of transformations applies
to all function types and rigid motions. As students gain proficiency in manipulating structure, they
become capable of comparing, contrasting, composing, decomposing, transforming, solving, representing,
clarifying, and defining the characteristics of functions, figures, and data sets.

Reflecting and Communicating

A student-centered approach focuses on students thinking about and discussing mathematics as active
participants in their own learning. Through articulating their thinking in conversations with a partner, in a
group, or as a class, students integrate each piece of new knowledge into their existing cognitive structure.
They use new insights to build new connections. Through collaborative tasks and the examination of peer
work—both within their groups and from examples provided in the lessons—students give and receive
feedback, which leads to verifying, clarifying, and/or improving the strategy.
Instructional Design • FM-19
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CONTENT
AND ALIGNMENT

Algebra II Content at a Glance

This Year at a Glance highlights the sequence of topics and the number of blended
instructional days (1 day is 50 minutes) allocated in Algebra II. The suggested pacing
information includes time for assessments. This course was developed to be completed
within one school year and accommodate a range of learners. Additionally, in the
Facilitation Notes for each lesson, there are opportunities to extend lessons and provide
differentiation for students who need more.

Texas Algebra 2: Year at a Glance
*1 Day Pacing = 45 min. Session
Module

Topic

Pacing

TEKS

Process Standards are embedded in every module: 2A.1A, 2A.1B, 2A.1C, 2A.1D, 2A.1E, 2A.1F, 2A.1G
1
Exploring
Patterns in
Linear and
Quadratic
Relationships

1: Extending Linear Relationships

17

 A.2A, 2A.3A, 2A.3B, 2A.3C, 2A.3D, 2A.3E, 2A.3F,
2
2A.3G, 2A.6C, 2A.6D, 2A.6E, 2A.6F, 2A.7I

2: Exploring and Analyzing Patterns

19

 A.3A, 2A.3B, 2A.4A, 4A.4D, 2A.4F, 2A.5B, 2A.7A,
2
2A.7B, 2A.8A, 2A.8C

3: Applications of Quadratics

15

2A.2B, 2A.2C, 2A.3A, 2A.3C, 2A.3D, 2A.4B, 2A.4E,
2A.4H, 2A.7I, 2A.8A, 2A.8B, 2A.8C

51
2
Analyzing
Structure
3
Developing
Structural
Similarities
4
Extending
Beyond
Polynomails

1: Composing and Decomposing Functions

11

2A.2A, 2A.7B, 2A.7I, 2A.8A

2: Characteristics of Polynomial Functions

11

2A.2A, 2A.6A, 2A.7I

22
1: Relating Factors and Zeroes

10

2A.2A, 2A.7B, 2A.7C, 2A.7D, 2A.7E

2: Polynomial Models

8

2A.4E, 2A.7B, 2A.8A, 2A.8B, 2A.8C

18
1: Rational Functions

16

2A.2A, 2A,6G, 2A.6H, 2A.6I, 2A.6J, 2A.6K, 2A.6L, 2A.7C,
2A.7E, 2A.7F, 2A.7I

2: Radical Functions

17

2A.2A, 2A.2B, 2A.2C, 2A.2D, 2A.4C, 2A.4F, 2A.4G 2A.6B,
2A.7G, 2A.7H, 2A.7I

33

5
Inverting
Functions

1: Exponentials and Logarithmic Functions

20

2A.2A, 2A.2B, 2A.2C, 2A.5A, 2A.5B, 2A.5C, 2A.7I, 2A.8B

2: Exponential and Logarithmic Equations

15

2A.5B, 2A.5C, 2A.5D, 2A.5E, P.5G, P.5H, P.5I

3: Applications of Exponential Functions

10

2A.2A, 2A.4C, 2A.5A, 2A.5B, 2A.6A, 2A.6C, AQR.2H,
P.2F, P.5A, P5.E

45
End of Course
Formative
Assessment

Performance Tasks

11

2A.2A, 2A.3A, 2A.3C, 2A.3D, 2A.4F, 2A.4H, 2A.5A,
2A.5B, 2A.5D, 2A.6H, 2A.6I, 2A.6J

11
Total Days:

180
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Lesson Title

MATHia

Students move from solving systems of equations to
solving systems of inequalities. They model problems in
context requiring several inequalities to be graphed on
the same coordinate plane. Students recognize that the
solution to a system of inequalities is the intersection
of the solutions to each inequality. Then, through a
context, they are introduced to linear programming as a
process to determine the optimal solution to a system of
linear inequalities. Students use linear programming to
solve problems and explain the difference between the
solution to a system of linear inequalities and the solution
to an equation calculated by linear programming.

1

2

1

2

Pacing*

6/8/21 9:04 PM

Scope and Sequence FM-21

• The solution of a system of inequalities is the intersection of the
solutions to each inequality. Every point in the intersection satisfies all
inequalities in the system.
2A.3A
• The optimal solution to a system of inequalities can be determined
2A.3E
through a process called linear programming.
2A.3F
• In linear programming, the vertices of the solution region of the system 2A.3G
of linear inequalities are substituted into a given equation to determine
the optimal solution.
• Systems of equations can be used to model real-world problems.

2A.3A
2A.3B
2A.3C
2A.3D

• A system of equations composed of two linear equations can have
zero, one, or an infinite number of solutions.
• A system of equations composed of one linear equation and one
quadratic equation can have zero, one, or two solutions.
• To solve a system of three linear equations in three variables, you
can solve one equation for a variable, substitute that expression into
the other two equations, and then solve the resulting system of two
equations in two variables using any method.
• Gaussian elimination is an algorithm that can be used to solve
systems of three linear equations in three variables. It involves using
linear combinations of the equations in the system to isolate one
variable per equation.

Students solve systems comprising linear and quadratic
equations. They begin by solving a system of two linear
equations graphically and algebraically. Students then
use substitution to solve a system that is composed of a
quadratic equation and a linear equation. In each case,
they use graphs to determine the number of possible
solutions to that type of system. Students practice solving
systems of two equations in real-world and mathematical
problems. Students then solve systems of three linear
equations in three variables using substitution and
Gaussian elimination, both in and out of context.
MATHia

TEKS

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Optimization

Make the Best of It

Solving Systems of
Equations

Gauss in Das Haus
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Lesson

ELPS: 1.A, 1.C, 1.D, 1.E, 1.F, 1.G, 2.C, 2.D, 2.E, 2.G, 2.H, 2.I, 3.A, 3.B, 3.C, 3.D, 3.E, 3.F, 4.A, 4.B, 4.C, 4.G, 4.K, 5.B, 5.E, 5.F, 5.G

Topic 1: Extending Linear Relationships

1 Exploring Patterns in Linear and Quadratic Relationships

Table of Contents

Texas Algebra 2: Scope and Sequence

Lesson Title

MATHia

Students are already familiar with the general shape of
the graphs of absolute value functions, and they have
studied transformations of linear functions. In this
lesson, students experiment with the absolute value
function family. They expand their understanding of
transformations to include horizontal translations and
interpret functions in the form f(x) = A (B(x 2 C)) + D.
They distinguish between the effects of changing values
inside the argument of the function (the B- and C-values)
and changing values outside the function (the A- and
D-values). At the end of the lesson, students summarize
the impact of transformations on the domain and range
of the absolute value function.

2A.2A
2A.6C
2A.7I

1

3

1

2

Pacing*

6/8/21 9:04 PM

Scope and Sequence FM-22

• Transforming a function by changing the A- or D-values affects the
output of the function, y.
• Transforming a function by changing the B- or C-values affects the
input of the function, x.

stretched by a factor of ____
 |B| . For B < 0, the graph also reflects across
the y-axis.

1

1
by a factor of ____
 |B| . For 0 < |B| < 1, the graph will be horizontally

• An absolute value function is a function of the form f (x) = |x|.
• A function g(x) of the form g
 (x) = f(x) + D is a vertical translation
of the function f(x). The value |D| describes the number of units
the graph of f(x) is translated up or down. If D > 0, the graph is
translated up; if D < 0, the graph is translated down.
• A function g(x) of the form g
 (x) = Af(x)is a vertical dilation of the
function f(x). For |A| > 1, the graph is vertically stretched by a factor
of A units; for 0
 < |A| < 1, the graph vertically compresses by a
factor of A units. For A < 0, the graph also reflects across the x-axis.
• A function g(x) of the form g
 (x) = f(x 2 C)is a horizontal translation
of the function f(x). The value |C| describes the number of units the
graph of f(x) is translated right or left. If C > 0, the graph is translated
to the right; if C < 0, the graph is translated to the left.
• A function g(x) of the form g
 (x) = f(Bx)is a horizontal dilation of the
function f(x). For |B| > 1, the graph is horizontally compressed

2A.3B

• The multiplicative identity matrix, I, is a square matrix such that for
any matrix A, A ? I = A.
• The multiplicative inverse of a matrix of a square matrix A is
designated as A21 and is a matrix such that A
 ? A21 = l.
• Matrices can be used to solve a system of equations in the form
Ax + By + Cz = Dby writing the system as a matrix equation in
the form A ? X = B, where A represented the coefficient matrix, X
represents the variable matrix, and B represents the constant matrix.
• Technology can be used to solve matrix equations.

Students are introduced to identity and inverse
matrices. They express a systems of equations as
a matrix equation. Students relate solving a matrix
equation to solving a linear equation, and the use of
technology to solve a matrix equation. As a culminating
activity, they model a scenario with a system of
equations, convert it to a matrix equation, solve the
matrix equation using technology, and interpret the
solution in terms of the scenario.
MATHia

TEKS

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Defining Absolute
Value Functions and
Transformations

Putting the V in
Absolute Value

Solving Matrix Equations

Systems Redux
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1

2

End of Topic Assessment

2A.6D
2A.6E
2A.6F

Pacing*

1

• Linear absolute value equations have 0, 1, or 2 solutions. The solution
set for linear absolute value inequalities may contain all real numbers,
a subset of the real numbers represented by a compound inequality,
or no solutions.
• Linear absolute value inequalities can be rewritten as equivalent
compound inequalities.
• Linear absolute value equations and inequalities can be used to
represent real-world situations.

Students begin this lesson by graphing the solution
sets of simple absolute value equations on number
lines and writing simple absolute value equations
given their number line graphs. They then investigate
absolute value functions using a real-world context.
First, students write an absolute value equation to
represent the context and solve it graphically. They then
learn through a Worked Example and student work on
how to solve absolute value equations and practice this
skill. Students revisit the real-world context; however,
this time they write an absolute value inequality and
solve it graphically. Students are provided compound
inequalities that are equivalent to absolute value
inequalities and they use these relationships to solve
and graph absolute value inequalities.

TEKS

MATHia

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Absolute Value Equations
and Inequalities

Play Ball!

A2_FM_TIG_Vol 1.indd 23

06/08/21

5

Lesson

Table of Contents

Texas Algebra 2: Scope and Sequence

Lesson Title

Lesson Overview

• Sequences are used to show observable patterns.
• Patterns are used to solve problems.
• Functions can be used to describe patterns.

Essential Ideas
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Scope and Sequence FM-24

1

2

1

2A.8A

1

2

1

1

Pacing*

MATHia

• A relation is a mapping between a set of input values and a set of
output values.
• A function is a relation such that for each element of the domain
there exists exactly one element in the range.
• Function notation is a way to represent functions algebraically. The
function f(x) is read as “f of x” and indicates that x is the input and f(x)
is the output.
• Tables, graphs, and equations are used to model function and nonfunction situations.
• Equivalent expressions can be determined algebraically and
graphically.
• Graphing technology can be used to verify equivalent function
representations.

2A.5B
2A.8A
2A.8C

2A.8C

TEKS

Mid Topic Assessment

Students compare the graphic, verbal, numeric, and
algebraic representations of a function. They group
equivalent representations of functions and then
identify their function families. Students analyze a tile
pattern and use a table to represent the sequence and
recognize patterns. They then create expressions that
represent different aspects of the design. Within this
same context, students show that different expressions
are algebraically equivalent.

MATHia

This lesson revisits the three scenarios from the
previous lesson. Students write equivalent algebraic
• Two or more algebraic expressions are equivalent if they produce the
expressions for each of the scenarios. They use algebraic
same output for all input values.
properties and graphical representations to show that
•
You can use the properties of a graph to prove two algebraic
the expressions are equivalent. Students describe the
expressions are equivalent.
similarities and differences among linear, exponential,
and quadratic functions.

MATHia

Students investigate three scenarios that illustrate
sequences. They analyze diagrams representing each
sequence, describe observable patterns, sketch other
terms or designs in the sequence, and then answer
questions relevant to the problem situation. Tables and
graphs are used to organize data and help recognize
patterns as they emerge.

*Pacing listed in 45-minute days

Comparing Multiple
Representations of
Functions

Samesies

Generating Algebraic
Expressions

The Cat's Out of
the Bag!

Observing Patterns

Patterns: They're
Grrrrrowing!
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MATHia

Students solve quadratic equations of the form
y = ax2 + bx + c. They first factor trinomials and use
the Zero Product Property. Students then complete
the square to determine the roots of a quadratic
equation that cannot be factored. Finally, students use
the Quadratic Formula to solve problems in and out
of context.

2A.4F

2A.3A
2A.3B
2A.4A
2A.4D
2A.7B

TEKS

1

2

1

2

Pacing*

6/8/21 9:04 PM

Scope and Sequence FM-25

• One method of solving quadratic equations in the form
0 = ax2 + bx + cis to factor the trinomial expression and use the Zero
Product Property.
• When a quadratic equation in the form 0
 = ax2 + bx + cis not
factorable, completing the square is an alternative method of solving
the equation.
___
2b 6 √
 b2  2 4ac
• The Quadratic Formula, x =   ________________
  
, can be used to solve to any
2a
quadratic equation written in general form, 0
 = ax2 + bx + c, where a,
b, and c represent real numbers and a
 Þ 0.
• A system of equations containing two quadratic equations can be
solved algebraically and graphically.
• The Quadratic Formula, substitution, and factoring are used to
algebraically solve systems of equations.

• The standard form of a quadratic function is written as
f (x) = ax2 + bx + c, where a does not equal 0.
• The factored form of a quadratic function is written as
f (x) = a(x 2 r1)(x 2 r2) where a does not equal 0.
• The vertex form of a quadratic function is written as
f (x) = a(x 2 h)2 + k, where a does not equal 0.
• The concavity of a parabola describes whether a parabola opens up
or opens down. A parabola is concave down if it opens downward,
and is concave up if it opens upward.
• A graphical method to determine a unique quadratic function involves
using key points and the vertical distance between each point in
comparison to the points on the basic function.
• An algebraic method to determine a unique quadratic function
involves writing and solving a system of equations, given three
reference points.

Students match quadratic equations with their graphs
using key characteristics. The standard form, the factored
form, and the vertex form of a quadratic equation are
reviewed as is the concavity of a parabola. Students then
sort each of the equations with their graphs according to
the form in which the equation is written, identifying key
characteristics of each function.Next, students analyze
graphs of parabolas on numberless axes and select
possible functions that could model the graph. A Worked
Example shows that a unique quadratic function is
determined when the vertex and a point on the parabola
are known, or the roots and a point on the parabola are
known. Students are given information about a function
and use it to determine the most efficient form to write
the function. They then use the key characteristics of a
graph and reference points to write a quadratic function,
if possible. Finally, students analyze a Worked Example
that demonstrates how to write and solve a system of
equations to determine the unique quadratic function
given three points on the graph. They then use this
method to determine the quadratic function that models
a problem situation and use it to answer a question about
the situation.
MATHia

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Solving Quadratic
Equations

The Root of the
Problem

Forms of Quadratic
Functions

True to Form
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1

2

1

2A.4F
2A.7A

Pacing*

MATHia

• Equations with no solution in one number system may have solutions
in a larger number system.
• The number i is a number such that i 2 = 21.
• The set of complex numbers is the set of all numbers written in the
form a + bi, where a and b are real numbers and b is not equal to 0.
• The Commutative Property, the Associative Property, and Distributive
Properties apply to complex numbers.
• Functions that do not intersect the x-axis have imaginary zeros.
• When the discriminant of a quadratic equation is a negative number,
the equation has two imaginary roots.
• The Fundamental Theorem of Algebra states that any polynomial
equation of degree n must have n complex roots or solutions.

Students are introduced to imaginary numbers to
calculate the square root of a negative number, and
imaginary numbers are placed within the complex
number system. They apply the Commutative Property,
the Associative Property, and the Distributive Property to
add, subtract, and multiply complex numbers. Students
use the structure of quadratic equations in the form
y = ax2 + c, vertex form, and in standard form, as well
as the discriminant and the graph to determine whether
the roots of an equation are real or imaginary. They solve
quadratic equations that have imaginary roots. They
apply the Fundamental Theorem of Algebra to make
sense of the fact that a quadratic equation can have two
unique real number solutions, two equal real number
solutions, or two imaginary solutions.

TEKS

End of Topic Assessment

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Imaginary and Complex
Numbers

i Want to Believe
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• Systems of equations involving a linear equation and a quadratic
equation can be solved both algebraically and graphically.
• A system of equations containing a linear equation and a quadratic
equation may have no solution, one solution, or two solutions.
• The number of solutions for a system of equations depends on the
number of points where the graphs of the two equations intersect.
• A system of equations involving a linear equation and a
quadratic equation may be used to model real-world problems.

Students solve a problem in context that can be modeled
by a system of equations involving a linear equation
and a quadratic equation. They solve this first question
graphically and discuss the number of solutions to the
system and the number of solutions that make sense for
the context. Students are then guided to solve a system of
a linear equation and a quadratic equation algebraically,
and then verify their results graphically. Students solve
additional systems algebraically and graphically. They also
discuss the number of possible solutions for each type of
system and sketch graphs demonstrating those solutions.

2A.3A
2A.3C
2A.3D

2A.4H

TEKS

1

1

1

Pacing*

6/8/21 9:04 PM

Scope and Sequence FM-27

• A horizontal line drawn across the graph of a quadratic function
intersects the parabola at exactly two points, except at the vertex,
where it intersects the parabola at exactly one point.
• The solution set of a quadratic inequality is determined by first
solving for the roots of the quadratic equation, and then determining
which interval(s) created by the roots will satisfy the inequality. A
combination of algebraic and graphical methods may be the most
efficient solution method.
• Quadratic inequalities can be used to model some real-world
contexts. The effects of translations of quadratic functions can
be used to make comparisons within a context.

Students analyze a Worked Example to calculate the
solution set of a quadratic inequality by first solving
for the roots of its related quadratic equation, then
determining which interval(s) created by the roots
satisfy the inequality. They use both a number line
and coordinate plane to select the correct intervals
and then make connections between those methods.
Students solve a problem in context requiring the use
of a quadratic inequality, and also use a transformation
to make comparisons within a context. Throughout this
lesson, students use the Quadratic Formula, technology,
and inequality or interval notation.

MATHia

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Systems of Quadratic
Equations

All Systems Go!

Solving Quadratic
Inequalities

Ahead of the Curve
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Lesson Overview

MATHia

Students begin the lesson by determining a quadratic
regression equation to model a set of data and use
the regression equation to make predictions. Next,
they are given a quadratic equation that models a
context, but this time, students see the need for an
inverse equation because they must solve for the
independent variable when the dependent variable is
provided. Throughout the lesson, students identify the
independent and dependent quantities and domain and
range of functions in order to make sense of an inverse
of function.

Essential Ideas
• Inverses of functions can be determined algebraically and
graphically.
• The inverse of a function is determined by replacing f(x) with y,
switching the x and y variables, and solving for y.
• The graph of the inverse of a function is a reflection of that function
across the line y = x.
• To restrict the domain of a function means to define a new domain
for the function that is a subset of the original domain.
• A one-to-one function is a function in which its inverse is also a
function.
• For a one-to-one function f(x), the notation for its inverse is f21(x).

2A.2C
2A.4E
2A.7I
2A.8A
2A.8B
2A.8C

2A.2B
2A.2C

TEKS

1

1

1
1

3

Pacing*
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Scope and Sequence FM-28

• Some data in context can be modeled by a quadratic regression
equation. The regression equation can be used to make
predictions; however, there may be limitations on the domain
depending on the context.
• When a problem requires using a given function to determine
the independent quantity when a dependent quantity is given,
determining the inverse of the original function may be a more
efficient way to handle the situation.

MATHia
Mid Topic Assessment

Students are introduced to the inverse of a function. A
Worked Example Lesson Overview how to determine
the inverse of a linear function algebraically. Students
use this example to determine other inverses of
functions. They then create the graph of the inverse
of a linear function by reflecting the original function
across the line y = x using patty paper. This process is
repeated for quadratic functions. The term one-to-one
function is defined, and students determine whether
the inverse of a function is also a function. A graphic
organizer is completed to summarize the definition and
representations of inverses functions.

*Pacing listed in 45-minute days

Using Quadratic
Functions to Model Data

Modeling Behavior

Inverses of Linear and
Quadratic Functions

The Ol’ Switcharoo
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1

3

1

2A.4B

Pacing*

MATHia

• A parabola is the locus of points in a plane that are equidistant from a
fixed point (the focus) and a fixed line (the directrix).
• The focus and directrix of a parabola can be used to derive the
equation of the parabola.
• Parabolas can be described by their concavity.
• The standard form for the equation of a parabola with vertex at the
origin can be written in the form x 2 = 4py(symmetric with respect to
the y-axis) or y 2 = 4px(symmetric with respect to the x-axis), where p
is the distance from the vertex to the focus.
• The standard form for the equation of a parabola with vertex at the
origin, x2 = 4pyor y2 = 4px, can be derived using the Distance Formula
and the definitions of focus, directrix, and parabola.
• In the standard form for the equation of a parabola centered at
the origin, x 2 = 4pyor y2 = 4px, the value of p is positive when the
parabola is concave up or concave right and the value of p is negative
when the parabola is concave down or concave left.
• The standard forms of parabolas with vertex (h, k) are
(x 2 h)2 = 4p(y 2 k) and (y 2 k)2 = 4p(x 2 h).
• The characteristics of parabolas can be used to solve real-world
problems.

The focus and directrix of a parabola are introduced
through an exploratory activity. Students use concentric
circles to plot points that are equidistant from both
a line and a point not on the line, then connect these
equidistant points to form a parabola. A parabola is
described as a conic section, and the terms locus of points,
parabola, focus, and directrix are given. Students construct
a directrix and a focus above the directrix on patty paper
and complete multiple folds of the focus onto the line to
create a parabola. The concavity and vertex of a parabola
are defined. Through investigations, students conclude
that any point on a parabola is equidistant from the
focus and the directrix. The focus and directrix are then
used to write the equation of a parabola, and the general
and standard form of a parabola are given. Students
derive the standard form of a parabola algebraically to
make sense of the constant p in the equation and use
this constant to graph parabolas. The Distance Formula
is used to determine the equation of points that are
equidistant from a given focus and a given directrix where
the vertex is a point other than the origin. Students apply
characteristics of parabolas to solve real-world problem
situations.

TEKS

End of Topic Assessment

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Equation of a Parabola

Going the
Equidistance
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2A.2A

• Functions can be translated and dilated by non-constant values, which
apply a different transformation to each point of the function.
• The linear factors of a function indicate the locations of the zeros of
the function composed of those functions.
• When a linear function is dilated vertically by multiplying the function
by another linear function, the resulting function is a degree-2
function.
• When a quadratic function is dilated vertically by multiplying the
function by a linear function, the resulting function is a degree-3
function.
• The graph of a function behaves differently at zeros described by
linear factors and factors of degree 2.
• The linear factors of a function can be used to sketch the graph of a
function.

Students consider the effect of transforming functions
by non-constant factors. First, they translate a constant
function by a factor of x, identifying key characteristics
of the transformed function. Students then dilate linear
functions by non-constant factors to create quadratic
functions. Again, students analyze the new zeros
created by each transformation and observe how the
factors affect the intervals of increase and decrease of
the transformed function. Students repeat this analysis
by dilating a degree-2 function to create a degree-3
function. Finally, they summarize what they have
observed regarding dilations, linear factors, zeros, and
the behavior of graphs at zeros.
MATHia

2A.8A

• Tables, graphs, and equations can be used to model real-world
situations.
• A function created by the product of two linear factors is a quadratic
function.
• The steps of the modeling process are Notice and Wonder, Organize
and Mathematize, Predict and Analyze, and Test and Interpret.

Given a real-world situation, students analyze
different lengths and widths of a cross-sectional area
to determine the dimensions of the maximum area.
Students create tables of values, equations, and graphs
to represent each situation. They then identify the
function that represents the cross-sectional area of the
drain as quadratic and the two factors that represent
the length and width of the drain as linear. Students
interpret the intercepts and axis of symmetry of the
graph in terms of the problem situation. The Modeling
Process is defined, and students describe how they used
these steps in modeling the drain problem.

TEKS

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Transforming Function
Shapes

Folds, Turns, and
Zeros

Modeling with Functions

Blame It on the Rain
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1

2

End of Topic Assessment

Students investigate the multiplicity of the zeros of
a polynomial function. They use these zeros, with
multiplicity, to show the decompositions of quadratic and
cubic functions into their linear and quadratic factors
and reconstruct the product functions using these
factors. Students review multiplying binomials in order
to build polynomial expressions algebraically as well
as graphically. They compare degree-1, degree-2, and
degree-3 polynomials.

1

2A.2A
2A.7B

• The Fundamental Theorem of Algebra states that a degree n
polynomial has, counted with multiplicity, exactly n zeros.
• The Zero Product Property states that if the product of two or more
factors is equal to zero, then at least one factor must be equal to zero.
• The graph of a function written in factored form and the graph of a
function written in general form is the same graph when the functions
are equivalent.
• Graphing is a strategy used to determine whether functions are
equivalent.
• The product of three linear functions is a cubic function, and the
product of a quadratic function and a linear function is a cubic
function.
• Quadratic and cubic functions can be decomposed and analyzed in
terms of their zeros.

2

Pacing*

MATHia

2A.2A
2A.7I

• Cubic functions can be used to model real-world contexts such as
volume.
• The general form of a cubic function is written as
f (x) = ax3 + bx2 + c + d, where a Þ 0.
• A relative maximum is the highest point in a particular section of a
graph, while a relative minimum is the lowest point in a particular
section of a graph.
• A cubic function may be created by the product of three linear
functions or the product of a quadratic function and a linear function.

Students investigate the dimensions of a rectangular sheet
of copper that is used to create planters when squares
are removed from each corner and the sides are then
folded upward. They analyze several sizes of planters and
calculate the volume of each size. Students then write
a volume function in terms of the height, length, and
width and graph the function using technology. Using key
characteristics, including relative maximum or minimum
values, students analyze the graph and use a horizontal
line to solve for specific values. Students differentiate
the domain and range of the problem situation from the
domain and range of the cubic function. Students then
write and analyze the volume formula for a cylindrical
planter. They compare a cubic function composed of three
linear factors to a cubic function composed of a linear
factor and a quadratic factor.

TEKS

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Decomposing Cubic
Functions

The Zero’s the Hero

Exploring Cubic
Functions

Planting the Seeds
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• The function g (x) = Af(B(x 2 C)) + Dis the transformation function
form, where the constants A and D affect the output values of the
function and the constants B and C affect the input values of the
function.
• The graph of even functions are symmetric about the y-axis.
• The graph of odd functions are symmetric about the origin.
• Some transformations affect the symmetry of the polynomial
function.

Students recall the transformational function form 
g(x) = Af(B(x 2 C)) + Dand use it to graph polynomial
functions, write equations for transformed functions, and
explain the effects of transformations on given functions.
The general form of a polynomial function is given. Tables
are used to organize the effects of transformations on
the basic cubic functions as well as simple polynomial
functions. Graphs of functions that have undergone
multiple transformations are given, and students write
the appropriate equation to describe each graph.
MATHia

P.2D

• A power function is a function of the form P
 (x) = axn where n is a
non-negative integer.
• If a graph is symmetric about a line, the line divides the graph into two
identical parts.
• A function is symmetric about a point if each point on the graph has
a point the same distance from the central point, but in the opposite
direction.
• When a point of symmetry is the origin, the graph is reflected across
the x-axis and the y-axis. If (x, y)is replaced with (2x, 2y), the function
remains the same.
• The graph of an even function is symmetric about the y-axis, thus
f (x) = f(2x).
• The graph of an odd function is symmetric about the origin, thus
f (x) = 2f(2x).

Students investigate power functions described by the
equation P(x) 5 axn . They sketch the graphs of power
functions with negative coefficients. Students then
explore even and odd functions and determine graphically
whether given polynomial functions are even, odd, or
neither. They use transformations involving the A- and
B-values to see that even functions are symmetric about
the y-axis, thus satisfy f (x) 5 f(2x), and odd functions are
symmetric about the origin, thus satisfyf(x) 5 2f(2x).
The content of this lesson goes beyond the scope of the
grade level standards. The content is included to enhance
students' understanding of mathematics. This lesson is
optional.

1

2

1
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2A.2A
2A.6A

TEKS

Essential Ideas

Lesson Overview
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Transformations of
Polynomial Functions

Math Class
Makeover

Power Functions

Odds and Evens
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Topic 2: Characteristics of Polynomial Functions
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2A.2A
2A.7I

• An nth-degree odd polynomial has zero or an even number of
extrema. An nth-degree even polynomial has an odd number of
extrema. In either case, the maximum number of extrema is n 2 1.
• A polynomial function changes direction at each of its extrema. For
that reason, the number of extrema and the number of changes of
direction in the graph of the function are equal.
• A polynomial with an even power has an even number of intervals
increase or decrease. A polynomial with an odd power has an odd
number of intervals of increase or decrease.
• The combination of real and imaginary roots of a polynomial function
are equal to the degree of the polynomial and can be used to help
determine the shape of its graph.

Students investigate the key characteristics of a
polynomial function. They analyze a data set in context,
its quartic regression equation, and graph. Students
then investigate the relationship between the power of a
polynomial function and its total number of zeros; they
represent the number of real zeros, imaginary zeros,
and zeros with multiplicity graphically. Student then
consider various equations, characteristics, and graphs
to solidify their understanding of polynomial functions.

2A.2A
2A.6A

2A.2A

A cubic function is used to model the profit of a
business over a period of time. Students analyze the key
characteristics of a sketch of the graph to answer questions • The average rate of change of a function is the ratio of the change in
relevant to the problem situation. They then use a graph of
the dependent variable to the change in the independent variable
the same function to estimate when the company would
over a specified interval.
f(b) 2 f(a)
achieve different profit levels. Next, the average rate of
• The formula for average rate of change is _________
  b a for
 an interval
2
change of a function is defined, and a Worked Example
(a, b). The expression b 2 a represents the change in the input of the
demonstrates how to calculate the average rate of change
function f. The expression f (b) 2 f(a)represents the change in the
for a specified time interval. Students practice calculating
function f as the input changes form a to b.
the average rate of change over different time intervals.
Finally, they write a scenario to match the graph of a new
polynomial, taking into account the key characteristics.

1
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1

1
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Pacing*

End of Topic Assessment

Students begin by selecting a set of linear and quadratic
functions whose product builds a cubic function with
specified key characteristics. Students reason that
a cubic function may have 0 or 2 imaginary zeros
and that an infinite number of cubic functions can
be written from a given set of zeros. They build a
polynomial function given a set of zeros and given a
graph, describing the characteristics of the function and
comparing both processes.

• Cubic functions can be the product of three linear functions or the
product of a quadratic function and a linear function.
• A cubic function may have 0 or 2 imaginary zeros.
• An infinite number of functions can be written from a given set
of zeros.
• A unique function can be written from the graph of a function.
• Functions of degree n are composed of factors whose degree
sum to n.
• A polynomial function may have a combination of real and
imaginary zeros.

MATHia

TEKS

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Analyzing Polynomial
Functions

Leveled Up

Building Cubic Functions

Build-a-Function

Key Characteristics of
Polynomial Functions

Poly-Frog
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Students review the four basic operations over the set
of natural numbers, whole numbers, integers, rational
numbers, and irrational numbers and determine which
operations are closed and not closed over which sets of
numbers. They determine that integers and polynomials
are not closed under division. The concept of
polynomials being closed under an operation is defined,
and students then prove that polynomials are closed
under subtraction, addition, and multiplication. They
compare polynomials and use multiple representations
to analyze and compare polynomial functions.

2A.7C
2A.7D
2A.7E

2A.7A
2A.7D
2A.7E

TEKS

3

1

3

Pacing*

6/8/21 9:04 PM
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• When an operation is performed on any number or expression in a
set and the result is in the same set, it is said to be closed under that
operation.
• Polynomials are closed under addition, subtraction, and
multiplication.
• Polynomials are not closed under division.

• Factors of polynomials divide into a polynomial without a
remainder.
• A polynomial equation of degree n has n roots over the complex
number system and can be written as the product of n factors of
the form (ax + b).
• Polynomial long division is an algorithm for dividing one
polynomial by another of equal or lesser degree.
• Synthetic division is a shortcut method for dividing a polynomial
by a linear expression of the form (x 2 r).
• The Factor Theorem states that a polynomial function p (x) has
x 2 r as a factor if and only if the value of the function at r is 0,
or p(r) = 0.
• The Remainder Theorem states that when any polynomial
equation or function f (x) is divided by a linear expression of
the form (x 2 r), the remainder is R = f (r) or the value of the
function when x = r.
• The difference of cubes can be written in factored form as:
a3 2 b3 = (a 2 b) (a2 + ab + b2). The sum of cubes can be written
in factored form as: a
 3 + b3 = (a + b) (a2 2 ab + b2) .

Students analyze the graph of a cubic function that
appears to have one real zero. The Factor Theorem is
stated and a Worked Example demonstrates how to
determine whether a linear expression is a factor of the
cubic function. Polynomial long division is introduced and
a Worked Example is provided. They perform polynomial
long division to determine the quadratic function that is
the other factor, and use this information to determine
the imaginary zeros and rewrite the cubic function as
a product of linear factors. Students factor binomials
using the difference of squares. A Worked Example
demonstrates how to determine the factor formula for the
difference of cubes, and they then determine the factor
formula for the sum of cubes. The Remainder Theorem
is stated and students use the theorem to answer
questions involving polynomial division with remainders.
They analyze a Worked Example to determine unknown
coefficients in polynomial functions by applying the Factor
Theorem. Finally, a Worked Example of synthetic division
is provided and compared to polynomial long division.
Students use the algorithm to determine the quotient in
several problems.
MATHia

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Polynomial Division

Conquer Division

Factoring Polynomials
to Identify Zeros

Satisfactory
Factoring
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Topic 1: Relating Factors and Zeros

3 Developing Structural Similarities
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1

1

1

2A.7B
2A.7C

Pacing*

MATHia

• When an operation is performed on any number or expression in a
set and the result is in the same set, it is said to be closed under that
operation.
• Polynomials are closed under addition, subtraction, and
multiplication.
• Polynomials are not closed under division.

Students review the four basic operations over the set
of natural numbers, whole numbers, integers, rational
numbers, and irrational numbers and determine which
operations are closed and not closed over which sets of
numbers. They determine that integers and polynomials
are not closed under division. The concept of
polynomials being closed under an operation is defined,
and students prove that polynomials are closed under
subtraction, addition, and multiplication. They compare
polynomials and use multiple representations to analyze
and compare polynomial functions.

TEKS

End of Topic Assessment

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

The Closure Property

Closing Time
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1

2

End of Topic Assessment

2A.4E
2A.8A
2A.8B
2A.8C

1

• A regression equation is a function that models the relationship
between two variables in a scatter plot.
• The coefficient of determination, or r 2, measures the strength
of the relationship between the original data and their
regression equation. The value ranges from 0 to 1 with a
value of 1 indicating a perfect fit between the regression
equation and the original data.
• Regression equations can be used to make predictions about
future events.
MATHia

Students use technology to determine the best
polynomial regression equation for various real-world
situations—traffic patterns in a downtown area, the
federal minimum wage, monthly precipitation, and
inflation. They analyze the coefficient of determination
to decide which regression equation best describes
the data. Students then use regression equations to
make predictions and answer questions related to each
scenario.

• The formula for a combination of k objects from
n
n!
a set of n objects for n
 > kis: (k ) = nck = ________
  k! (n 2 k)! .

2A.7B

1

• The Binomial Theorem states that it is possible to extend any power
of (a + b) into a sum of the form:
n
n
n
(a + b)n = (
 0)anb0 + (
 1) an 2 1b1 + (
 2 ) an 2 2b2 + . . . +
n
n
         
(   n 2 1 )  a1bn 2 1 + ( n ) a0bn.

2

Pacing*

Students analyze Pascal’s Triangle and then use
observable patterns to create additional rows. They
explore a use of Pascal’s Triangle when raising a
binomial to a positive integer and use it to expand
several binomials. The combination formula is given and
using technology and Pascal’s Triangle, they calculate
combinations. The Binomial Theorem is provided and
students use it to expand binomials with coefficients
equal to 1 and with coefficients other than 1. Students
reason about the number of terms in the expanded form
of a binomial raised to a positive integer for
(x + y)n and (x 2 y)n and answer questions related to the
signs of the terms in each expanded form as well as the
number of distinct coefficients for the terms. Students
use the Binomial Theorem to determine specific terms
for binomials written in the form (x + y)n and (x 2 y)n with
the same value for n.

2A.7B

TEKS

1

• Polynomial identities such as (a + b)2 = a2 + 2ab + b2 can be used to
help perform calculations with large numbers.
• Euclid’s Formula can be used to generate Pythagorean
triples given positive integers r and s, where
r > s: (r2 + s2)2 = (r2 2 s2)2 + (2rs)2.

Essential Ideas

MATHia

Students identify polynomial identities and then use them
to perform calculations involving large numbers without a
calculator. Euclid’s Formula is stated and used to generate
Pythagorean triples. Students then verify more complex
polynomial identities using algebraic properties. Finally
they revisit Pythagorean triples and recognize that Euclid’s
Formula cannot generate every Pythagorean triple.

*Pacing listed in 45-minute days

Modeling with
Polynomial Functions
and Data

Modeling Gig

Pascal's Triangle and
the Binomial Theorem

Elegant Simplicity

Exploring Polynomial
Identities

Not a Case of
Mistaken Identity
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Topic 2: Polynomial Models
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1

Lesson Overview
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Scope and Sequence FM-37

1

1

1

2A.6G
2A.6K

• Translations of a rational function f(x) are given in the form
g(x) = Af(B(x 2C)) + D, where a negative A-value reflects f(x) vertically,
the D-value translates f(x) vertically, and a C-value translates
f(x) horizontally.
• The A-value vertically dilates the function. This does not affect the
domain or range.
• The B-value horizontially dilates the function. This does not affect the
domain or range.
• The C-value affects the vertical asymptote. The vertical asymptote
affects the domain.
• The D-value affects the horizontal asymptote. The horizontal
asymptote affects the range.
• Vertical asymptotes of a rational function can be determined by
identifying values of x for which the denominator equals 0.

2

Pacing*

MATHia

2A.2A
2A.6H
2A.6K
2A.6L
2A.7I

TEKS

• A rational function is any function that can be written as the ratio
P(x)
of two polynomials. It can be written in the form f (x) =  ____
Q(x)  where
P(x) and Q(x) are polynomial functions, and Q
 (x) Þ 0.
• A vertical asymptote is a vertical line that a function gets closer
1
and closer to, but never intersects.The function g (x) =  __x  a vertical
asymptote at x = 0, a horizontal asymptote at y = 0, and a domain
of all real numbers except x Þ 0.

Essential Ideas

Mid Topic Assessment

Students analyze transformations of rational functions
in which the numerator is a constant value. They explore
the effects a negative A-value, a C-value, and a D-value
have on rational functions as they match graphs and
their equations. Students sketch graphs of rational
functions given equations or key characteristics, and
relate the A-, B-, C-, and D-value to the transformations
of their graphs, the vertical and horizontal asymptotes,
and the domain and range of the function.

function g (x) = __
  x , they complete a table of values,
graph the function, and analyze its graph. Students are
introduced to vertical asymptotes and how they relate to
the denominator of the function. Students then identify
rational functions from a list of functions and determine
which of the functions will have a vertical asymptote.
They also solve a real-world problem using a rational
function.

Students investigate rational functions. Given the

*Pacing listed in 45-minute days

Transformations of
Rational Functions

Sooooo. . . Close

Introduction to
Rational Functions

Can’t Touch This
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Topic 1: Rational Functions

4 Extending Beyond Polynomials
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1

2

1

2A.6H
2A.6I

1

2

1

3

Pacing*

MATHia

• Rational functions can be used to model real-world problems.
• A work problem is a type of problem that involves the rates of several
workers and the time it takes to complete a job.
• A mixture problem is a type of problem that involves the combination
of two or more liquids and the concentrations of those liquids.
• A distance problem is a type of problem that involves distance, rate,
and time.
• A cost problem is a type of problem that involves the cost of
ownership of an item over time.

2A.6H
2A.6I
2A.6J

2A.7C
2A.7E
2A.7F

TEKS

End of Topic Assessment

Students use rational equations to model and solve work
problems, mixture problems, distance problems, and cost
problems.

MATHia

Students use rational functions to solve real-world
problems. They analyze different methods to solve
rational equations. Students sort rational equations
according to their structure and identify the solution
method they plan to use based on the structure of the
rational equation.

• Rational functions can be used to model real-world problems.
• A rational equation is an equation that contains one or more rational
expressions. Rational equations can be proportions.
• The structure of an equation often determines the most efficient
method to solve the equation.

• The processes of adding, subtracting, multiplying, and dividing
rational expressions are similar to the processes for rational numbers.
• To determine the least common denominator of algebraic
expressions, first factor the expressions and divide out common
factors.
• The domain restrictions for a rational expression must be based upon
the original expressions.
• Rational expressions are closed under the operations of addition,
subtraction, multiplication, and division.

Students perform the basic operations of addition,
subtraction, multiplication, and division on rational
expressions. They analyze examples that show similarities
between the process of operating with rational numbers
to operating with rational expressions. When adding
and subtracting rational expressions, an emphasis is
placed on determining a common denominator and
using patterns to rewrite the rational expressions with
the common denominator. Next, students multiply
rational expressions with an emphasis to divide out
common factors as a first step, and then divide rational
expressions. In all cases, students identify any restrictions
on the domain.
MATHia

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Solving Work, Mixture,
Distance, and Cost
Problems

16 Tons and What
Do You Get?

Solving Problems with
Rational Equations

Thunder. ThunThun- Thunder.

Operations with
Rational Expressions

Must Be a Rational
Explanation
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MATHia

• Transformations of radical functions can be described by the
transformation function form, g(x) = Af(B(x 2 C)) + D.
• Transformations can be used to model graphic designs.

1

2

6/8/21 9:04 PM

Scope and Sequence FM-39

2A.2A
2A.4C
2A.6A
2A.7I

1

Students use the context of building a logo to investigate
the effects of transforming the square root function and
the cube root function. They write equations of functions
and graph them. Students also identify the domain
of functions and compare their key characteristics.
After completing a structured activity involving various
transformations, students create their own logo design
with corresponding equations and their domains.

1

3

1

1

Pacing*

MATHia

2A.2A
2A.2B
2A.2C
2A.2D
2A.7I

2A.2A
2A.2B
2A.2C

TEKS

Mid Topic Assessment

Students continue to investigate power functions and
their inverses. Through a Worked Example, they learn
to determine the inverse of a function algebraically. The
terms square root function and cube root function are
defined. Through investigations of f (x) = x² and f(x) = x³
, students realize that the inverses of odd-degree power
functions are functions, while even-degree power functions
need restricted domains for their inverses to be functions.
They relate key characteristics of functions and their
inverses and are introduced to the general term radical
function. Next, students use a composition of functions
to determine whether two given functions are inverses.
Finally, they solve problems in context using radical
functions.

• The square root function is the inverse of the power function f(x) = x²
when the domain of the power function is restricted to values greater
than or equal to 0.
• The cube root function is the inverse of the power function f(x) = x3.
• Radical functions are inverses of power functions with exponents
greater than or equal to 2.
• For two functions f and g, the composition of functions uses the
output of one as the input of the other. It is expressed as f(g(x)) or
g(f(x)). If f (g(x)) = g(f(x)) = x, then f(x) and g(x) are inverse functions.
• Radical functions may be used to model and solve real-world
problems.

• A function is the set of all ordered pairs (x, y), or (x, f(x)), where for
every value of x there is one and only one value of y, or f(x).
• The inverse of a function is the set of all ordered pairs (y, x), or (f(x), x).
• If the inverse of a function is also a function, the function is said to be
an invertible function, and its inverse is written as f¹(x).
• A Horizontal Line Test is a visual method to determine whether a
function has an inverse that is also a function.

Students use patty paper to explore the effects of
switching the x-axis and y-axis of graphs of power
functions. They determine that the resulting graph
represents the inverse of the original graph, and then
identify whether the inverse graph is also a function.
Students are then introduced to the term invertible
function and the notation f¹(x) to represent the inverse
function of f(x). They explain why the Horizontal Line Test
can be used to determine whether a function is invertible.
MATHia

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Transformations of
Radical Functions

Making Waves

Radical Functions

Such a Rad Lesson

Inverses of Power
Functions

Strike That, Invert
It
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Topic 2: Radical Functions
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1

2

1

2

Pacing*

1

2A.4F
2A.4G
2A.6B
2A.7H

2A.7G

TEKS

MATHia

• Strategies to solve equations, such as using the Properties of Equality
and isolating the term containing the unknown, can be applied be
solve radical equations.
• Raising both sides of the equation to a power when solving a radical
equation may introduce extraneous solutions. To identify extraneous
solutions, you must substitute each solution into the original equation
to determine whether it results in a true statement.
• Radical equations can be used to model real-world problems.

p

√am 
am
  bn   =  _____
.
 ___
p ___
√bn 
• When multiplying or dividing radical expressions, multiply or divide
numbers and variables separately and then extract roots.
• Radical expressions with the same degree and same radicand are
like terms.
• When adding or subtracting radical expressions, add or subtract
the coefficients of like terms.

___

p

 √am bn  =  √am  ? √bn .
• The root of a quotient is equal to the quotient of its roots,

p

n

a
__

expression x     for all real values of x if the index is n is odd, and for
all real values of x greater than or equal to 0 if the index n is even.
• The root of a product is equal to the product of its roots,

• A radical expression √ xa  can be rewritten as an exponential

n

• To extract a variable from a radical, the expression √ xn  can be
written as |x|, when n is even, or x when n is odd.

Essential Ideas

End of Topic Assessment

Students analyze examples to determine strategies to
solve radical equations. They consider the possibility of
extraneous solutions that may result from raising both
sides of an equation to a power during the solution
process. Students solve several radical equations in
both real-world and mathematical problems.

MATHia

Students analyze tables and graphs for different
___
n
values of n in the expression √ x n . They then identify
the function family associated with each graph and
write the corresponding equation. Students conclude
__
n
the expression √ xn  can be written as |x| when n is
even or as x when n is odd when extracting a variable
from a radical. Next, they rewrite radical expressions of
___
n
the form √ xa  as powers with rational exponents in the
__
form x     . Students learn to rewrite radical expressions
by extracting roots and performing operations; they
then use these skills to perform operations on radical
expressions. Finally, students complete a graphic
organizer by writing pairs of radicals whose sum,
difference, product, and quotient are each equivalent
to a given expression.

*Pacing listed in 45-minute days

Solving Radical
Equations

Into the Unknown

Rewriting Radical
Expressions

Keepin' It Real
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MATHia

Students match exponential equations and their
graphs, sort them by whether they are increasing or
decreasing, and then compare the key characteristics
of increasing and decreasing exponential functions.
They use the compound interest formula to derive
the value of the constant e. Students then apply the
constant e in the formula for interest compounded
continuously and population growth.

r

2A.2A
2A.5B

2A.5B

TEKS

1

2

1

2

Pacing*
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Scope and Sequence FM-41

• The compound interest formula is A = P · (1 + __
  k )kt , where
A represents the value, P represents the principal amount, r
represents the interest rate, and k represents the frequency of
compounding in time t.
• The natural base e ø 2.7182818 . . . is an irrational number, also
known as Euler's number.
• The formula for compound interest with continuous
compounding is A
 = Pert, where P represents the principal, r
represents the interest rate, and t represents time in years.
• The formula for population growth is N
 (t) = N0ert, where N0
represents the initial population, r represents the rate of growth,
and t represents time in years.

• For basic exponential growth functions, f (x) = bx, b is a value
greater than 1. For basic exponential decay functions, f (x) = bx, b
is a value between 0 and 1.

• A geometric sequence with a positive common ratio that is not 1 can
be written as an exponential function using the properties of powers.
• Over time, an exponential function with a b-value greater than 1
always exceeds a linear function with an m-value greater than zero.
• A half-life refers to the amount of time it takes a substance to decay to
half of its original amount.

Students use exponential functions to model
real-world situations. They use tables and graphs to
compare linear and exponential growth. Students
analyze a Worked Example that demonstrates how to
rewrite a geometric sequence with function notation.
They also write functions, analyze how altering a
context effects the function, and use functions to
respond to questions in context.
MATHia

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Properties of
Exponential Graphs

Pert and Nert

Comparing Linear and
Exponential Functions

Half-Life
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Topic 1: Exponentials and Logarithmic Functions

5 Inverting Functions
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Lesson Title

MATHia

Students apply the general transformation function 
g(x) = Af(B(x 2 C)) + D to exponential and logarithmic
functions. They sketch the graphs of single
transformations and multiple transformations and
identify any effects that the transformations have on
the domain, range, and asymptotes of the functions.
They write exponential or logarithmic equations
for transformed functions in terms of the original
function or by using a transformation equation.
Students generalize the effect that a transformation
on a function has on its inverse.

1

2

6/8/21 9:04 PM

Scope and Sequence FM-42

2A.2B
2A.5A

1

• In the transformation function form g (x) = Af(B(x 2 C)) + D, the
D-value translates the function f(x) vertically, the C-value translates f(x)
horizontally, the A-value vertically stretches or compresses f(x), and
the B-value horizontally stretches or compresses f(x).
• Reflections of a basic exponential function do not affect the domain
or horizontal asymptote.
• Reflections of a basic logarithmic function do not affect the range or
vertical asymptote.
• Vertical translations affect the range and the horizontal asymptote of
exponential functions, while horizontal translations affect the domain
and the vertical asymptote of logarithmic functions.
• Transformations can be described through graphs, tables, key
characteristics, writing an equation in terms of the original function,
or by using a transformation equation.
• A horizontal translation on a function produces a vertical translation
on its inverse, while a vertical translation on a function produces a
horizontal translation on its inverse.
• A vertical dilation on a function produces a horizontal dilation the
same number of units on its inverse, and a horizontal dilation on a
function produces a vertical dilation the same number of units on its
inverse.

1

2

MATHia

2A.2A
2A.2B
2A.2C
2A.5B
2A.5C
2A.7I

• The exponential equation y = bx can be written as the logarithmic
equation x = logb y.
• All exponential functions are invertible. The inverse of an exponential
function is a logarithmic function.
• A common logarithm is a logarithm with base 10, and is usually
written as “log x“ without a base specified.
• A natural logarithm is a logarithm with base e, and is usually written
as ln x.
• Logarithmic functions can be used to model real-world situations,
such as the intensity of earthquakes.

Students are introduced to logarithms and rewrite
exponential equations as logarithmic equations.
Students then explore logarithmic functions as inverses
of exponential functions and compare their key
characteristics. They address the special cases of the
common logarithm and the natural logarithm. Students
solve problems that can be modeled by a logarithmic
function. They also explore how the graph of an
exponential function appears when a logarithmic scale
is applied to the y-axis.

Pacing*

Mid Topic Assessment

TEKS

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Transformations
of Exponential and
Logarithmic Functions

I Like to Move It

Logarithmic Functions

Return of the
Inverse
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Scope and Sequence FM-43

1

MATHia
End of Topic Assessment

2A.8B

2

• Determining and using a regression equation is sometimes a step in
the process of solving a more complex mathematical problem, rather
than the final solution.
• The mathematical modeling process is an effective structure to solve
complex mathematical problems.

2

Students analyze a context involving the blood alcohol
content (BAC) of a driver and the driver’s relative
probability of causing an accident. Given BAC levels and
their corresponding relative probability, they calculate
the likelihood that each given driver causes an accident.
Students are then given data from a study connecting
BAC and the relative probability of causing an accident.
They apply the relationship from the data to create a
model predicting the likelihood of a person causing
an accident based on their BAC. They summarize their
learning by writing an article for a newsletter about
the seriousness of drinking and driving. The lesson
concludes with students connecting their process in
this lesson to the steps in the mathematical modeling
process.

2A.8B

Pacing*

1

• An exponential function and a constant function can be added to
create a third function that is the sum of the two functions, resulting
in a graph that is a vertical translation of the original exponential
function.
• Technology can be used to determine exponential regression
equations to model real-world situations. The regression equation can
then be used to make predictions.
• Sometimes referring to the scenario or obtaining further information
may be required to determine whether a scatter plot is best modeled
by a linear or exponential function.

Students model two savings scenarios, one with an
exponential function f(x) and one using a constant
function g(x). They then create a third function
h(x) = f(x) + g(x), graph all three functions on the same
graph, and explain how they are related. For each of
two new data sets, students create a scatter plot, write a
regression equation, use the function to calculate output
values, and interpret the reasonableness of a prediction
based upon the scenario. For the first scenario, students
are told to use an exponential function to model the
scenario; in the second scenario, students must decide
if the scenario is best modeled by a linear or exponential
function. The lesson concludes with students making
a list of contexts from this module and generalizing
what they have in common that identifies them as best
modeled by exponential functions. They also describe
the shape of a scatter plot representing an exponential
function and sketch possible graphs of exponential
functions.

TEKS

MATHia

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Choosing a Function to
Model BAC

Drive Responsibly

Modeling Using
Exponential Functions

Money, Heat, and
Climate Change
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Students convert between exponential and logarithmic
forms of an equation, and then use this relationship
to solve for an unknown base, exponent, or argument
in a logarithmic equation. They estimate the values of
logarithms that are not integers using a number line
as a guide. Students use always, sometimes, and never
to create statements regarding possible values for
the base, argument, and logarithmic expression and
relationships among them.

1

2

Pacing*

6/8/21 9:04 PM

Scope and Sequence FM-44

2A.5C
2A.5D

• The value of a logarithmic expression is equal to the value of the
exponent in the corresponding exponential expression.
• For an exponential equation a
 c = band its corresponding
logarithmic equation loga b = c, the variables have the same
restrictions. The base, a, must be greater than 0 but not equal to
1, the argument, b, must be greater than zero, and the value of
the exponent/logarithm, c, has no restrictions.
• A simple logarithmic equation can be solved by converting it to an
exponential equation. To solve for an argument in a logarithmic
equation, calculate the resulting expression. To solve for an
exponent in a logarithmic equation, use like bases. To solve for a
base in a logarithmic equation, use common exponents.
• You can estimate the value of a logarithm using the relationship
that exists between logarithms and exponents.
• For a fixed base greater than 1, as the value of the argument
increases, the value of the logarithm increases. For a fixed
argument, when the value of the base is greater than 1 and
increasing, the value of the logarithm is decreasing.

MATHia

TEKS

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Logarithmic
Expressions

All the Pieces of
the Puzzle
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Scope and Sequence FM-45

1

Students model a real-world context with an exponential
function. Through this context, they encounter exponential
equations that cannot be solved using the common base
method. Students are introduced to the Change of Base
Formula and the strategy of taking the logarithm of both
sides of an exponential equation to solve for non-integer
exponents or logarithms. They then use the strategy of
their choice to solve exponential equations.

1

Mid Topic Assessment

2A.5C
2A.5D
P.5G**
P.5H**
P.5I**

• The Change of Base Formula allows you to calculate an exact
value for a logarithm by rewriting it in terms of a different base.
By writing the logarithm using base 10 or base e, technology can
be used to evaluate the expressions.
loga c
• The Change of Base Formula states: logb c 5 ______
  log b , where
a
a, b, c > 0 and a, b Þ 1.
• One method to solve an exponential equation is to write the
equation in logarithmic form and then apply the Change of Base
Formula.
• Another method to solve an exponential equation is to take the
common logarithm or natural logarithm of both sides of the
exponential equation and then use the rules of logarithms to
solve for x.

Students develop rules and properties of logarithms
based on their prior knowledge of various exponent rules
and properties. They use properties of logarithms to
write a single logarithm in expanded form, and vice versa.
Students also write algebraic expressions to represent
logarithmic expressions. They then summarize how
exponential and logarithmic properties are related.

1

2A.5C
P.5G**

• Logarithms by definition are exponents, so they have properties that
are similar to those of exponents and powers.
• The Zero Property of Logarithms states: “The logarithm of 1,
with any base, is always equal to 0.”
• The Logarithm with Same Base and Argument Rule states:
“When the base and argument are equal, the logarithm is always
equal to 1.”
• The Product Rule of Logarithms states: “The logarithm of a
product is equal to the sum of the logarithms of the factors.”
• The Quotient Rule of Logarithms states: “The logarithm of a
quotient is equal to the difference of the logarithms of the
dividend and divisor.”
• The Power Rule of Logarithms states: “The logarithm of a power
is equal to the product of the exponent and the logarithm of the
base of the power.”

Pacing*

MATHia

TEKS

Essential Ideas

Lesson Overview
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Solving Exponential
Equations

More Than One
Way to Crack an
Egg

Properties of
Logarithms

Mad Props
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Scope and Sequence FM-46

1

2

1

2

Pacing*

End of Topic Assessment

2A.5B
2A.5D
2A.5E
P.5G**
P.5H**
P.5I**

2A.5C
2A.5D
P.5G**
P.5H**
P.5I**

TEKS

1

• Exponential and logarithmic equations are used to model situations in
the real world.
• Rounding too early in a series of calculations involving exponential or
logarithmic equations has a great effect on the level of accuracy of the
solution.

• Logarithmic equations can be used to model real-world contexts.
• When solving equations with more than one logarithmic expression,
the rules of logarithms must first be applied to rewrite the equation
as a single logarithm.
• The structure of an exponential equation or logarithmic equation
determines the most efficient solution strategy.

Essential Ideas

MATHia

Students write and solve exponential and logarithmic
equations that model real-world situations, and
use technology to write an exponential regression
equation. They also address the fact that rounding
too early in a series of calculations has a great effect
on the level of accuracy of the solution.

MATHia

Students solve logarithmic equations for the
base, argument, or exponent by rewriting them as
exponential equations or using the Change of Base
Formula. They use formulas to model real-world
contexts and use properties of logarithms to solve
equations containing multiple logarithms. Students
consider the structure of logarithmic and exponential
equations to determine the most efficient solution
path.

*Pacing listed in 45-minute days

Application of
Exponential and
Logarithmic Equations

What's the Use?

Solving Logarithmic
Equations

Logging On
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1

MATHia
End of Topic Assessment

2

2A.5B
P.5E**
AQR.2H**

Students are introduced to the terms self-similar,
fractal, and iterative process. They investigate the
Sierpinski Triangle, the Menger Sponge, the Koch
Snowflake, and the Sierpinski Carpet as examples of
fractals. Students describe the growth patterns of the
fractals in terms of geometric sequences, and explain
how the geometric sequences behave as the number
of stages approaches infinity.

• A fractal is a complex geometric shape that is formed by an iterative
process. Fractals are infinite and self-similar across different scales.
• The Sierpinski Triangle, the Menger Sponge, the Koch Snowflake, and
the Sierpinski Carpet are examples of fractals with characteristics that
can be described by geometric sequences.

1

MATHia

2

Basic functions and equations, along with their transformations
and restricted domains, can be used to create graphics on the
coordinate plane.

2

Pacing*

Students use their knowledge of seven basic functions
(linear, linear absolute value, quadratic, cubic,
exponential, radical, and logarithm), the basic equation
for a circle, and transformations to sketch a figure on
a coordinate plane. They then reverse the process and
write the equations and restricted domains that could be
used to create a given figure. Finally, students create a
picture using at least five functions or equations of their
choice.

2A.2A
2A.4C
2A.5A
2A.6A
2A.6C
P.2F**

2A.5B
P.5A**

TEKS

1

• Geometric series can be use to model real-world situations.

 n = ________
S
  r 2 1 , where n is the number of terms, r is the common
ratio, and g1 is the first term.

gn(r) 2 g1

• Another formula to calculate the sum of a geometric series is

• The formula to compute any geometric series is
Sn = gn (r) 2 g1, where gn is the last term, r is the common ratio,
and g 1 is the first term.

• A geometric series is the sum of the terms of a geometric
sequence.

Essential Ideas

MATHia

Students develop two formulas to determine the sum of
the terms of a geometric sequence or geometric series.
They make sense of why both formulas work, compare
the application of the formulas, and analyze an algebraic
proof that demonstrates their equivalence. Students
apply the formulas to solve problems presented as
the addition of the terms of a geometric sequence, as
a geometric series expressed in summation notation,
and as data provided in table form. They also apply the
formulas in the real-world context of credit card debt.

*Pacing listed in 45-minute days

Fractals

This is the Title of
This Lesson

Art and
Transformations

Paint By Numbers

Geometric Series

Series Are Sums
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MATHia

Students are given the following information about a
bike rider: distance traveled, total travel time, and
average biking speed in windless conditions; the biker
travels with the wind to her destination and against the
wind on the way back. They create a table to organize
the information and then use the information in the
table to write and solve an equation to determine
the speed of the wind. Students must consider an
extraneous solution that does not make sense in the
context of the problem. Next, they are given new data
for the rider’s second trip: distance traveled, the total
travel time, and the average wind speed. Students
create a table to organize the information and then
use the information in the table to write and solve an
equation to determine the average biking speed with
no wind. Students must consider the reasonableness of
their solutions in relation to the problem scenario.

2A.6H
2A.6I
2A.6J

2A.3A
2A.3C
2A.3D
2A.4H

TEKS

1

2

1

2

Pacing*
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Scope and Sequence FM-48

• A rational equation is an equation that contains one or more rational
expressions.
• Rational functions can be used to model real-world problems.
• Rational equations can be solved using various algebraic methods.
• A distance problem is a type of problem that involves distance, rate,
and time.

• The solution set of a quadratic inequality is determined by first solving
for the roots of the quadratic equation, and then determining which
interval(s) created by the roots will satisfy the inequality.
• Quadratic inequalities can be used to model some real-world
contexts.
• Systems of equations involving a linear equation and a quadratic
equation can be solved both algebraically and graphically.
• A system of equations involving a linear equation and a quadratic
equation may be used to model real-world problems.

Students are given the situation of a tennis ball being
thrown vertically in the air with an initial velocity. A
picture of the ball can only be taken when the ball
is above a specified height. They write and solve a
quadratic inequality to represent the situation, resulting
in an answer that is an interval of time. Then students
determine when a picture can be taken that captures
the ball at its maximum height. Next, they consider
when a second ball can be thrown in the air relative to
the height of the first ball. Students calculate the time
periods when the second ball should be thrown and
explain which time period seems more reasonable.
Finally students are given a second scenario with a
football being kicked and someone trying to block the
ball. Students write a system of equations with a linear
and a quadratic equation, graph the system and solve
it algebraically to determine if or when the ball will be
blocked.
MATHia

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days
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Ride Like the Wind
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Keep Your Eye on
the Ball
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Students are given three scenarios involving
populations of insects that are growing continuously. In
the first scenario, they are given the initial population
and the rate of growth; students use this information
to write and graph a function for the insect population
over time. Students compare the function they wrote to
the basic function f(x) = ex. They then use the function
to determine the insect population at a given time
and the time when the insect population will reach
one million. In the second scenario, they are told that
some scientists disagree with the rate of growth in
first scenario; given additional information, students
calculate the rate of growth used by those scientists. In
the third scenario, students are introduced to another
insect with a different initial population and growth
rate; they determine when the two insect populations
will be equal.

2A.2A
2A.5A
2A.5B
2A.5D

2A.2A
2A.4F

TEKS

2

1

2

Pacing*
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Scope and Sequence FM-49

• Exponential equations are used to model situations in the real world.
• In the transformation function form g (x) = Af(B(x 2 C)) + D, the
D-value translates the function f(x) vertically, the C-value translates f(x)
horizontally, the A-value vertically stretches or compresses f(x), and
the B-value horizontally stretches or compresses f(x).
• The formula for population growth is N
 (t) = N0ert, where N0 represents
the initial population, r represents the rate of growth, and t represents
time in years.
• One method used to solve an exponential equation is to take
the common logarithm or natural logarithm of both sides of the
exponential equation and then use the rules of logarithms to
solve for x.

• Strategies to solve equations, such as using the Properties of
Equality and isolating the term containing the unknown, can be
applied to solve radical equations.
• Radical functions may be used to model and solve real-world
problems.

Students are given a formula for the body surface
area of a person based on their height and weight
that doctors sometimes use to prescribe the correct
dosage of medicine. They determine the function for
body surface area of a patient who is 68 inches tall,
in terms of the weight of the patient. Next, students
use technology to sketch a graph of the function. They
then describe characteristics of the function in terms
of the problem situation. Next, students determine the
body surface area of a patient with a specific height
and weight. They calculate the weight of a patient given
their body surface area and height. Finally, students
determine the dosage that should be prescribed to a
patient with a given height and weight.
MATHia

Essential Ideas

Lesson Overview

*Pacing listed in 45-minute days

Performance Task

Bug Off!

Performance Task

The Correct Dose
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Gauss in Das Haus
Make the Best of It
Systems Redux
Putting the V in Absolute Value
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Lesson Subtitle
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2A.2A
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Extending
Linear
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L#

2A.2B

Topic

Module 2: Analyzing
Structure

Module
Module 1: Exploring Patterns in Linear and
Quadratic Relationships

This document provides an overview of the TEKS coverage in the Texas Math Solution for Algebra 2.

Solving Systems of Equations
Optimization
Solving Matrix Equations
Defining Absolute Value Functions and Transformations
Absolute Value Equations and Inequalities
Observing Patterns
Generating Algebraic Expressions
Comparing Multiple Representations of Functions
Forms of Quadratic Functions
Solving Quadratic Equations
Imaginary and Complex Numbers
Solving Quadratic Inequalities
Systems of Quadratic Equations
Inverses of Linear and Quadratic Functions
Using Quadratic Functions to Model Data
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Transforming Function Shapes
Exploring Cubic Functions
Decomposing Cubic Functions
Power Functions (P.2D)**
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Key Characteristics of Polynomial Functions
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Conquer Division

Polynomial Division
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End of
Course
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Performance Task
2 Ride Like the Wind
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3 The Correct Dose
Performance Task
4 Bug Off!
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**Some of the content of this topic goes beyond the scope of the course standards. The content is included to enhance students’ understanding of
mathematics and to provide opportunities for extension.
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M4 Topic 2 TEKS Summary

•

2A.2C
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Module 1 TEKS Summary
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Algebra 2 TEKS Summary by Module and Topic
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End of Course: Formative Assessment
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Module 2 TEKS Summary
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End of Course: Formative Assessment

2A.2B

•
2A.2A

M5 Topic 3 TEKS Summary (AQR.2H, P.5A, P.5E)**
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Algebra 2

English Language Proficiency Standards (ELPS) Overview

End of
Course

Module 5: Inverting Functions

Module 4: Extending
Beyond Polynomials

Module 3:
Developing
Structural Similarities

Module 2: Analyzing
Structure

Module 1: Exploring Patterns in Linear
and Quadratic Relationships

Topic 1: Extending
Linear Relationships

Topic 2: Exploring
and Analyzing
Patterns

Topic 3: Applications
of Quadratics

Topic 1: Composing
and Decomposing
Functions

Topic 2:
Characteristics of
Polynomial Functions

Topic 1: Relating
Factors and Zeros
Topic 2: Polynomial
Models

1
2
3
4
5
1
2
3
4
5
6
1
2
3
4
5
1
2
3
4
1
2
3
4
5
1
2
3

Gauss in Das Haus
Make the Best of It
Systems Redux
Putting the V in Absolute Value
Play Ball!
Patterns: They’re Grrrrrowing!
The Cat’s Out of the Bag!
Samesies
True to Form
The Root of the Problem
i Want to Believe
Ahead of the Curve
All Systems Go!
The Ol’ Switcharoo
Modeling Behavior
Going the Equidistance
Blame It on the Rain
Folds, Turns, and Zeros
Planting the Seeds
The Zero’s the Hero
Odds and Evens
Math Class Makeover
Poly-Frog
Build-a-Function
Leveled Up
Satisfactory Factoring
Conquer Division
Closing Time

Lesson Subtitle
Solving Systems of Equations
Optimization
Solving Matrix Equations
Defining Absolute Value Functions and Transformations
Absolute Value Equations and Inequalities
Observing Patterns
Generating Algebraic Expressions
Comparing Multiple Representations of Functions
Forms of Quadratic Functions
Solving Quadratic Equations
Imaginary and Complex Numbers
Solving Quadratic Inequalities
Systems of Quadratic Equations
Inverses of Linear and Quadratic Functions
Using Quadratic Functions to Model Data
Equation of a Parabola
Modeling with Functions
Transforming Function Shapes
Exploring Cubic Functions
Decomposing Cubic Functions
Power Functions
Transformations of Polynomial Functions
Key Characteristics of Polynomial Functions
Building Cubic and Quartic Functions
Analyzing Polynomial Functions
Factoring Polynomials to Identify Zeros
Polynomial Division
The Closure Property

1 Not a Case of Mistaken Identity

Exploring Polynomial Identities

2 Elegant Simplicity

Pascal’s Triangle and the Binomial Theorem

3 Modeling Gig

Modeling with Polynomial Functions and Data

1
2
Topic 1: Rational
3
Functions
4
5
1
2
Topic 2: Radical
3
Functions
4
5
1
2
Topic 1: Exponential 3
and Logarithmic
4
Functions
5
6
1
Topic 2: Exponential 2
3
and Logarithmic
Equations
4
5
Topic 3: Applications 1
of Exponential
2
Functions
3
Formative
Assessment

Lesson Title

1
2
3
4

Can’t Touch This
Sooooo...Close
Must Be a Rational Explanation
Thunder. Thun- Thun- Thunder.
16 Tons and What Do You Get?
Strike That, Invert It
Such a Rad Lesson
Making Waves
Keepin’ It Real
Into the Unknown
Half-Life
Pert and Nert
Return of the Inverse
I Like to Move It
Money, Heat, and Climate Change
Drive Responsibly
All the Pieces of the Puzzle
Mad Props
More Than One Way to Crack an Egg
Logging On
What’s the Use?
Series Are Sums
Paint By Numbers
This Is the Title of This Lesson

Introduction to Rational Functions
Transformations of Rational Functions
Operations with Rational Expressions
Solving Problems with Rational Equations
Solving Work, Mixture, Distance, and Cost Problems
Inverses of Power Functions
Radical Functions
Transformations of Radical Functions
Rewriting Radical Expressions
Solving Radical Equations
Comparing Linear and Exponential Functions
Properties of Exponential Graphs
Logarithmic Functions
Transformations of Exponential and Logarithmic Functions
Modeling Using Exponential Functions
Choosing a Function to Model BAC
Logarithmic Expressions
Properties of Logarithms
Solving Exponential Equations
Solving Logarithmic Equations
Applications of Exponential and Logarithmic Equations
Geometric Series
Art and Transformations
Fractals

Keep Your Eye on the Ball
Ride Like the Wind
The Correct Dose
Bug Off!

Performance Task
Performance Task
Performance Task
Performance Task

•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•

1.C

L#

•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•

1.D

Topic

1.A

Module

1.B

This document provides an overview of the ELPS coverage in the Texas Math Solution for Algebra 2.

•
•

•

•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
• •
• •
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
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5.F

5.G

5.E

5.C

5.D

5.A

5.B

4.J

4.K

4.I

4.H

4.F

4.G

4.E

4.C

4.D

4.B

3.J

4.A

3.I

3.H
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3.A

2.H
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2.H

2.I

3.A
3.A
3.A
3.A
3.A

•
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2.I
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2.I
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•
•
2.H
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•
•
•

2.H

2.I
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2.H

•
•
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2.G
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•
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2.G
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•
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2.F

3.A

3.A

2.I
2.I

•
•
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2.I

•
•
•

2.H

2.H

2.H

2.G
2.G
2.G
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•
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2.G

2.F
2.F
2.F
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2.F

2.F
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2.G
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•
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2.I

3.A
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2.G
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2.F
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•
•
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•
•
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2.F

2.E
2.E
2.E
2.E

2.D

2.E

2.E

2.E

2.D
2.D

2.D

2.D

2.C
2.C
2.C
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2.E

•

•
•
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2.D

•

•

•
•

•
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2.D

•
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2.C

•
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•
•
•

•

•
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2.C

•
•
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2.D

2.B
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2.B

•

•
•
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2.C

2.A
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•
•
•

•

2.A
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•
•
•

•
•
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2.C

2.A

1.H

•
•
•
•
•
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1.H

•

•
•
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2.B

1.H

•
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•

•
•
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2.C

2.B
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2.B

2.A
2.A
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2.A

1.H
1.H

1.G
1.G
1.G
1.G
1.G

•
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1.G

1.F
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•
•
•

•
•
•

1.H

1.F
1.F
1.F
1.F

•

1.F

•

1.H

1.E
1.E

1.E

1.E

1.E

1.E

1.D
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1.D

1.D

1.C
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2.B
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1.D

1.D

1.C
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1.B

•
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2.A

Algebra 2 ELPS Course Summary

•
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•
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•

1.H

Algebra 2 ELPS Course Summary

•

•
•
•

1.G

End of Course: Formative Assessment

•
•

•
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•
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•

1.G

Module 5 ELPS Summary

•

1.F

Module 4 ELPS Summary

•

1.F

Module 3 ELPS Summary

•
•
•
•
•
•

•

1.E

Module 2 ELPS Summary

•

1.E

Module 1 ELPS Summary

•

•
•
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1.D

Algebra 2 ELPS Summary by Module

•

•
•
•

1.D

End of Course: Formative Assessment

1.B

M5 Topic 3 ELPS Summary

•
•
•

1.B

M5 Topic 2 ELPS Summary

•
•
•
•

1.B

M5 Topic 1 ELPS Summary

1.A
Module 5 ELPS Summary

1.A

M4 Topic 2 ELPS Summary

•
•
•

1.A

M4 Topic 1 ELPS Summary

1.A

Module 4 ELPS Summary

•
•
•

•
•
•
1.A

M3 Topic 2 ELPS Summary

•
•
•

1.C

M3 Topic 1 ELPS Summary

•
•
•
•

•
•
•

1.C

Module 3 ELPS Summary

•
•
•
•

1.C

1.A

M2 Topic 2 ELPS Summary

•
•
•

•

•
•
•
•

1.C

M2 Topic 1 ELPS Summary

•
•

1.C

Module 2 ELPS Summary

•
•
•
•

1.C

1.A

M1 Topic 3 ELPS Summary

1.B

M1 Topic 2 ELPS Summary

•
•
•
•

1.B

M1 Topic 1 ELPS Summary

1.B

Module 1 ELPS Summary

1.A

Algebra 2 ELPS Summary by Module and Topic

•

•

•

•

•

•

•

•

•

•

•

•

•

•
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•
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•

•
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•
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•
•
•
•
•

4.J

•
•
•
•
•
•

4.I

•
•
•
•
•

4.H

•
•
•
•
•

4.G

•

•

•

•

•

•

•

•

•
•
•

•

•

•
•
•
•

•

•

•

•

•

•

•

•

•

5.G

5.G

5.F
5.G

5.F
5.G

•
•
•
•
•
•
•
•
•
•

•
•

5.G

5.G

5.F

5.E

5.D

5.C

5.G

5.F

5.E

5.D

5.C

5.B

5.A

4.K

5.F
5.G

5.D

5.C

5.B

5.A

4.K

4.J

4.I

4.H

4.G

4.F

4.E

5.E

•

5.F

5.E

5.D
5.E

•
•
•

5.D

5.C

•
•

5.F

5.D

•

5.D

•
•
•
5.C

5.B

5.A

•
•
•

5.E

5.C

5.B

•
•
•

5.B

5.A

4.K
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•
•
•
•

5.E

•
•

5.F

•
•
•
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5.E
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•
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•
•
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5.B

•
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•
•
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•
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5.B

5.A

•
•
•
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•
4.K

4.J

•

5.A

4.K

•

4.K

4.J

•

5.C

•

4.I

4.H

4.G

4.F

•
•

5.B

•

4.I

4.H

4.G

4.F

4.E

4.C
4.D

4.B

3.J

3.I

3.H

4.A

•
•

5.A

•
4.I

4.H

4.G

4.F

•

4.K

•
•
4.J

•
•

4.J

4.I

•
•
•
•

4.J

4.H

•

4.I

4.H

•

4.H

•
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4.F

•

4.I
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•

4.G

•

4.F

•
•
•
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•
•
•
4.E

4.C
4.D

4.B

•
•
•

4.K

•

4.F

•
•
•

4.E

•
•
•

4.E

4.C

•
•
•

4.E

4.B

4.A

3.J

•
•
•

4.D

4.A

3.J

3.I

3.H

•
•
•

4.E

4.D

4.C

•
•
•

4.D

•
•
•
•

4.B

3.J

3.I

3.H

3.G

3.F
3.G

3.F

3.E

•
•
•

4.D

•
•
•
•
4.C

4.C

•
•
•
•
4.B

4.B

•
•
4.A

4.A

•

•
•
•
•

4.E

•

•

•
•
•
•

4.D

•
•

•
•

4.D

•

4.A

•
•
•

4.C

•
•
•
•
3.J
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•
•

4.B

•
•
•
•
3.I

3.H

3.G

•
•
•

4.A

•
•
•
•

3.J

•
•
•
•
3.G

3.E

•

3.J

•
•
•
•
3.I

•
•
•

3.H

•
•
•

3.G

•
•
•
3.F

3.D

3.D

3.C

3.C

3.B

•
•
•
•
•
•

•
•
•
•
•

3.I

•
•

4.C

•
•
•
•
•
•
•
•
•

4.B

•
•

4.A

3.H

•
•
•
•
•
•

3.J

3.G

•
•
•

3.F

•
•
•
3.E

3.D

•
•
•

3.E

3.D

3.C

3.B

•
•
•

3.F

3.D

3.C

3.B

•
•
•

3.E

3.C

3.B

•
•
•
•
•

3.I

•

3.I

3.H

•

3.H

3.G

•

3.G

3.F

•

3.F

•

3.F

3.E

•

3.E

•

3.E

3.D

3.D

3.B

•

3.D

3.C

3.C

•
•
•
•
•
•

3.C

3.B

3.B

•
•
•
•
•
•

3.B

•
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•

•
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CONNECTING
CONTENT AND PRACTICE

Each lesson of the Texas Math Solution has the same
structure. This consistency allows both you and your
students to track your progress through each lesson.
Key features of each lesson are noted.

Lesson Structure
ENGAGE
LESSON STRUCTURE

Each lesson has the same structure. Key features are noted.
1. Learning Goals

Planting the Seeds

Learning goals are
stated for each lesson
to help you take
ownership of the
learning objectives.

3

2. Connection

Each lesson begins
with a statement
connecting what you
have learned with a
question to ponder.

Exploring Cubic Functions

Warm Up

Use the Distributive Property
to rewrite each expression.
1. a(2a 2 1)(5 1 a)
2. (9 2 x)(x 1 3)
3. b2(10 2 b) 1 b2
4. (w 2 2)(w 1 3)(w 1 1)

Learning Goals

1

• Represent cubic functions using words, tables, equations,
and graphs.
• Interpret the key characteristics of the graphs of
cubic functions.
• Analyze cubic functions in terms of their mathematical
context and problem context.
• Connect the characteristics and behaviors of a cubic function
to its factors.
• Compare cubic functions with linear and quadratic functions.
• Build cubic functions from linear and quadratic functions.

Return to this question
at the end of this
lesson to gauge your
understanding.

Key Terms

• cubic function
• relative maximum
• relative minimum

2

LESSON 3: Planting the Seeds • 1
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Lesson Structure
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Create a classroom
climate of
collaboration
and establish the
learning process as a
partnership between
you and students.
Communicate
continuously with
students about the
learning goals of the
lesson to encourage
self-monitoring of
their learning.
Visit the Texas Support
Center for additional
guidance on how to
foster a classroom
environment
that promotes
collaboration and
communication.

You have calculated the volume of various geometric figures. How can you use what you know
about volume to build an algebraic function?

A2_M02_T01_L03_Student Lesson.indd 1

Establishing
Mathematical
Goals to Focus
Learning

• FM-13
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Activating Student
Thinking

Your students enter each
class with varying degrees
of experience and
mathematical success.
The focus of the Getting
Started is to tap into prior
knowledge and real-world
experiences, to generate
curiosity, and to plant
seeds for deeper learning.
Pay particular attention
to the strategies students
use, for these strategies
reveal underlying
thought processes and
present opportunities
for connections as
students proceed through
the lesson.

Mathematics is the science of patterns. So, we encourage
students throughout this course to notice, test, and interpret
patterns in a variety of ways—to put their “mental tentacles” to
work in every lesson, every activity. Our hope is that this book
encourages you to do the same for your students, and create
an environment in your math classroom where productive and
persistent learners develop and thrive.
Josh Fisher, Instructional Designer

3. Getting Started

Each lesson begins
with Getting Started.
When working on
Getting Started,
use what you know
about the world, what
you have learned
previously, or your
intuition. The goal is
just to get you thinking
and ready for what's
to come.

3

GETTING STARTED

Our Business Is Growing
The Plant-A-Seed Planter Company produces planter boxes. To make the
boxes, a square is cut from each corner of a rectangular copper sheet. The
sides are bent to form a rectangular prism without a top. Cutting different
sized squares from the corners results in differently sized planter boxes.
Plant-A-Seed takes sales orders from customers who request a sized
planter box.

It may help to create a
model of the planter
by cutting squares
out of the corners
of a sheet of paper
and folding.

Each rectangular copper sheet
18 inches
is 12 inches by 18 inches. In the
h
h
h
h
diagram, the solid lines indicate
where the square corners are cut,
12 inches
and the dotted lines represent
where the sides are bent for each
h
h
h
h
planter box.
2. Analyze the relationship between the height, length, and width
of given
each planter
box. What
the from
dimensions
of the largest
1. Complete the table
each planter
box isare
made
a 12 inch
square
corner
that can be
to make
a planter box?
by 18 inch coppersized
sheet.
Include
an expression
forcut
each
planter
Explain
your
reasoning.
box’s height, width,
length,
and
volume for a square corner side
of length h.
Square
Corner Side
Length
(inches)

Supporting
English
Language
Learners

Ask
yourself:
What patterns do you
notice in the table?

Height
(inches)

Width
(inches)

Length
(inches)

Volume
(cubic inches)

0
1
2
3
4
5
6
7

3. Write a function V(h) to represent the volume of the planter box
in terms of the corner side length h.

h

2 • TOPIC 1: Composing and Decomposing Functions

Visit the Texas Support
Center for facilitation
strategies to support
students at varying
levels of language
proficiency as they
complete the Getting
Started activities in
each lesson.
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DEVELOP

4. Activities

4

You are going
to build a deep
understanding of
mathematics through
a variety of activities
in an environment
where collaboration
and conversations
are important
and expected.

Building a Cubic Function
from a Situation

AC T I V I T Y

3.1

Let’s consider the graph of the cubic function you created.
1. Louis, Ahmed, and Heidi each used graphing technology to
analyze the volume function, V(h), and to sketch the graph. They
disagree about the shape of the graph.

Ahmed

Louis
y

volume

y

volume

A cubic function is a
function that can be
written in the general
form f(x) 5 ax3 1 bx2 1
cx 1 d, where a Þ 0.

x

x

You will learn how to
solve new problems,
but you will also learn
why those strategies
work and how they
are connected to
other strategies you
already know.

height

Building a Cubic Function from
The
graph lacks
a
a Quadratic
and Linear Function
3.2
line of symmetry, so
it can’t be a parabola.

height

AC T I V I T Y

The graph increases
and then decreases.
It is a parabola.

The Plant-A-Seed Company also makes cylindrical planters for city sidewalks
and store fronts. The cylindrical planters come in a variety of sizes, but all
have a height that is twice the radius.

r

Heidi

1. Why do you think Plant-A-Seed might want to manufacture
different sizes of a product, but maintain a constant ratio of
height to radius?

volume

h

y

x

Remember:

height

Remember:
I noticed the

graph curves back

•

It's not just about
answer-getting.
The process
is important.

•

Making mistakes
is a critical part
of learning, so
take risks.

up so it can’t be a parabola.
2. Consider differently sized cylindrical planters.

a. Complete the table.
EvaluateAeach
student’s
constant
ratio sketch and rationale to determine who
is correct.
For the
student(s) who is/are not correct, explain why
makes
the cylindrical
planters
similar.
the rationale
is not
correct.
Height
Base Area
Radius
(inches)
(square inches)
Volume of a cylinder:
5 (base area)(height)
4 • TOPIC 1: Composing and Decomposing VFunctions
Area of a circle: A 5 πr 2

1
2
3
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Volume
(cubic inches)

0
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•

4
2000
x
b. Describe how you determined the volume when you are
given the radius.

Activities may include
real-world problems,
sorting activities,
worked examples,
or analyzing sample
student work.

10 • TOPIC 1: Composing and Decomposing Functions
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There is often
more than one way
to solve a problem.
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Students learn when
they are actively
engaged in a task:
reasoning about the
math, writing their
solutions, justifying
their strategies,
and sharing their
knowledge with peers.
Support productive
struggle by allowing
students time to
engage with and
persevere through the
mathematics.
Support student-tostudent discourse as
well as whole-class
conversations that
elicit and use evidence
of student thinking.

Be prepared to
share your solutions
and methods with
your classmates.

Lesson Structure

A2_FM_SE_V1.indd 15

Aligning Teaching
to Learning
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Supporting English Language Learners
Visit the Texas Support Center for facilitation strategies to support
students at varying levels of language proficiency as they engage in
mathematical discourse throughout each lesson.
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DEMONSTRATE

Ongoing Formative
Assessment Drives
Instruction

For students to take
responsibility for
their own learning,
they need to be
encouraged to
self-assess. Students
can use the Talk the
Talk to monitor their
own progress towards
mastering the learning
goals. Listen and
review their answers
and explanations and
provide feedback to
help them improve
their understanding.

5. Talk the Talk

Talk the Talk gives
you an opportunity
to reflect on the main
ideas of the lesson.
•

Be honest with
yourself.

•

Ask questions to
clarify anything
you don't
understand.

•

NOTES

5

TALK the TALK
Cubism
Consider a cube, which has equal length, width,
and height, x.
x

1. Recall that one way to determine the
volume of a cube is to multiply the area
of the base by its height.

Show what you
know!

x
x

a. Sketch a graph of the
function that represents the
area of the base of the cube.

Don't forget to revisit
the question posed
on the lesson opening
page to gauge your
understanding.

y
8

4

b. Sketch a graph of the
function that represents the
height of the cube.

–8

0

–4

4

8

x

–4

–8

c. Sketch a graph of the function that represents the volume
of the cube.

2. Which general shape does this cubic function match?
Explain your reasoning.

As you plan the next
lesson, consider the
connections you can
make to build off
the strengths or fill
any gaps identified
from this formative
assessment.

12 • TOPIC 1: Composing and Decomposing Functions
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Supporting English Language Learners
Visit the Texas Support Center for facilitation strategies to support
students at varying levels of language proficiency as they demonstrate
their understanding in the Talk the Talk activities in each lesson.
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Assignment
An intentionally designed Assignment follows
each lesson.

ASSIGNMENT

6. Write

Assignment

6

8

Reflect on your work
and clarify your
thinking.

LESSON 3: Planting the Seeds

7

Write

Remember

Provide an example of each key term.
1. relative minimum
2. relative maximum
3. cubic function

A cubic function is a polynomial function of
degree 3 that can be written in the form
f(x) 5 ax3 1 bx2 1 cx 1 d, where a Þ 0. The graph
has 2 general shapes.

Practice
1. Cynthia is an engineer at a manufacturing
plant. Her boss asks her to use rectangular
metal sheets to build storage bins with the
greatest possible volume. Each rectangular
sheet is 8 feet by 10 feet. Cynthia’s sketch
shows the squares to be removed from the
corners of each sheet. The dashed lines

7. Remember

Take note of the
key concepts from
the lesson.

10 ft
x

x

x

x

x

x

x

8. Practice

8 ft

x

Use the concepts
learned in the lesson
to solve problems.

indicate where the metal sheets will be folded before they are welded to form the prism-shaped
storage bins without tops.
a. Write a function V(x) to represent the volume of a bin in terms of the side length, x, of the removed
squares. Explain your reasoning.
b. Graph the function V(x) using technology. Determine the domain and range of the function.
the
a bin. What
are the dimensions of a bin with the
Determine the domain and range c.
of Determine
the function
asmaximum
they relatevolume
to this of
problem
situation.
maximum volume?
Explain your reasoning.

9. Stretch

Ready for a challenge?

Determine
maximums
or relative
minimums
of V(x). Then, determine the intervals
c. Determine the maximum volume ofd.
a bin.
What areany
therelative
dimensions
of a bin with
the maximum
volume?
d. Determine any relative maximums orover
relative
minimums
of V(x)
. Then, determine
the intervals
which
the function
is increasing
and decreasing.
over which the function is increasing
and decreasing.
e. Determine
the x- and y-intercepts of the graph of V(x). What do they represent in this
e. Determine the x- and y-intercepts of the
graph ofsituation?
V(x). What do they represent in this problem situation?
problem
f. Cynthia’s boss asks her to make several
binsboss
withasks
volumes
exactly
40 cubic
f. Nikki’s
her toofmake
several
binsfeet.
withDetermine
volumes ofthe
exactly 40 cubic feet. Determine the bin
bin dimensions that will work.
dimensions that will work.

9

10

Stretch

10. Review

Remember what
you've learned by
practicing concepts
from previous lessons
and topics.

14 ft

Review
1. Nikki is an engineer at a manufacturing
plant. Her
x
x
x
1. Dilate
by the given factor to create a new function of higher degree. Sketch the graph
boss asks her to use rectangular sheets
of each
metalfunction
to
x
x
x
and thenvolume.
identify the zeros of the new function.
build storage bins with the greatest possible
12 ft
BOTTOM
TOP
1
1
__
__
Each rectangular sheet is 14 feet by 12
b. g(x)
a. feet.
f(x) 5Nikki’s
( 2 x 1 1) (x 2
x 3)
x
x 5 (3x 1 4)( 4 x 1 2)
sketch shows the squares to be removed
from(xeach
Sketch
1 1) ? f(x). x
Sketch
(x 2 1) ? f(x).
x
x
sheet. The dashed lines indicate where the metal
y
y
sheets will be folded before they are welded to form the10
prism-shaped
storage bins with tops.
a. Write a function V(x) to represent the volume of a bin in terms of the side length, x, of the removed
50
squares. Explain your reasoning.
40

b. Graph the function V(x) using technology. Determine the
5 domain and range of the function.
Determine the domain and range of the function as they relate to this problem situation. Explain
your reasoning.
x
–10

30
20
10

5LESSON 10
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–5

–5
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–10

x
5

–20
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–30

There is one
Assignment per
lesson. Lessons often
span multiple days.
Be thoughtful about
which portion of the
Assignment students
can complete based
on that day's progress.
The Stretch section
is not necessarily
appropriate for all
learners. Assign this
to students who
are ready for more
advanced concepts.
The Review section
provides spaced
practice of concepts
from the previous
lesson and topic
and of the fluency
skills important for
the course.

–10
2. The figures shown represent a visual pattern of tiles.
a. Create a table to display the number of squares
used in each of the first 6 figures.
b. Create a graph of the data points in your table on the coordinate plane shown. Draw a smooth
curve to connect the points.
c. Describe the pattern as linear, exponential, quadratic, or none of these. Explain your reasoning.
3. Solve the equation x2 2 6x 1 35 5 10.

2 • TOPIC 1: Composing and Decomposing Functions
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Problem Types You Will See
Lessons include a variety of problem types to engage
students in reasoning about the math.
Note

PROBLEM TYPES
YOU WILL SEE
Worked Example
When you see a Worked Example:

Ask Yourself:

●

●

●
●

Take your time to read through it.
Question your own understanding.
Think about the connections between steps.

●
●

What is the main idea?
How would this work if I changed the numbers?
Have I used these strategies before?

Who’s Correct

Worked Example

When you see a
Who’s Correct icon:

You can determine the average rate of change of Zorzansa’s profit for
the time interval (3.25, 4.25).
Substitute the input and
output values into the average
rate of change formula.

Zorzansa’s Profits Over
Years 0–5
y
p(x)
Profit
(thousands of dollars)

Research shows
students learn best
when they are actively
engaged with a task.
Many students need a
model to know how to
engage effectively with
Worked Examples.
Students need to
be able to question
their understanding,
make connections
with the steps, and
ultimately self-explain
the progression of the
steps and the final
outcome. Worked
Examples provide a
means for students
to view each step
taken to solve the
example problem.
The questions that
follow are designed
to serve as a model
for self-questioning
and self-explanations.
They represent and
mimic an internal
dialog about the
mathematics and
the strategies. This
approach doesn’t
allow students to skip
over the example
without interacting
with it, thinking about
it, and responding to
the questions. This
approach will help
students develop
the desired habits
of mind for being
conscientious about
the importance of
steps and their order.

800

●

Evaluate the expression.

400
0

●

1

2

3

4

x

–400

●

f(b) 2 f(a)
f(4.25) 2 f(3.25)
_________
5 _______________
4.25 2 3.25
b2a

Ask Yourself:

0 2 (2600)

5 ___________
1

–800

Time (years)

Take your time to read
through the situation.
Question the strategy
or reason given.
Determine correct or
not correct.

●

600

5 ____
1 5 600

●

The average rate of change for the time interval (3.25, 4.25) is
approximately $600,000 per year.

●

Does the reasoning
make sense?
If the reasoning makes
sense, what is the
justification?
If the reasoning does
not make sense, what
error was made?

4. Novena created this graph of a fourth degree polynomial.
Armondo said that she is incorrect, that it is a fifth degree
polynomial. Who is correct? For the student who is incorrect,
explain the error in their thinking.

Novena

Armondo

3 imaginary
roots

x-axis
2 real
roots

FM-18 • Problem Types You Will See

A2_FM_SE_V1.indd 18

6/3/21 5:30 PM

Who's Correct?

"Who's Correct?" problems are an advanced form of correct vs. incorrect
responses. In this problem type, students are not given who is correct. Students
have to think more deeply about what the strategies really mean and whether
the solutions made sense. Students will determine what is correct and what is
incorrect, and then explain their reasoning. These types of problems will help
students analyze their own work for errors and correctness.
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Thumbs Up
When you see a Thumbs Up icon:
Take your time to read through the
correct solution.

●

Think about the connections between steps.

●

Ask Yourself:
●

Why is this method correct?

●

Have I used this method before?

Augie
The cubic function f(x) 5 (x 2 3)(x 2 1)(x 1 4) has the
three zeros given. I can verify this by solving the
equations x 2 3 5 0, x 2 1 5 0, and x 1 4 5 0.

Thumbs Down
When you see a Thumbs Down icon:
Take your time to read through the
incorrect solution.

●

Think about what error was made.

●

Ask Yourself:
●

Where is the error?

●

Why is it an error?

●

How can I correct it?

Emily
A cubic function must have three zeros. I know this
from the Fundamental Theorem of Algebra. However,
the number of real and imaginary zeros can vary. The
function may have 0, 1, 2, or 3 imaginary zeros.
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Note

Thumbs Up problems provide a framework that allows students the opportunity to
analyze viable methods and problem-solving strategies. Questions are presented
to help students think deeper about the various strategies, and to focus on
an analysis of correct responses. Research shows that only providing positive
examples does not eliminate some of the things students may think; it is also
efficient to show negative examples. From the incorrect responses, students learn
to determine where the error in calculation is, why the method is an error, and also
how to correct the method to correctly calculate the solution.
Connecting Content and Practice • FM-65
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Promoting Self-Reflection
Thought Bubbles

Thought bubbles are
embedded throughout
the Texas Math
Solution promote
productive reflection
by reminding students
to stop and think.
This feature is used
in a variety of ways: it
may remind students
to recall a previous
mathematical concept,
help students develop
expertise to think
through problems,
and occasionally,
present a fun fact.

Thought Bubbles

Look for these icons as you journey through the textbook. Sometimes they
will remind you about things you already learned. Sometimes they will ask
you questions to help you think about different strategies. Sometimes they
will share fun facts. They are here to help and guide your learning.

Remember:
Side notes are
included to provide
helpful insights as

Think

you work.

about:

Ask
yourself:
FM-25
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A mathematician is an artist who works with patterns. I think the beauty of
mathematics lies in the new connections you can make to express the patterns
around you, no matter your age. The art is in the process, not the outcome.
When we can get students to see the beauty of the mathematics, and equip them
with the tools to express themselves mathematically, then we can truly create
critical thinkers.
Victoria Fisher, Instructional Designer
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Mathematical Process Standards
Mathematical
Process Standards

Each lesson provides
opportunities
for students to
think, reason, and
communicate their
mathematical
understanding.
However, it is your
responsibility as a
teacher to recognize
these opportunities
and incorporate these
practices into your
daily rituals. Expertise
is a long-term goal,
and students must be
encouraged to apply
these practices to new
content throughout
their school career.

MATHEMATICAL
PROCESS STANDARDS

Texas Mathematical Process Standards
Effective communication and collaboration are essential skills of
a successful learner. With practice, you can develop the habits of
mind of a productive mathematical thinker. The “I can” expectations
listed below align with the TEKS Mathematical Process Standards
and encourage students to develop their mathematical learning
and understanding.

▶

Apply mathematics to problems arising
in everyday life, society, and the
workplace.

I can:
●

use the mathematics that I learn to solve real world problems.

●

interpret mathematical results in the contexts of a variety of
problem situations.

▶

Use a problem-solving model that
incorporates analyzing given information,
formulating a plan or strategy, determining
a solution, justifying a solution, and
evaluating the problem solving process and
reasonableness of the solution.

I can:
●

explain what a problem “means” in my own words.

●

create a plan and change it if necessary.

●

ask useful questions in an attempt to understand the problem.

●

explain my reasoning and defend my solution.

●

reflect on whether my results make sense.
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When you are
facilitating each
lesson, listen
carefully and value
diversity of thought,
redirect students'
questions with guiding
questions, provide
additional support
with those struggling
with a task, and hold
students accountable
for an end product.
When students share
their work, make your
expectations clear,
require that students
defend and talk about
their solutions, and
monitor student
progress by checking
for understanding.

Supporting Students to Use Mathematical Tools
Visit the Texas Support Center for strategies to support students as they
use mathematical tools, including formula charts and reference sheets.
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Note

When you are
facilitating each
lesson, listen
carefully and value
diversity of thought,
redirect students’
questions with guiding
questions, provide
additional support
with those struggling
with a task, and hold
students accountable
for an end product.
When students share
their work, make your
expectations clear,
require that students
defend and talk about
their solutions, and
monitor student
progress by checking
for understanding.

▶ Select tools, including real objects,
manipulatives, paper and pencil, and technology
as appropriate; and techniques including mental
math, estimation, and number sense as
appropriate, to solve problems.
I can:
●
●

use a variety of different tools that I have to solve problems.
recognize when a tool that I have to solve problems might be helpful and
when it has limitations.

●

look for efficient methods to solve problems.

●

estimate before I begin calculations to inform my reasoning.

▶ Communicate mathematical ideas, reasoning,
and their implications using multiple
representations including symbols, diagrams,
graphs, and language as appropriate.
I can:
●

communicate and defend my own mathematical understanding using
examples, models, or diagrams.

●

use appropriate mathematical vocabulary in communicating
mathematical ideas.

●

make generalizations based on results.

●

apply mathematical ideas to solve problems.

●

interpret my results in terms of various problem situations.

▶ Create and use representations to organize,
record, and communicate mathematical ideas.
I can:
●

consider the units of measure involved in a problem.

●

label diagrams and figures appropriately to clarify the meaning of
different representations.

●

create an understandable representation of a problem situation.

Mathematical Process Standards
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Supporting ALL Learners

Visit the Texas Support Center for facilitation strategies to support ALL students as
the engage in the Mathematical Process Standards.
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Academic Glossary

ACADEMIC GLOSSARY

Visit the Students &

There are important terms you will encounter throughout this book.
It is important that you have an understanding of these words as
you get started on your journey through the mathematical concepts.
Knowing what is meant by these terms and using these terms will
help you think, reason, and communicate your ideas.

Caregivers Portal on
the Texas Support
Center at www.
CarnegieLearning.com/
texas-help to access the
Mathematics Glossary
for this course
anytime,
anywhere.

ANALYZE
Definition
To study or look closely for patterns. Analyzing can involve examining or
breaking a concept down into smaller parts to gain a better understanding
of it.

Ask Yourself
●

Do I see any patterns?

●

Have I seen something like this before?

●

What happens if the shape, representation, or numbers change?

Related Phrases
●

Examine

●

Evaluate

●

Determine

●

Observe

●

Consider

●

Investigate

●

What do you notice?

●

What do you think?

●

Sort and match

EXPLAIN YOUR REASONING
Definition
To give details or describe how to determine an answer or solution. Explaining
your reasoning helps justify conclusions.

Ask Yourself
●

How should I organize my thoughts?

●

Is my explanation logical?

●

Does my reasoning make sense?

●

How can I justify my answer to others?

Related Phrases
●

Show your work

●

Explain your calculation

●

Justify

●

Why or why not?

Academic Glossary

It is critical for
students to possess an
understanding of the
language of their text.
Students must learn
to read for different
purposes and write
about what they are
learning. Encourage
students to become
familiar with the
key words and the
questions they can ask
themselves when they
encounter these words.
It is our
recommendation
to be explicit about
your expectations of
language used and
the way students
write responses
throughout the text.
Encourage students to
answer questions with
complete sentences.
Complete sentences
help students reflect
on how they arrived
at a solution, make
connections between
topics, and consider
what a solution means
both mathematically
as well as in context.
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Supporting Students at Varying Levels of
Language Proficiency
Visit the Texas Support Center for guidance on how to leverage
the Academic Glossary to support students at varying levels of
language proficiency.
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Ask Yourself

The Ask Yourself
questions help
students develop the
proficiency to explain
to themselves the
meaning of problems.

●
●
●
●

Real-World Context

Real-world contexts
confirm concrete
examples of
mathematics.
The scenarios in
the lessons help
students recognize
and understand
that quantitative
relationships seen
in the real world
are no different
that quantitative
relationships in
mathematics. Some
problems begin wiht
a real-world context
to remind students
that the quantitative
relationships they
already use can
be formalized
mathematically. Other
problems will use
real-world situations
as an application
of mathematical
concepts.

REPRESENT

Related Phrases
●

●
●
●

Show
Sketch
Draw
Create
Plot
Graph
Write an equation
Complete the table

Definition
To display information in various ways. Representing mathematics can be done
using words, tables, graphs, or symbols.

Ask Yourself
●
●
●
●

ESTIMATE

Related Phrases
●
●
●
●

Predict
Approximate
Expect
About how much?

Definition
To make an educated guess based on the analysis of given data. Estimating
first helps inform reasoning.

Ask Yourself
●
●

●
●
●
●
●
●

●

●
●

Demonstrate
Label
Display
Compare
Determine
Define
What are the
advantages?
What are the
disadvantages?
What is similar?
What is different?

Does my reasoning make sense?
Is my solution close to my estimation?

DESCRIBE

Related Phrases
●

How should I organize my thoughts?
How do I use this model to show a concept or idea?
What does this representation tell me?
Is my representation accurate?

Definition
To represent or give an account of in words. Describing communicates
mathematical ideas to others.

Ask Yourself
●
●
●
●

How should I organize my thoughts?
Is my explanation logical?
Did I consider the context of the situation?
Does my reasoning make sense?
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Home Connection

Encourage your students to explore the Students & Caregivers
Portal on the Texas Support Center to access a variety of
resources to support their learning at home and elsewhere
outside of the classroom.
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The Modeling Process
Modeling is the process of choosing appropriate
mathematical tools to analyze and understand real-world
phenomena and to make decisions accordingly. The Modeling
Process provides a structure to help students become better
problem solvers. In the textbook, students will encounter
activities that explicitly guide them through the four steps of
the Modeling Process. As they progress through high school
mathematics, they should start to use this process intuitively.
Notice and Wonder
Gather information,
notice patterns,
and formulate
mathematical
questions about what
you notice.

Organize and
Mathematize

Organize your
information and
represent it using
mathematical
notation.

REPORT
NOTICE | WONDER

Predict and
Analyze

ORGANIZE | MATHEMATIZE

Extend the patterns
created, complete
operations, make
predictions,
and analyze the
mathematical results.
TEST | INTERPRET

Test and Interpret
Interpret your
results and test
your mathematical
predictions in
the real world.
Make adjustments
as necessary.

PREDICT | ANALYZE
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MATHia Structure
Each unit in MATHia maximizes student learning while
collecting critical data about what they do or do not know at
every step. Students can access MATHia anywhere, anytime.
ENGAGE

 Unit Overview

The Unit Overview
page engages students
in the learning
experience, providing
them with a clear set
of learning goals, a link
to the real world, and
a connection back to
the math they already
know so they can build
from it throughout
the unit.

 Step by Step

Step by Step
demonstrates how
to use the tools in
a lesson by guiding
students step by step
through a sample
math problem.
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 Hints

Multi-level hints are
available throughout
the software to help
students solve the
problems they are
working on.

 Glossary

The Glossary is
available throughout
the software. It
contains a list of
definitions and
examples for key
mathematical terms
used throughout the
curriculum.
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DEVELOP

DEMONSTRATE
Formative
Assessment

The Develop and
Demonstrate phases
of our instructional
design happen
simultaneously. The
reports provide the
detail to interpret
student performance.
Facilitation and
suggestions for
follow-up are available
via our online
Resource Center.

 Progress Bar

The Progress Bar shows a summary of the major skills that are being covered in
a given problem solving workspace as well as students’ progress on those skills.
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Problem Types in MATHia
MATHia features different instructional strategies to
engage students as they develop their math skills.

 Explore Tools

Explore Tools
provide students
the opportunity to
investigate different
mathematical concepts,
search for patterns,
and look for structure
in ways that make
sense to you. These
tools also provide
optional supports
for students as they
answer questions and
solve problems.

 Animations

Animations provide
students with an
opportunity to watch,
pause, and re-watch
demonstrations of
various mathematical
concepts. They are a
way to connect the
visual representations
of different
mathematical ideas
to their abstract
underpinnings
through visual
representations and
audio narrative.
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 Classification
Tools

Classification Tools
allow students
to apply their
mathematical
understanding by
categorizing answers
based on similarities.
These tools also
provide students
with the means
to demonstrate
proficiency in
recognizing patterns in
problem structure.

 Problem Solving
Tools

Problem Solving Tools
provide students with
highly individualized
and self-paced
instruction that
adapts to their exact
needs to deepen
their conceptual
understanding of the
mathematics. Through
adaptive learning
technologies, they
engage in reasoning
and sense-making.

FM-76 • Connecting Content and Practice

A2_FM_TIG_Vol 1.indd 76

6/8/21 9:05 PM

 Worked Examples
Worked Examples
provide students with
a tool that allows
them to question their
understanding, make
connections with the
steps, and ultimately
self-explain. Analyzing
Worked Examples
also allows students
to identify their own
misconceptions,
make sense of
the mathematical
concepts, and
then ultimately
to persevere in
problem solving.
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FACILITATING STUDENT
LEARNING

Teacher’s Implementation Guide

The Teacher’s Implementation Guide (TIG) is designed to fully support a widerange of teachers implementing our materials: from first year teachers to 30year veterans; from first time Carnegie Learning users to master practitioners.
One goal in developing the Teacher's Implementation Guide was to make our
instructional design apparent to the users.
The lessons of each topic were written to be accessible to the full range of
learners. With every instructional decision you make, keep in mind your
mathematical objectives for the topic and module and the course. Plan each
lesson by thinking about how you will create access for your particular group
of students, maintain access and pace throughout the lesson, and assess their
understanding along the way. We recommend that you do the math in each
topic before implementing the activities with your specific group of students.

WHAT MAKES THIS TEACHER'S IMPLEMENTATION GUIDE USEFUL?
Effective Lesson Design

Each lesson has a consistent structure for teachers and students to follow.
The learning experiences are engaging and effective for students.

Pacing

Each course is designed to be taught in a 180-day school year. Pacing
suggestions are provided for each lesson. Each day in the pacing guide is an
equivalent to about a 45 minute instructional period.

Instructional Supports

Guiding questions are provided for teachers to use as they’re circulating the
room, as well as differentiation strategies, common student misconceptions,
and student look fors.

Clearly Defined Mathematics
Visit the Texas
Support Center at www.
CarnegieLearning.com/
texas-help for additional
resources to support
you anytime, anywhere.

The content and instructional goals are clearly described at the module, topic,
lesson, and activity levels.
The TIG is a critical to understanding how the mathematics that students
encounter should be realized in the classroom. The TIG describes the depth
of understanding that students need to develop for each standard and a
pathway for all learners to be successful. It provides differentiation strategies
to support students who struggle, to extend certain activities for students who
are advanced in their understanding of the content, and to support English
Language Learners.
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Module and Topic Overviews
“Teachers must first develop their ideas about where the
curriculum program is going mathematically (curriculum
vision) before deciding whether the curriculum materials
will help them reach that mathematical goal (curriculum
trust)” (Drake & Sherin, 2009, p. 325).
You are responsible for teaching the essential concepts associated with a
particular course. You need to understand how activities within lessons
build to achieve understanding within topics, and how topics build to
achieve understanding throughout the course. In the Texas Math Solution,
Carnegie Learning seeks to establish a shared curriculum vision with you.

 Module Overview
Each module begins
with an overview
that describes
the reasoning
behind the name,
the mathematics
being developed,
the connections to
prior learning, the
connections to future
learning, and the
pacing information.

Module 1 Overview
Exploring Patterns in Linear and Quadratic Relationships
“Linear programming can be viewed as part of a great revolutionary development which has given
mankind the ability to state general goals and to lay out a path of detailed decisions to take in order to
‘best’ achieve its goals when faced with practical situations of great complexity.” (George Dantzig)

Extending Linear Relationships

Topic 1 Overview
Patterns, and Applications of Quadratics. The
Why is the Module named
module extends what students know about
Exploring Patterns in Linear
linear functions by introducing new
strategies
and Quadratic Relationships?
Students
calculate the absolute value of given
How is Extending
Linear

for solving systems of equations, graphing
values before considering the linear absolute
Relationships
organized?
valuevalue
function. To help students understand the
and solving inequalities, and absolute
structure is important in the studyExtending
of functions.
Linear Relationships advances students’
structure
functions. The topics in this module
extendof a linear absolute value function and
In this course, students transition ability
from the
to solve systems of equations. The
its graph, students
think about an absolute value
students’ familiarity with linear relationships
to
topic begins with a review of a system of two
simpler functions of earlier courses—linear,
function as a linear function that has a reflection
derive
absolute
value the
functions and to solve
linear
equations in two
variables,
including
quadratic, and exponential—to the
complexity
across the x-axis (or the D-value as the functions
problems
involving
linear systems with more
graphing, substitution,
and elimination
methods
of polynomial, rational, radical, and logarithmic,
get more complex). They first graph the function
for solving systems ofthan
two two
linear
equations.
equations
and two variables.
f(x) 5 x; next they graph f(x) 5 |x| and discuss
functions. Knowing the key and defining
Students recall what the solution to a system
how the graph changes. The process is repeated
characteristics of each function type helps
of equations means, To
as well
asExtending
the casesLinear
of no Relationships,
begin
for f(x) 5 |2x|. Now comfortable with the shape
students to build a systematic understanding
of
solution or infinite
solutions.
methods
studentsThe
review
what of
they have learned
of the about
graph of an absolute value function,
algebraic functions and their relationships.
solving areThis
then applied to systems of three
students explore transformations of the A-, B-, C-,
solving a system comprising two equations
module broadens students’ experiences
with
linear equations
in three variables. Students then
and
D-values.
They make generalizations about
and two variables by solving graphically and
learn Gaussian
systems of equations. They learn strategies
to elimination as an algorithm for
of these transformations on the graph
algebraically. Systems are extendedthe
to effect
include
solving
linear
systems
of
equations.
solve more complex systems that can model
of a given function and its key characteristics.
three equations and three variables, and
more complex real-world phenomena. Students
Students move from these abstract experiences
students
learninequalities
to use Gaussian elimination to
Students also use systems
of linear
with transformation to solving and graphing
recall the structure of quadratic functions
find solutions.
They review systems of linear
to model optimal solutions
to real-world
linear absolute value equations and inequalities
degree-2 polynomials—a familiar function type
situations. They writeinequalities
linear inequalities
to linear programming
and use
based to
on real-world situations. Students begin
from previous courses.
represent constraintsdetermine
in a given scenario
and
optimal solutions to a real-world
with a graphical representation of a linear
then combine inequalities
to
create
a
system
that
absolute value function and use a horizontal
problem. Finally, students explore matrices.
What is the mathematics
of all of the constraints. Students use
encompasses
line to solve an equation or an inequality. With
graphical
representations to determine solutions.
Exploring Patterns in
Linear
a solid
visual understanding of the structure of
Then, students are reminded of what
they
Finally, they explore linear programming, where
and Quadratic Relationships?
a linear absolute value function, students then
know about the absolute value of a number. A
they use the vertices of the solution region to
solve these equations and inequalities using what
Exploring Patterns in Linear and
Quadratic
and values.
its opposite are reflections across
determine
maximumnumber
or minimum
they know about Properties of Equalities and
Relationships contains three topics: Extending
x 5 0 and therefore, have the same absolute
compound inequalities.
Linear Relationships, Exploring and Analyzing
value. Students
build from this to understand
Next, students are introduced
to matrices
The ability to look for and make use of

A2_M01_Module Overview.indd 1

and explore their properties. Students then
What is the entry point for
discover the identity matrix and use technology
students?
to calculate inverse matrices. Finally, students
MODULE
1: Exploring
Linear
and Quadratic Relationships
• 1experience solving linear systems
use
matrices
to solvePatterns
systemsinof
linear
Students have
equations in three variables. They learn to use
in two variables. In previous courses, students
matrix equations to identify whether systems
learned to solve systems of linear equations
of equations have one solution, no solution, or
graphically and
They understand
4/8/21algebraically.
9:21 PM
infinitely many solutions.
that solutions are located where the graphs of the
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 Topic Overview
A Topic Overview
describes how the
topic is organized,
the entry point
for students,
how a student
will demonstrate
understanding, why
the mathematics is
important, how the
activities promote
expertise in the
practice standards,
descriptions of the
learning individually
opportunities,
and more detailed
information to help
with pacing.
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Facilitation Notes

1. Materials

Materials required
for the lesson are
identified.

For each lesson, you are provided with detailed facilitation
notes to fully support your planning process. This valuable
resource provides point-of-use support that serves as your
primary resource for planning, guiding, and facilitating
student learning.

2. Lesson Overview

The Lesson Overview
sets the purpose
and describes
the overarching
mathematics of the
lesson, explaining how
the activities build
and how the concepts
are developed.

Systems Redux
Solving Matrix Equations

x
3

MATERIALS

1

Technology that can
operate with matrices

3. TEKs Addressed

The focus TEKS for
each lesson are listed.
Carnegie Learning
recognize that
modeling is not done
in isolation but instead
in relationship to other
TEKS. You will see
these TEKS interleaved
throughout the
course, indicated by
an asterisk (*).

4. ELPS Addressed

The English Language
Proficiency Standards
for each lesson are
listed. As you plan,
consider these ELPS
and determine the
instructional strategies
that you will use to
meet these ELPS.

2

3

4

Lesson Overview
Students are introduced to identity and inverse matrices. They express a system of equation as a
matrix eqution. Students relate solving a matrix equation to solving a linear equation, and then use
technology to solve a matrix equation. As a culminating activity, they model a scenario with a system
of equations, convert it to a matrix equation, solve the matrix equation using technology, and interpret
the solution in terms of the scenario.

Algebra 2
Systems of Equations and Inequalities
(3) The student applies mathematical processes to formulate systems of equations and
inequalities, uses a variety of methods to solve, and analyzes reasonableness of solutions.
The student is expected to:
(B) solve systems of three linear equations in three variables by using Gaussian elimination,
technology with matrices, and substitution.

ELPS
1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas

5

• The multiplicative identity matrix, I, is a square matrix such that for any matrix A, A ? I 5 A.
• The multiplicative inverse of a matrix of a square matrix A is designated as A21, and is a matrix
such that A ? A21 5 I.
• Matrices can be used to solve a system of equations in the form Ax 1 By 1 Cz 5 D by writing
the system as a matrix equation in the form A ? X 5 B, where A represents the coefficient matrix,
X represents the variable matrix, and B represents the constant matrix.
• Technology can be used to solve matrix equations.

5. Essential Ideas

These statements
are derived from the
standards and state
the concepts students
will develop.

LESSON 3: Systems Redux • 1
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6. Lesson Structure
6

This section highlights
how the parts of the
lesson fit within the
instructional design:
Engage, Develop,
and Demonstrate.
A summary of each
activity included.

Lesson Structure and Pacing: 2 Days
Day 1
Engage

7

Getting Started: Black and Gold Track What Sold
Students analyze two different representations of information about a fundraiser. One
representation uses running text to list the number of items sold in two different months and the
other representation presents the same information in matrix form. They respond to questions by
referencing the data and comparing the representations.
Develop
Activity 3.1: Matrices and Their Inverses
The terms matrix, dimensions, square matrix, matrix element, matrix multiplication, identity matrix, and
multiplicative inverse are defined. Using a real-world context, students explore the components of
a matrix. They multiply matrices and use matrix multiplication to determine whether two matrices
are inverses.

7. Pacing

Lessons often span
more than one
40-minute class
period. Suggested
pacing is provided for
each lesson so that
the entire course can
be completed in a
school year.

Day 2
Activity 3.2: Solving Systems with Matrices
Students are introduced to matrices as a way to represent and solve systems of equations. They
analyze a series of worked examples that demonstrate how to express a system of equations as a
matrix equation, how to use technology to solve matrix equations, and how to recognize whether
a matrix equation has many solutions or no solutions. Students conclude the activity by solving
systems of equations with matrices.
Demonstrate
Talk the Talk: Show Us Your Stuff
Students encounter a scenario that can be represented using a system of equations. They write a
system of equations representing the situation, express the system as a matrix equation, and then
use technology with matrices to solve the matrix equation. Students also interpret their solution in
the context of the problem situation.
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8. Facilitation
Notes by Activity

A detailed set of
guidelines walks
the teacher through
implementing the
Getting Started,
Activities, and Talk
the Talk portions of
the lesson. These
guidelines include
an activity overview,
grouping strategies,
guiding questions,
possible student
misconceptions,
differentiation
strategies, student
look fors, and an
activity summary.

Getting Started: Black and Gold Track
What Sold

8

Facilitation Notes

9

In this activity, students analyze two different representations of
information about a fundraiser. One representation uses running
text to list the number of items sold in two different months and the
other representation presents the same information in matrix form.
They respond to questions by referencing the data and comparing the
representations.
Have students work with a partner or in a group to read the problems
and answer Questions 1 through 7. Share responses as a class.

10

11. White Space

The white space
in each margin is
intentional. Use
this space to make
additional planning
notes or to reflect on
the implementation of
the lesson.

11

Summary

12

Data organized in rows and columns allows for easier identification and
interpretation of the information.

Activity 3.1

DEVELOP

Matrices and Their Inverses

Facilitation Notes

10. Differentiation
Strategies

To extend an activity
for students who are
ready to advance
beyond the scope of
the activity, additional
challenges are
provided.

Differentiation strategy
To extend the activity, provide students the first paragraph and
Mr. Black’s records, but do not show them Ms. Gold’s records. Ask
them to organize the information, and then compare their strategies
with Ms. Gold’s organization.
Questions to ask
• What are the advantages to Ms. Gold’s organization?
• How did you identify the data required to respond to this question?
• What order of operations did you use to answer Question 3?
• Is there another order that could have been used to answer
Question 3? If so, explain the process.
• What is another question you could answer by referring to the
data?

9. Activity
Overview

Each set of Facilitation
Notes begins with
an overview that
highlights how
students will actively
engage with the task
to achieve the learning
goals.

ENGAGE

In this activity, the terms matrix, dimensions, square matrix, matrix element,
matrix multiplication, identity matrix, and multiplicative inverse are defined.
Using a real-world context, students explore the components of a matrix.
They multiply matrices and use matrix multiplication to determine
whether two matrices are inverses.
LESSON 3: Systems Redux • 3
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12. Summary

The summary brings the activity to closure. This statement encapsulates the
big mathematical ideas of the particular activity.
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13. Differentiation
Strategies

Have students work with a partner or in a group to read the introduction
and complete Questions 1 and 2. Share responses as a class.

13

To scaffold instruction,
suggestions are
provided for additional
scaffolding or
alternative methods
of instruction to help
struggling students fully
engage in the lesson.

Differentiation strategy
To support students who struggle, remind them that they used
rectangular arrays to model multiplication problems in elementary
school. They also labeled these arrays using the notation row 3 column.
Questions to ask
• What is a matrix?
• How is a matrix like a table? How is a matrix different than a table?
• When identifying the dimensions of a matrix or the location of an
element in a matrix, is the column or row expressed first?
• How is a 2 3 5 matrix different than a 5 3 2 matrix?
• What does the 0 in matrix B represent?
Have students work with a partner or in a group to complete Questions 3
through 5. Share responses as a class.

14

Questions to ask
• Explain why it is necessary to have five values in the second matrix.
• Explain the relationship between a row in the first matrix and the
column in the second matrix.
• Why does the resulting matrix only have four elements?
• Why does it make sense that the resulting matrix has four rows?
Ask a student to read the information following Question 5. Discuss as a
class.
Questions to ask
• How does the apq notation relate to the example?
• Explain how each element in the results matrix is the result of both
multiplication and addition.
Have students work with a partner or in a group to complete Questions 6
through 8. Share responses as a class.
Questions to ask
• How can you tell by the dimensions whether or not you can multiply
two matrices?
• Provide an example of the dimensions of two matrices that can be
multiplied.

15

Differentiation strategy
To scaffold support for all students, provide directions on how to use
technology to multiply matrices.
Have students work with a partner or in a group to complete Questions 9
and 10. Share responses as a class.
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To assist all students, instructional strategies are provided that benefit the full
range of learners.

14. Questions
to Ask
The overarching
questioning
strategies
throughout each
lesson promote
analysis and higherorder thinking skills
beyond simple yes
or no responses.
These questions can
be used to gather
information, probe
thinking, make
the mathematics
explicit, and
encourage reflection
and justification
as students are
working together
or when they are
sharing responses
as a class. These
questions are
an embedded
formative
assessment strategy
to provide feedback
as students are
actively engaged
in learning.
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16. As Students
Work, Look For

These notes provide
specific language,
strategies, and/or
errors to look and
listen for you as you
circulate and monitor
students working in
pairs or groups. You
can incorporate these
ideas when students
share their responses
with the class.

16

Questions to ask
• If the product matrix A ? A21 does not equal the identity matrix I, what
does this tell you about the two matrices?
• How did you calculate each element in the product matrix?

Summary
A matrix is an array of numbers, known as matrix elements, composed into
rows and columns. You can determine an element apq of the product matrix
by multiplying each element in row p of the first matrix by an element from
column q in the second matrix and calculating the sum of the products. The
product of a matrix and its multiplicative inverse is the identity matrix.

17. Misconceptions
Common student
misconceptions are
provided in places
where students
may overgeneralize
mathematical
relationships or
have confusion
over the vocabulary
used. Suggestions
are provided to
address the given
misconception.

As students work, look for
Whether they use mental math or write out all the operations when
calculating the value of each element in the result matrix.

Activity 3.2

Solving Systems with Matrices

Facilitation Notes
In this activity, students are introduced to matrices as a way to represent
and solve systems of equations. They analyze a series of Worked Examples
that demonstrate how to express a system of equations as a matrix
equation, how to use technology to solve matrix equations, and how to
recognize whether a matrix equation has many solutions or no solutions.
Students conclude the activity by solving systems of equations
with matrices.
Ask a student to read the introduction and analyze the Worked Example as a
class. Have students work with a partner or in a group to complete Question 1.

17

Misconception
Students may be confused by the equation A ? X 5 B thinking it is referring
to the same variables as in the referenced equation Ax 1 By 1 Cz 5 D.
Clarify this misunderstanding by explaining that A, X, and B represent
matrices, while A, B, C and D represent constants, and x, y, and z represent
individual variables.
Questions to ask
• How is a coefficient matrix formed?
• Why does the X matrix have three elements?
• Why do you think X is a 3 3 1 matrix?

LESSON 3: Systems Redux • 5
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Differentiation strategies will also provide
other grouping strategies, such as whole class

participation and the jigsaw method, are sometimes
recommended for specific activities. These are listed
as Differentiation Strategies.

4/9/21 5:44 PM

More information
about grouping
strategies is available
online in the MyCL
Portal. Log in at www.
carnegielearning.com.
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18. Grouping
Strategies

• Use the dimensions of A and X to explain why B has the dimensions
it has.

Suggestions appear
to help chunk
each activity into
manageable pieces and
establish the cadence
of the lesson.

Have students work with a partner or in a group to complete Questions 2
and 3. Share responses as a class.
Questions to ask
• Explain how the matrix equation A ? X 5 B is another way to
represent the system of equations.
• How do you account for missing variables in a system of equations
when you represent the system as a matrix equation?
• How would you correct Antoine’s work?

Learning is social.
Whether students
work in pairs or in
groups, the critical
element is that they are
engaged in discussion.
Carnegie Learning
believes, and research
supports, that studentto-student discourse
is a motivating
factor; it increases
student learning and
supports ongoing
formative assessment.
Additionally, it
provides students
with opportunities to
have mathematical
authority.

Have students work with a partner or in a group to complete Question 4.
Share responses as a class.

18

Questions to ask
• How is a coefficient matrix formed?
• Why does the X matrix have three elements?
• Why do you think X is a 3 3 1 matrix?
• Use the dimensions of A and X to explain why B has the dimensions
it has.
Have students read the Worked Example and then work with a partner or in
a group to complete Questions 4. Share responses as a class.
Questions to ask
• According to the Worked Example, what additional step can the
technology do for you when solving a matrix equation?
• How does this error message relate to the system of equations?
Have students read the worked example following Question 4 and complete
Questions 5 through 6.
Differentiation strategy
To scaffold support, provide examples of systems of equations in two
variables for them to solve using the linear combination method to help
them relate to the concepts of many solutions and no solutions in the
worked example.
x 1 2y 5 8
x 1 2y 5 8
3x 1 6y 5 24
3x 1 6y 5 23
Questions to ask
• How can you tell when a matrix equation has many solutions or
no solutions?
• Can you identify whether a matrix equation has many solutions or
no solutions without the use of technology? Explain.
• How did you build an equation to get the results you wanted?
Have students work with a partner or in a group to complete Question 7.

6 • TOPIC 1: Extending Linear Relationships
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Differentiation strategies are provided that will ensure all students acquire the
knowledge of the activity. These strategies provide flexibility within the lesson
to allow for varying student acquisition and demonstration of learning. These
strategies provide suggestions for all students, including those with learning
strengths or learning gaps.

Working collaboratively
can, when done well,
encourage students
to articulate their
thinking (resulting
in self-explanation)
and also provides
metacognitive feedback
(by reviewing other
students’ approaches
and receiving feedback
on your own).
The student discussion
is then transported to
a classroom discussion
facilitated by the
teacher to guarantee all
necessary mathematics
is addressed, one
again, with the same
benefits of discussion.
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Note

The Talk the Talk helps
you to assess student
learning and to make
decisions about
helpful connections
you need to make in
future lessons.

DEMONSTRATE

Talk the Talk: Show Us Your Stuff
Facilitation Notes
In this activity, students encounter a scenario that can be represented
using a system of equations. They write a system of equations representing
the situation, expresss the system as a matrix equation, and then use
technology with matrices to solve the matrix equation. Students also
interpret their solution in the context of the problem situation.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Questions to ask
• Explain how your system of equations models the context.
• How did you rewrite your system of equations using matrices?
• Explain how you used technology to solve your matrix equation.

Summary
A real-world situation that can be modeled by a system of linear equations may
be solved using a matrix equation and technology.
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Position yourself to take full advantage of the richness of the mathematics
addressed in the textbook. The Facilitation Notes provide guidance to reach
each student from their current level of understanding to advance to the next
stage. Place yourself in the position of the student by experiencing the textbook
activities prior to class. Realize your role in the classroom—empower your
students! Step back and let them do the math with confidence in their role
as learner and your role as facilitator of learning.
Janet Sinopoli, Instructional Designer
FM-86 • Facilitating Student Learning
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Supporting English Learners
English learners often face multiple challenges in the
mathematics classroom beyond language development
skills, including a lack of confidence, peer-to-peer
understanding, and building solid conceptual mastery.
The Carnegie Learning Texas Math Solution seeks to
support English Learners as they develop skills in both
mathematics and language.

Answers
1. Let x 5 the number of
one-sixth miles driven.

GETTING STARTED

Let y 5 the total cost of
the taxi ride.

Which Fare Is Fair?
You would like to take a taxi to the airport. There are two local taxi
companies. Friendly’s Cab Company charges $2.60 plus $0.20 per one-sixth
of a mile driven. Anderson Taxi, Inc. charges $5.00 plus $0.10 per one-sixth
of a mile driven.

y 5 0.20x 1 2.60
y 5 0.10x 1 5.00
2.

0

1. Write a system of two linear equations in two variables to
represent this problem situation. Be sure to define your variables.

Anderson:
y = 0.1x + 5
Friendly’s:
y = 0.2x + 2.6
8
16 24
Distance Driven
(in one-sixth miles)

2. Graph the system of equations.

x

3. The solution to the
system of equations
is x 5 24. This is the
x-coordinate of the
point where the two
graphs intersect.
The y-coordinate of this
point is between 7 and 8.

14
The solution to a
system of linear
equations occurs
when the values of
the variables satisfy
all of the linear
equations.

12
10
8
6
4
2
0

4
8
12 16 20 24 28
Distance Driven (in one-sixth miles)

x

3. Estimate the solution to the system of equations.
Justify your reasoning.

For More
Support
Visit the Texas
Support Center
for many more
resources to support
you and your
students who are
English Learners.
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These tips:
• Inform teachers of
potential learning
obstacles specific to
the lesson.
• Provide engaging
activities for learning
and assessment.
• Reinforce newly
acquired mathematic
language to gain an
increasing level of
comprehension of
English.
• Introduce students
to language needed
to understand a
specific context.
Students internalize
new content language
by using and reusing it
in meaningful ways in
a variety of different
speaking activities
that build concept and
language attainment.

y

Remember:

Cost (dollars)

Cost (dollars)

y
14
12
10
8
6
4
2

Throughout instruction,
EL tips are placed for
teachers at point-of-use
on the mini-lesson
page in the TIG. They
provide additional
modifications to
support this special
population.
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ELL Tip
Make sure students are familiar with what a taxi or taxicab is by
comparing it to other similar transportation services.
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Assessments
Formative assessment tools are provided throughout
each lesson and workspace, providing you with ongoing
feedback of student performance and encouraging
students to monitor their own progress. End of Topic
summative assessments are provided to measure student
performance on a clearly denoted set of standards. For
certain Topics that extend longer than four instructional
weeks, a standardized Mid-Topic Assessment is also provided.
End of Topic
Assessment

EXTENDING LINEAR RELATIONSHIPS

Multiple choice
questions help
students prepare
for standardized
tests. All items are
multiple choice.

End of Topic Assessment
Name
1.

Date

A vendor at a craft show sold items for $4.50, $6.00, and $7.50. Altogether, the vendor sold
87 items for a total of $489. The vendor sold 5 more items for $6.00 than for $7.50. Which
system of equations could you use to determine how many of each item were sold?
a.
x + y + z = 489
z=y+5
4.5x + 6y + 7.5z = 87
b.
x + y + z = 489
y=z+5
4.5x + 6y + 7.5z = 87
c.
x + y + z = 87
y=z+5
4.5x + 6y + 7.5z = 489
d.
x + y + z = 87
z=y+5
4.5x + 6y + 7.5z = 489

EXTENDING LINEAR RELATIONSHIPS: Standardized Test • 1
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Assessing Student Learning
in MATHia

MATHia provides easy-to-use reports for you to have insight into your class and
individual student's progress. Data from these reports create action—whether
determining how many students are mastering standards, to grouping your
students into smaller learning groups, and teacher-student conferencing.

Carnegie Learning

https://www.carnegielearning.com/…
Hello, Jane Doe

REPORTS
APLSE Report

Session Report

Standards Report

Student Detail Report

APLSE Report: All Students
DATE RANGE

4

From

Export

09/08/17

To

KEY

05/08/18

Proficient

1 STUDENT APPROACHING

STUDENTS ON TRACK



Current

APLSE OVER TIME

Approaching Proficiency

3

Projected

Print

Needs Remediation

STUDENTS OFF-TRACK

38%

600
400
200

 Class View:
The class view of the
APLSE Report provides
insight into the current
overall progress of
the entire class as
well as the current
projection of year-end
performance.

SCORE DISTRIBUTION

0
08

08

8

0
11/

10/

09/

AVERAGE WORKSPACES
COMPLETED

08

08

12/

01/

08

02/

08

03/

AVERAGE IMPROVEMENT

41%

08

08

05/

04/

AVERAGE HINTS AND
ERRORS

50%

12.5%

37.5%

AVERAGE PACE

75%
On-Track

The Adaptive
Personalized Learning
ScorE (APLSE) Report
is a predictive report
that displays class
and student progress
over time. The APLSE
Report takes all
aspects of a class or
student's work into
consideration and
provides each class
and student with an
APLSE Score.

as of 05/08/18

AVERAGE APLSE

991
800

APLSE

On-Track

On-Track
©2017 Carnegie Learning Inc

Carnegie Learning

https://www.carnegielearning.com/…
Hello, Jane Doe

REPORTS
APLSE Report

Session Report

Standards Report

APLSE Report: Sam Stevens
DATE RANGE

From

Export

02/10/18

To



Student Detail Report

KEY

06/02/18

Proficient

Approaching Proficiency

Print
Needs Remediation

RESET

SHOWING FILTERED DATE RANGE: 03/10/17–03/16/17

Current

APLSE OVER TIME

Projected

as of 03/24/18

CURRENT APLSE

1000
800

 Student View:
The student view of
the APLSE Report
displays the student's
current APLSE Score,
and whether or not
the student is on
track to complete the
curriculum by the end
of the class.

71%

600
400
200

On-Track

0
10

02/

24

02/

WORKSPACES COMPLETED

6%

10
03/

24

03/

07

04/

21

04/

IMPROVEMENT

05

05/

19

05/

02

06/

HINTS AND ERRORS

COMPARED TO CLASS MEAN: 38%

PACE

34%
On-Track

Approaching

Approaching
©2017 Carnegie Learning Inc
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Session Report

The Session Report is
designed to give you
a day-to-day view of
work being completed
by students.

Carnegie Learning

https://www.carnegielearning.com/…

APLSE Report

Session Report

Standards Report

From

AVERAGE MINUTES

Export

06/15/18

To


Student Name

Print

Reset

06/26/18


AVERAGE PROBLEMS COMPLETED

20



Student Detail Report

Session Report: All Students
DATE RANGE

 Class View:
The class view of this
report gives you a
clear view of student
work completed during
a single class period, a
week in the lab, or up
to a five-week stretch.

Hello, Jane Doe

REPORTS



Go



AVERAGE WORKSPACES COMPLETED

6

1

Duration

Problems Completed

Workspaces Completed

Total Errors

Total Sessions

Steve Allen

0m 0s

0

0

Total Hints Requested
0

0

0

Peter Curry

51m 34s

18

2

4

16

Daphne Hall

35m 2s

9

1

4

8

1

Scott Jones

27m 59s

4

0

0

9

1

2

Steve Palmer

0m 0s

0

0

0

0

0

Jennifer Prince

0m 0s

0

0

0

0

0

54m 6s

16

Bob Rothstein

5

3

0m 0s

0

0

0

0

0

10m 16s

9

1

2

14

2

Annette Smith
Sara Zatara

2

1

©2017 Carnegie Learning Inc

 Student View:
All the metrics from
the Class Session
Report are the same
for the Student Session
Report, except instead
of class averages, you
see actual individual
student metrics for the
selected date range.

Carnegie Learning

https://www.carnegielearning.com/…
Hello, Jane Doe

REPORTS

APLSE Report

Session Report

Standards Report

Student Detail Report

Session Report: Bob Rothstein
DATE RANGE

TOTAL MINUTES

From

Export

06/15/18

To


55

Print

Reset

06/26/18

TOTAL PROBLEMS





16

Go





TOTAL WORKSPACES COMPLETED

2

Select a row to display more detail
Date

Session Start Time

Duration

Problems Completed

Workspaces Completed

Total Hints Requested

06/22/18

8:45:19 AM

9m 52s

5

1

0

Total Errors

06/24/18

3:08:36 PM

24m 39s

9

1

0

3

06/26/18

10:48:18 AM

20m 5s

2

0

1

1

1

©2017 Carnegie Learning Inc
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Standards Report
Hello, Jane Doe

REPORTS

APLSE Report

Session Report

Standards Report

Student Detail Report

Standards Report: All Students
Proficient

KEY

Export
Approaching Proficiency

PROGRESS

14%

OF ASSIGNED STANDARDS COMPLETED

Needs Remediation

36


Print

Not Started

4 APPROACHING
PROFICIENCY

PROFICIENT

19

The Standards Report
is designed to provide
an easy view into how
well students are
mastering, or have
mastered, specific
standards.

NEEDS
REMEDIATION

59 OF 429 STANDARDS COMPLETED

STANDARD DETAIL

Click Domain to Expand Expand All

Domain / Standard

Performance

6.G Geometry

Progress (% of Workspaces)

Not Started

0.00%

6.RP Ratios and Proportional Relationships

80.00%

6.NS The Number System

66.67%

6.EE Expressions and Equations

65.63%

6.SP Statistics and Probability

Not Started

0.00%

7.G Geometry

Not Started

0.00%

7.EE Expressions and Equations

Not Started

0.00%

HSS.ID Interpreting Categorical and Quantitative Data

Not Started

0.00%

7.RP Ratios and Proportional Relationships

 Class View:
The class view
of the Standards
Report displays
summary-level data
for progress and
performance on the
standards assigned in
the curriculum.

©2017 Carnegie Learning Inc

Hello, Jane Doe

REPORTS

APLSE Report

Session Report

Standards Report

Student Detail Report

Standards Report: Bob Rothstein
KEY

Proficient

PROGRESS

30%

Export

Approaching Proficiency

OF ASSIGNED STANDARDS COMPLETED

Needs Remediation

10



Not Started

0 APPROACHING
PROFICIENCY

PROFICIENT

Print

0

 Student View:
The Student
Standards Report
displays progress
and performance
data on the
standards assigned
in the curriculum.

NEEDS
REMEDIATION

10 OF 33 STANDARDS COMPLETED

STANDARD DETAIL
Domain / Standard

Click Domain to Expand Expand All
Performance

Progress (% of Workspaces)

6.G Geometry

Not Started

6.RP Ratios and Proportional Relationships

Proficient

0.00%
80.00%

6.NS The Number System

Proficient

33.33%

6.EE Expressions and Equations

Proficient

67.33%

6.SP Statistics and Probability

Not Started

0.00%

7.G Geometry

Not Started

0.00%

7.RP Ratios and Proportional Relationships

Proficient

7.EE Expressions and Equations

Not Started

0.00%

HSS.ID Interpreting Categorical and Quantitative Data

Not Started

0.00%

©2017 Carnegie Learning Inc
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Student Detail
Report

The Student Detail
Report provides
detailed information
about the class and
student progress
and performance
at the module, unit,
and workspace levels
in MATHia.

 Class View:
The class summary
view of the Student
Detail Report monitors
class-level progress
through the software.
The data shows
the current module
placement for all
students in the class,
displaying totals for
percentage of the
syllabus completed,
time spent on task,
and completed
modules, units, and
workspaces.
 Student View:
The Student Detail
Report monitors
student progress
and efforts in very
specific content areas.
The report identifies
student progress
across the entire
syllabus, including
syllabus, module,
unit, and workspace
completion status,
total time spent
in each unit, and
performance scores
for each completed
workspace.
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REPORTS

APLSE Report

Session Report

Standards Report



Student Detail Report

Student Detail Report: All Students

Export

Print

Student Usage Totals
Student Name

% Syllabus
Complete

Average Performance
Score (out of 100)

Current Module

Adams, Janet

76

100

Time on Task
(in minutes)

Modules
Completed

Units
Completed

Workspaces
Completed

One-Step Equations …

637

4

10

56

Baker, Lindsey

44

88

Numeric and Algebraic …

90

3

6

37

Bartlett, Michael

53

77

Numeric and Algebraic …

707

3

8

39

Franklin, Sam

45

78

Numeric and Algebraic …

422

3

6

33

Harrison, Sara

49

61

Numeric and Algebraic …

566

3

6

36

Jacobs, Beth

35

92

Ratios, Rates, and Percents …

551

2

5

26

Ming, Jo

32

90

Ratios, Rates, and Percents …

300

2

5

24

Peterson, Phillip

0

0

Not Started

0

0

0

0

Ruiz, Marco

36

87

Ratios, Rates, and Percents …

101

2

5

27

Trazzoli, Kim

49

100

Numeric and Algebraic …

96

3

7

36

Tresport, Jacob

4

100

One-Step Equations and …

8

1

1

3

Williams,Shania

5

100

Fraction and Decimal …

27

0

0

4

99

Pre-Launch Protocol

1

0

0

1

Zeller, Trevor

1
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Session Report

Standards Report

Student Detail Report

Student Detail Report: Sam Stevens
Syllabus Status



Export

Print

55% Complete

Module: Pre-Launch Protocol

100% Complete

Unit 1: Pre-Launch Protocol
Complete!
Workspace

Step-by-Step

Performance
(out of 100)

Time

Check for Understanding

-

100

0m 15s

Complete

Pre-Launch Protocol

-

100

3m 8s

Complete

Module: Fraction and Decimal Operations

Completion Status

100% Complete

Unit 1: Fraction Division
Complete!
Workspace

Step-by-Step

Performance
(out of 100)

Time

Check for Understanding

-

95

0m 19s

Completion Status
Complete

Representing Fraction Division

-

100

2m 2s

Complete

Interpreting Remainders Using Models

0 of 1

100

7m 19s

Complete

Developing the Fraction Division Algorithm

-

100

2m 23s

Complete

Multiplying and Dividing Rational Numbers

0 of 2

100

5m 55s

Complete

Unit 2: Decimal Operations
Complete!

©2017 Carnegie Learning Inc
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Reporting Scenarios
Each time students log into MATHia, each student's data
is constantly recorded and assessed while the software
is also adapting programmatically to the mastery level of
each individual student. You can use our reporting system
to continually assess this progress and use the results to
create individualized, data-driven learning plans.

Additional reports are
available. The full set
of MATHia reports are
located in the Teachers
Toolkit in MyCL.

The table shown describes how MATHia reports can be used at the individual
student or class level.

IF YOU WOULD LIKE TO …

THEN, RUN THIS REPORT:

CLASS OR STUDENT VIEW

Student Detail Report

Class View

Prepare for parent conferences
or IEP meetings

APLSE Progress Report or
Student Detail Report

Student View

Locate class-level summary data
helpful for grading

APLSE Progress Report

Student View

Group students according to
standards progress

Standards Report

Class View

Summarize class progress in
the curriculum

Student Detail Report

Class View

View a summary of how a student is
progressing in the software

Student Detail Report

Student View

Session Report

Student View

Session Report or
Student Detail Report

Student View

Identify current student placement in
a class

Identify a student’s most recent session

Summarize student usage data

Facilitating Student Learning • FM-93
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GETTING READY

Carnegie Learning recognizes that it is the classroom teachers
who make the material come alive for students, transforming
the way math is taught. Implementation requires integrating
learning together and learning individually.
PREPARE
YOURSELF

Prepare for Learning Together

The most important first step you can take in preparing to teach with these
instructional materials is to become comfortable with the mathematics.
•

Read through the Module 1 Overview and the Topic 1 Overview.

•

Do the math of the first Topic, and consider the facilitation notes.

•

Prepare team building activities to intentionally create a studentcentered environment.

Prepare for Learning Individually

Plan how you will introduce students to MATHia. Explain to them the benefits of
working individually and why practice is important.
•

Test out the computers or tablets that your students will be using.

•

Set up classes in Teacher's Toolkit.

•

Assign yourself to your class so you can work through the math, too.

Prepare for Connecting the Text
and MATHia

Think about strategies to help students make connections between the two
learning experiences.
•

Structure both environments similarly (e.g., warm-up, student work
time, and closure). Provide closure around the mathematical concepts
encountered each day in either environment to ensure a smooth
transition. Additionally, use this time to celebrate student successes.

•

As students work in the textbook, specifically ask, “Remember doing this
in MATHia?” or “How would you answer this in MATHia?”

•

As students work on the software, specifically ask, “How did we solve this
in the textbook?” or “Does this look similar to a problem that we’ve done
in the textbook?”

FM-94 • Getting Ready
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Prepare the Environment

The classroom is often considered the third teacher. Consider how to create a
learning environment that engages students and fosters a sense of ownership.
The use of space in your classroom should be flexible and encourage open
sharing of ideas. If you are in person, consider the following:
•

Consider how your students are going to use the consumable book. It is the
student’s record of their learning. Many teachers have students move an
entire topic to a three-ring binder as opposed to carrying the entire book.

•

Arrange your desks so students can talk and collaborate with each other.

•

Prepare a toolkit for groups to use as they work together and share their
reasoning (read the materials list in each Topic Overview).

•

Consider where you will display student work, both complete and
in-progress.

•

Create a word wall of key terms used in the text and MATHia.

Prepare the Learners

If you expect students to work well together, they need to understand what it
means to collaborate and how it will benefit them. It is important to establish
classroom guidelines and structure groups to create a community of learners.
•

Facilitate team building activities and encourage students to learn each
others' names.

•

Set clear expectations for how the class will interact:
ü

ü

ü

ü

PREPARE
YOUR CLASSROOM

PREPARE
YOUR STUDENTS

Their text is a record of their learning and is to be used as a
reference for any assignments or tests you give.
They will be doing the thinking, talking, and writing in your
classroom.
They will be working and sharing their strategies and reasoning with
their peers.
Mistakes and struggles are normal and necessary.

Prepare the Support
•

Prepare a letter to send home on the first day.

•

Encourage guardians to read the introduction of the student book or visit
our website at www.carnegielearning.com.

•

Ensure that guardians receive the Family Guide at the start of the first
topic and each subsequent topic.

•

Consider a Family Math Night some time within the first few weeks of the
school year.

•

Encourage guardians to explore the Students & Caregivers Portal on the
Texas Support Center at www.CarnegieLearning.com/texas-help

PREPARE
GUARDIANS

Getting Ready • FM-95
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Home Connection
Research has proven time and again that family engagement
greatly improves a student’s likelihood of success in school.
The Students & Caregivers Portal on the Texas Support Center provides:
•

Getting to Know Carnegie Learning video content to provide an introduction
to the instructional materials and research.

•

Getting Started Guide with system requirements for MATHia.

•

Articles and quick tip videos offering strategies for how guardians can support
student learning. Visit the Texas Support Center regularly to access
new content and resources for students and caregivers as they learn
mathematics in a variety of environments outside of the classroom.

FAMILY GUIDES
Each topic contains a Family Guide that overviews the mathematics of the
topic, how that math is connected to what students already know, and how that
knowledge will be used in future learning. It also incorporates an illustration of
math from the real-world, a sample standardized test question, and a few of
the key terms that students will learn.
We recognize that learning outside of the classroom is crucial to students’
success at school. While we don’t expect parents to be math teachers, the
Family Guides are designed to assist caregivers as they talk to their students
about what they are learning. Our hope is that both the students and their
parents will read and benefit from the guides.

Carnegie Learning Family Guide

Algebra II

Module 1: Extending Linear Relationships
TOPIC 1: EXTENDING LINEAR
RELATIONSHIPS

Where have we been?

Students begin this topic by reviewing what

experiences with linear functions. Students

they know about systems of linear equations.
They apply this knowledge to solve systems
involving a linear and a quadratic equation
and systems of three linear equations in three
variables. Students also use systems of linear
inequalities and linear programming to model
optimal solutions to real-world situations.
They use matrices to solve systems of linear

Systems

Students enter this topic with a wide range of

Your body is an amazing collection of different systems. Your
cardiovascular system pumps blood throughout your body, your

have set up and solved systems of equations
since late middle school and early high school.
They have investigated properties of real

skeletal system provides shape and support, and your nervous
system controls communication between your senses and your
brain. Your skin, including your hair and fi ngernails, is a system all by

numbers, including the multiplicative identity

itself—the integumentary system—and it protects all of your body’s

and multiplicative inverse. In this topic,

other systems. You also have a digestive system, endocrine system,

students will extend these properties to a

excretory system, immune system, muscular system, reproductive

new object—a matrix.

system, and respiratory system.

equations in three variables.

Where are we going?

Next, they calculate the absolute value of

Although derived from linear relationships,

given values before considering the linear

linear absolute value functions are more

Talking Points

Key Terms

absolute value function. Students first

complex than the linear functions students

Absolute value is an important topic to know

linear programming

graph the function f(x) 5 x, and then graph

have dealt with previously. They share enough

about for college admissions tests.

f(x) 5 |x| and f(x) 5 |2x|, discussing how

characteristics with linear functions to be

each graph changed. Students explore

familiar to students, but they also serve as

transformations of the function before

a bridge to the nonlinear functions they will

What are the values of n and p so that

on a region produced by a system of linear

moving on to solve and graph linear

study during the remainder of this course:

2n|2p 2 6| > 0?

inequalities.

absolute value equations and inequalities

quadratic functions, polynomial functions, and

matrix

based on real-world situations.

radical and rational functions.

For the product to be greater than 0, the

Linear Absolute Value Function

5

The coordinate plane shows the graph of the linear

4

absolute value function f(x) 5 22|x 2 1| 1 4.

3

The graph increases to a vertex and then

2

decreases and is symmetric across a
vertical line through the vertex.

Here is an example of a sample question:

factors must be either both greater than 0 or
both less than 0.

y

Since one of the factors is an absolute value,
the factors cannot be both less than 0, so
they are both greater than 0.
This means that n must be less than 0, and p

1
–5

–4

–3

–2

–1 0
–1

1

2

3

4

5x

–2

cannot be equal to 3.

Linear programming is a branch of
mathematics that determines the maximum
and minimum value of linear expressions

A matrix (plural matrices) is an array of
numbers composed of rows and columns.
absolute value
The absolute value of a number is its distance
from zero on the number line.
line of reflection
A line of reflection is the line that the graph
is reflected across.

The solution is all values such that n , 0

linear absolute value equation

and p ﬁ 3.

An equation in the form |x 1 a| 5 c is a linear
absolute value equation.

–3
–4
–5
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YOU MIGHT
BE WONDERING. . .

Why do we believe in our brand of blended: Learning Together and
Learning Individually?
There has been lots of research on the benefits of learning collaboratively.
Independent practice is necessary for students to become fluent and automatic
in a skill. A balance of these two pieces provides students with the opportunity
to develop a deep conceptual understanding through collaboration with their
peers, while demonstrating their understanding independently.

Why don’t we have a Worked Example at the start of every lesson?
Throughout the Texas Math Solution, we do provide worked examples. Sweller
and Cooper (1985) argue that worked examples are educationally efficient
because they reduce working memory load. Ward and Sweller (1990) found that
alternating between problem solving and viewing worked examples led to the best
learning. Students often read worked examples with the intent to confirm that they
understand the individual steps. However, the educational value of the worked
example often lies in thinking about how the steps connect to each other and how
particular steps might be added, omitted or changed, depending on context.

Where are the colorful graphics to get students’ attention?

CUSTOMER
SUPPORT
The Carnegie Learning
Texas Support Team is
available to help with
any issue.
Monday–Friday
8:00 am–8:00 pm CT
via email, phone, or
live chat
Our expert team
provides support
for installations,
networking, and
technical issues,
and can also
help with general
questions related to
pedagogy, classroom
management, content,
and curricula.

Color and visuals make for stronger student engagement, right? Not quite. Our
instructional materials have little extraneous material. This approach follows
from research showing that “seductive details” used to spice up the presentation
of material often have a negative effect on student learning (Mayer et al., 2001;
Harp & Meyer, 1998). Students may not know which elements of an instructional presentation are essential
and which are intended simply to provide visual interest. So, we focus on the essential materials. While
we strive to make our educational materials attractive and engaging to students, research shows that only
engagement based on the mathematical content leads to learning.

Why is this book so big?
Along with MATHia, the Student Edition contains all the resources students need to complete the course.
The book is intentionally designed to actively engage students, topic-by-topic, creating a record of their
learning as they go. There is room to record answers, take notes, draw diagrams, and fix mistakes.

Why are there so many words?
Using scenarios provides students with opportunities to connect to their intuitive understanding of the world,
make sense of problems and their solutions in context, and solve those problems in more creative ways.
Math is about more than solving equations or formulas—it’s about reasoning, persevering through problems,
and relating math to the real world. Our classroom activities emphasize active learning and making sense
of the mathematics, and we ask deep questions that require students to thoroughly understand the
material—including “Thumbs Up”/”Thumbs Down” and “Who’s Correct?” questions, which give students the
opportunity to analyze and critique the reasoning of others. The development of mathematical language is
critically important, so we provide extensive activities and supports to help students along the way.
Getting Ready • FM-97

A2_FM_TIG_Vol 1.indd 97

6/8/21 9:05 PM

Notes

If you have questions, reach out to us for support. Our team of master practitioners have been
where you are. We made mistakes and we learned from them. We want to help you. We have
many professional development options. Whether we come to your school for a workshop, join
you in your classroom for modeling or coaching, or you join us online for a webinar or an entire
course, our goal is to make sure you feel supported and prepared to use the tasks you’ll find in
this book to their fullest!
Kasey Bratcher, Senior VP of Professional Learning
FM-98 • Notes
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MODULE 1

EXPLOR!NG PATT3RN5
IN LINEAR AND QUADRATIC
RELATIONSHIPS

Topic 1 Extending Linear Relationships 
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Topic 3 Applications of Quadratics 

221
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Module 1 Overview
Exploring Patterns in Linear and Quadratic Relationships
“Linear programming can be viewed as part of a great revolutionary development which has given
mankind the ability to state general goals and to lay out a path of detailed decisions to take in order to
‘best’ achieve its goals when faced with practical situations of great complexity.” (George Dantzig)

Why is the Module named
Exploring Patterns in Linear
and Quadratic Relationships?
The ability to look for and make use of
structure is important in the study of functions.
In this course, students transition from the
simpler functions of earlier courses—linear,
quadratic, and exponential—to the complexity
of polynomial, rational, radical, and logarithmic,
functions. Knowing the key and defining
characteristics of each function type helps
students to build a systematic understanding of
algebraic functions and their relationships. This
module broadens students’ experiences with
systems of equations. They learn strategies to
solve more complex systems that can model
more complex real-world phenomena. Students
recall the structure of quadratic functions
degree-2 polynomials—a familiar function type
from previous courses.

Patterns, and Applications of Quadratics. The
module extends what students know about
linear functions by introducing new strategies
for solving systems of equations, graphing
and solving inequalities, and absolute value
functions. The topics in this module extend
students’ familiarity with linear relationships to
derive absolute value functions and to solve
problems involving linear systems with more
than two equations and two variables.
To begin Extending Linear Relationships,
students review what they have learned about
solving a system comprising two equations
and two variables by solving graphically and
algebraically. Systems are extended to include
three equations and three variables, and
students learn to use Gaussian elimination to
find solutions. They review systems of linear
inequalities and use linear programming to
determine optimal solutions to a real-world

 hat is the mathematics of
W
Exploring Patterns in Linear
and Quadratic Relationships?

problem. Finally, students explore matrices.
Then, students are reminded of what they
know about the absolute value of a number. A

Exploring Patterns in Linear and Quadratic

number and its opposite are reflections across

Relationships contains three topics: Extending

x 5 0 and therefore, have the same absolute

Linear Relationships, Exploring and Analyzing

value. Students build from this to understand

MODULE 1: Exploring Patterns in Linear and Quadratic Relationships • 1A
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that taking the absolute value of a function

and regressions to the quadratic function

reflects the negative y-values across the x-axis,

family. Throughout the topic, students solve

or the line y 5 0. The visual representation of

problems in context that require a combination

an absolute value function allows students to

of these skills and make sense of their solutions

see that there are two x-values associated with

in terms of the problem situation.

each y-value. From this intuitive understanding,
students combine what they know about
solving equations and inequalities to solve
absolute value equations and inequalities.
Exploring and Analyzing Patterns focuses on the
different representations of functions. Students
begin the topic exploring three different
patterns that are modeled by functions
from three different function families. After
describing and extending the patterns, students
represent them numerically, graphically, and
algebraically. They determine whether different
expressions representing each function are
equivalent both graphically and algebraically.
Students then dive deep into the structure of
degree-2 polynomials. They write quadratic
equations given two or three points, and they
solve quadratic equations using Properties of
Equality, factoring, completing the square, and
the Quadratic Formula. Students explore the
complex number system, operate with complex
numbers, and learn to solve quadratics
equations with complex solutions.
In Applications of Quadratics, students apply
what they know about inequalities, systems,

 ow is Exploring Patterns
H
in Linear and Quadratic
Relationships connected to
prior learning?
Students use what they know about the
absolute value of numbers to understand and
solve absolute value equations.
Students have had extensive experience
solving systems of equations graphically
and algebraically, and their understanding
of the structure of equations now prepares
them to model more complex situations that
require more than two equations and two
variables. Throughout their study of algebra,
students are expected to construct, solve, and
graph equations to represent relationships
between two quantities. This module provides
students with opportunities to develop
strategies focused mainly on linear equations,
functions derived from linear relationships, and
quadratic functions. As they continue on their
mathematical journeys, they will encounter
many nonlinear functions, including degree-3
polynomials, rational, and radical functions.
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 hen will students use the
W
knowledge from Exploring
Patterns in Linear and
Quadratic Relationships in
future learning?
Students will spend the remainder of this
course studying more complex nonlinear
functions. They will use what they know about
linear functions, linear systems, and functions
derived from linear relationships to generalize
to all function types. Students will use what
they know about multiple representations
of functions and the structure of functions
and their key characteristics to expand the

with which they can model scenarios. They will
analyze each type of function that follows—
rational, radical, exponential, and logarithmic—
using the same representations and strategies
that they are learning in this module. The
importance of analyzing the structure of the
function is invaluable to this later work with
complex function types.
Students who choose to pursue careers
in engineering, economics, statistics, and
mathematics will model complex scenarios in
systems of equations and will learn to program
machines to perform the computations.

inventory of functions that they know and
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TOPIC 1

Extending Linear Relationships

Absolute value functions are V-shaped, like this skein of geese. (Did you know that a group of geese is called a skein in
the sky, but a gaggle on the ground?)

Lesson 1

Gauss in Das Haus
Solving Systems of Equations�������������������������������������������������������������������������������������������������7

Lesson 2

Make the Best of It
Optimization���������������������������������������������������������������������������������������������������������������������������29

Lesson 3

Systems Redux
Solving Matrix Equations�������������������������������������������������������������������������������������������������������41

Lesson 4

Putting the V in Absolute Value
Defining Absolute Value Functions and Transformations �����������������������������������������������57

Lesson 5
Play Ball!

Absolute Value Equations and Inequalities �����������������������������������������������������������������������77
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Extending Linear Relationships
Topic 1 Overview

 ow is Extending Linear
H
Relationships organized?
Extending Linear Relationships advances students’
ability to solve systems of equations. The
topic begins with a review of a system of two
linear equations in two variables, including the
graphing, substitution, and elimination methods
for solving systems of two linear equations.
Students recall what the solution to a system
of equations means, as well as the cases of no
solution or infinite solutions. The methods of
solving are then applied to systems of three
linear equations in three variables. Students then
learn Gaussian elimination as an algorithm for
solving linear systems of equations.
Students also use systems of linear inequalities
to model optimal solutions to real-world
situations. They write linear inequalities to
represent constraints in a given scenario and
then combine inequalities to create a system that
encompasses all of the constraints. Students use
graphical representations to determine solutions.
Finally, they explore linear programming, where
they use the vertices of the solution region to
determine maximum or minimum values.
Next, students are introduced to matrices
and explore their properties. Students then
discover the identity matrix and use technology
to calculate inverse matrices. Finally, students
use matrices to solve systems of linear
equations in three variables. They learn to use
matrix equations to identify whether systems
of equations have one solution, no solution, or
infinitely many solutions.

Students calculate the absolute value of given
values before considering the linear absolute
value function. To help students understand the
structure of a linear absolute value function and
its graph, students think about an absolute value
function as a linear function that has a reflection
across the x-axis (or the D-value as the functions
get more complex). They first graph the function
f(x) 5 x; next they graph f(x) 5 |x| and discuss
how the graph changes. The process is repeated
for f(x) 5 |2x|. Now comfortable with the shape
of the graph of an absolute value function,
students explore transformations of the A-, B-, C-,
and D-values. They make generalizations about
the effect of these transformations on the graph
of a given function and its key characteristics.
Students move from these abstract experiences
with transformation to solving and graphing
linear absolute value equations and inequalities
based on real-world situations. Students begin
with a graphical representation of a linear
absolute value function and use a horizontal
line to solve an equation or an inequality. With
a solid visual understanding of the structure of
a linear absolute value function, students then
solve these equations and inequalities using what
they know about Properties of Equalities and
compound inequalities.

 hat is the entry point for
W
students?
Students have experience solving linear systems
in two variables. In previous courses, students
learned to solve systems of linear equations
graphically and algebraically. They understand
that solutions are located where the graphs of the
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equations intersect and that the solutions make
each equation true. In a previous course, students
expanded on their ability to solve systems,
adding linear combinations to their repertoire
of strategies. This topic uses this knowledge to
solve more complex systems, including those
containing three variables and three equations.
Students have transformed linear functions,
focusing primarily on vertical dilations, vertical
translations, and reflections. They have learned
that absolute value is a measure of magnitude
and have calculated the absolute value of a given
number. They combine this knowledge to graph
and transform linear absolute value equations.
Students use their knowledge of solving linear
equations in one variable to solve absolute
value equations. They have previously solved
compound linear inequalities and build on those
experiences to solve absolute value inequalities.

 ow does a student
H
demonstrate understanding?
How does a student
demonstrate understanding?

Students will demonstrate understanding in
Extending Linear Relationships if they can:
• Define a system of equations and solution of
a system.
• Solve a system of equations using graphing,
substitution, linear combinations, and matrices.
• Explain why some systems have no solutions
or infinitely many solutions.
• Explain that a point of intersection on the
graph of a system of equations represents a
solution to both equations.
• Use Gaussian elimination to solve a system
of three equations and three variables
algebraically.
• Model a real-world scenario with a system of
equations or inequalities.

• Interpret solutions to a system of equations
or inequalities in terms of a context.
• Graph a system of linear inequalities on
a coordinate plane and locate points that
satisfy the system.
• Represent a system of linear equations as a
matrix equation.
• Solve a system of three linear equations using
inverse matrices on a graphing calculator.
• Graph an absolute value function.
• Describe the key characteristics of the graph
of a linear absolute value function.
• Transform an absolute value function and a
linear piecewise function, noting the results
of changing the A-, B-, C-, and D-values.
• Solve absolute value equations and
inequalities using a graph or the Properties
of Equality.

 Why is Extending Linear
Relationships important?
Throughout the rest of this course, students
will use the connection between graphical
and algebraic representations to determine
solutions to problems. Knowing how to
represent and solve systems with matrices
extends students’ ability to solve much larger
systems with more than two equations.
Students who choose to pursue engineering,
computer science, economics, and mathematics
fields will use systems to analyze and solve
complex problems and will learn to program
machines to complete the calculations. The
ability to set up models and analyze solutions
in terms of the context are critical skills in these
fields of study and careers.
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How do the activities in Extending
Linear Relationships promote
student expertise in the
mathematical process standards?
All Carnegie Learning topics are written with
the goal of creating mathematical thinkers
who are active participants in classroom
discourse, so productive habits of mind are
evident in all lessons. Students are expected
to make sense of problems and work
towards solutions, reason using concrete
and abstract ideas, and communicate their
thinking while providing a critical ear to the
thinking of others.

Students make use of structure as they relate
the process of matrix multiplication to solving
a system of equations in three variables.
They also make use of structure as they use
transformations to graph linear absolute
value functions. Students use mathematics
to model typical problems in context as they
represent real-world scenarios with a system
of equations or inequalities.

Materials Needed
Graphing Technology
Technology that can operate with matrices
Masking Tape
Markers

TOPIC 1: Extending Linear Relationships • 3C

A2_M01_T01_Topic Overview.indd 3

5/28/21 11:37 AM

New Tools and Notation
You can solve matrix equations using a process that is similar to the one you use to solve linear equations.

Worked Example
Solving Linear Equations

Description

Solving Matrix Equations

2
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  3 x 5 8

2x 1 y 5 26
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1 3
A ? X 5 B

   2 )(  3 )x 5(  2 )18
(
3
__

2
__

3
__

Multiply each
side by the
multiplicative
inverse.

A

21

3
1⎤
⎡ __
  5  2 __
5
5       
  
1 __
2
__
2 

 
⎣ 5 5 ⎦

⎢

⎥

3
3
1⎤
1⎤
⎡ __
⎡ __
  5  2 __
  5  2 __
5 2 1 x
5  26
      
   [    ] [y  ]5       
       
1 __
2
1 __
2 [ 7 ]
__
__
1 3
⎣2  5    5  ⎦
⎣2  5    5  ⎦

⎢

⎥

A21 ?
1x 5 27

A number
times its
multiplicative
inverse
equals the
identity.

⎢

A

?

⎥

X 5    A21

?

B

⎡ __
3
3
1
1 ⎤
 1(
 2 __
 __
  5 )1 1 (
 2 __
   5 )2
(
5 )1 (
5 )3 x
    
 
 [ y   ] 5
1
2
1
2
__
__
__
 2 __
 
2

1

 
 
1


2 
 
1

1

 
 
3

⎣(
(
)
(
)
)
(
)
5
5
5
5 ⎦

⎢

⎥

⎡ __
3
1 ⎤
(  5 )(26) 1 (
 2 __
5 )7

   
 
1
2
__
 2 __

(

26)
1

 

7

⎣(
⎦
(
)
)
5
5

⎢

⎥

⎡ ___
18
7 ⎤
 2 __
(2  5 ) 1 (
5 )
1 0 x
[   ] [y   ] 5      
6
14
0 1
__
 ___
  5 )⎦
⎣      (  5 ) 1 (

⎢

I
x 5 27

A quantity
multiplied by
the identity
equals itself.

? X 5

A21

⎥

?

B

[    y ]5[      
    4 ]
x

X

25

5 A21 ? B

3D • TOPIC 1: Topic Overview

A2_M01_T01_Topic Overview.indd 4

5/28/21 11:37 AM

Learning Together
ELPS: 1.A, 1.C, 1.D, 1.E, 1.F, 1.G, 2.C, 2.D, 2.E, 2.G, 2.H, 2.I, 3.A, 3.B, 3.C, 3.D, 3.E, 3.F, 4.A, 4.B, 4.C, 4.G,
4.K, 5.B, 5.E, 5.F, 5.G
Lesson
1

Lesson Name
Gauss in Das Haus
Solving Systems of
Equations

2

Make the Best of It
Optimization

TEKS

Days

Highlights

2A.3A
2A.3B
2A.3C
2A.3D

2

Students solve systems comprised of linear and
quadratic equations. They begin by solving a
system of two linear equations graphically and
algebraically. Students then use substitution to
solve a system that is comprised of a quadratic
equation and a linear equation. In each case, they
use graphs to determine the number of possible
solutions to that type of system. Students
practice solving systems of two equations in
real-world and mathematical problems. Students
then solve systems of three linear equations in
three variables using substitution and Gaussian
elimination, both in and out of context.

2A.3A
2A.3E
2A.3F
2A.3G

2

Students move from solving systems of equations
to solving systems of inequalities. They model
problems in context requiring several inequalities
to be graphed on the same coordinate plane.
Students recognize that the solution to a system
of inequalities is the intersection of the solutions
to each inequality. Then, through a context,
they are introduced to linear programming as a
process to determine the optimal solution to a
system of linear inequalities. Students use linear
programming to solve problems and explain the
difference between the solution to a system of
linear inequalities and the solution to an equation
calculated by linear programming.
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Lesson
3

Lesson Name
Systems Redux

TEKS

Days

Highlights

2A.3B

2

Students are introduced to identity and inverse
matrices. They express a system of equations as a
matrix equation. Students relate solving a matrix
equation to solving a linear equation, and the use
of technology to solve a matrix equation. As a
culminating activity, they model a scenario with a
system of equations, convert it to a matrix equation,
solve the matrix equation using technology, and
interpret the solution in terms of the scenario.

2A.2A
2A.6C
2A.7I

3

Students are already familiar with the general
shape of the graphs of absolute value functions,
and they have studied transformations of linear
functions. In this lesson, students experiment
with the absolute value function family. They
expand their understanding of transformations
to include horizontal translations and dilations.
Students interpret functions in the form
f(x) 5 A(B(x 2 C)) 1 D. They distinguish between
the effects of changing values inside the argument
of the function (the B- and C-values) and changing
values outside the function (the A- and D-values).
At the end of the lesson, students summarize the
impact of transformations on the domain and
range of the absolute value function.

2A.6D
2A.6E
2A.6F

2

Students begin this lesson by graphing the
solution sets of simple absolute value equations
on number lines and writing simple absolute value
equations given their number line graphs. They
then investigate absolute value functions using a
real-world context. First, students write an absolute
value equation to represent the context and solve
it graphically. They then learn through a worked
example and student work how to solve absolute
value equations and practice this skill. Students
revisit the real-world context; however, this time
they write an absolute value inequality and solve
it graphically. Students are provided compound
inequalities that are equivalent to absolute value
inequalities and they use these relationships to
solve and graph absolute value inequalities.

Solving Matrix
Equations

4

Putting the V in
Absolute Value
Defining
Absolute Value
Functions and
Transformations

5

Play Ball!
Absolute Value
Equations and
Inequalities
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Suggested Topic Plan
*1 Day Pacing 5 45 min. Session
Day 1

Day 2

TEKS: 2A.3A, 2A.3B,
2A.3C, 2A.3D

LESSON 1 continued

LESSON 1
Gauss in Da Haus
GETTING STARTED

ACTIVITY 3
ACTIVITY 4

Use LiveLab and
Reports to monitor
students’ progress

ACTIVITY 2

Day 5

TEKS: 2A.3A, 2A.3E,
2A.3F, 2.A,3G

LESSON 2 continued

Day 8

TEKS: 2A.3B

LESSON 3 continued

Day 9

LESSON 4
Putting the V in
Absolute Value

TALK THE TALK

Use LiveLab and
Reports to monitor
students’ progress

Day 11

Day 12

LESSON 4 continued

LESSON 4 continued

ACTIVITY 3

ACTIVITY 5

ACTIVITY 2

Day 13

Day 14
TEKS: 2A.6D, 2A.6E,
2A.6F

ACTIVITY 4

LESSON 5
Play Ball!

TALK THE TALK

Use LiveLab and
Reports to monitor
students’ progress

Day 10
TEKS: 2A.2A, 2A.6C,
2A.7I

ACTIVITY 2

ACTIVITY 1

TALK THE TALK

ACTIVITY 1

GETTING STARTED

Use LiveLab and
Reports to monitor
students’ progress

ACTIVITY 2

GETTING STARTED

Day 7
LESSON 3
Systems Redux

Day 4

LESSON 2
Make the Best
of It

TALK THE TALK

ACTIVITY 1

Day 6

Day 3

GETTING STARTED
ACTIVITY 1

Day 15
LESSON 5 continued
ACTIVITY 4
ACTIVITY 5
TALK THE TALK

GETTING STARTED
ACTIVITY 1
ACTIVITY 2
ACTIVITY 3

Day 16

Day 17
END OF TOPIC ASSESSMENT

Use LiveLab and
Reports to monitor
students’ progress

Assessments
There is one assessment aligned to this topic: End of Topic Assessment.
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Carnegie Learning Family Guide

Algebra II

Module 1: Extending Linear Relationships
TOPIC 1: EXTENDING LINEAR
RELATIONSHIPS

Where have we been?

Students begin this topic by reviewing what

experiences with linear functions. Students

they know about systems of linear equations.
They apply this knowledge to solve systems
involving a linear and a quadratic equation
and systems of three linear equations in three
variables. Students also use systems of linear
inequalities and linear programming to model
optimal solutions to real-world situations.
They use matrices to solve systems of linear

Students enter this topic with a wide range of
have set up and solved systems of equations
since late middle school and early high school.
They have investigated properties of real
numbers, including the multiplicative identity
and multiplicative inverse. In this topic,
students will extend these properties to a
new object—a matrix.

equations in three variables.

Where are we going?

Next, they calculate the absolute value of

Although derived from linear relationships,

given values before considering the linear

linear absolute value functions are more

absolute value function. Students first

complex than the linear functions students

graph the function f(x) 5 x, and then graph

have dealt with previously. They share enough

f(x) 5 |x| and f(x) 5 |2x|, discussing how

characteristics with linear functions to be

each graph changed. Students explore

familiar to students, but they also serve as

transformations of the function before

a bridge to the nonlinear functions they will

moving on to solve and graph linear

study during the remainder of this course:

absolute value equations and inequalities

quadratic functions, polynomial functions, and

based on real-world situations.

radical and rational functions.

Linear Absolute Value Function

5

The coordinate plane shows the graph of the linear

4

absolute value function f(x) 5 22|x 2 1| 1 4.

3

The graph increases to a vertex and then

2

decreases and is symmetric across a

1

vertical line through the vertex.

–5

–4

–3

–2

–1 0
–1

y

1

2

3

4

5x

–2
–3
–4
–5
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Systems
Your body is an amazing collection of different systems. Your
cardiovascular system pumps blood throughout your body, your
skeletal system provides shape and support, and your nervous
system controls communication between your senses and your
brain. Your skin, including your hair and fi ngernails, is a system all by
itself—the integumentary system—and it protects all of your body’s
other systems. You also have a digestive system, endocrine system,
excretory system, immune system, muscular system, reproductive
system, and respiratory system.

Talking Points

Key Terms

Absolute value is an important topic to know

linear programming

about for college admissions tests.
Here is an example of a sample question:

Linear programming is a branch of
mathematics that determines the maximum
and minimum value of linear expressions

What are the values of n and p so that

on a region produced by a system of linear

2n|2p 2 6| > 0?

inequalities.

For the product to be greater than 0, the

matrix

factors must be either both greater than 0 or
both less than 0.
Since one of the factors is an absolute value,
the factors cannot be both less than 0, so
they are both greater than 0.
This means that n must be less than 0, and p
cannot be equal to 3.

A matrix (plural matrices) is an array of
numbers composed of rows and columns.
absolute value
The absolute value of a number is its distance
from zero on the number line.
line of reflection
A line of reflection is the line that the graph
is reflected across.

The solution is all values such that n , 0

linear absolute value equation

and p ﬁ 3.

An equation in the form |x 1 a| 5 c is a linear
absolute value equation.
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Gauss in Das
Haus

x
1

MATERIALS
Graphing technology

Solving Systems of Equations
Lesson Overview
Students solve systems comprised of linear and quadratic equations. They begin by solving a system
of two linear equations graphically and algebraically. Students then use substitution to solve a system
that is comprised of a quadratic equation and a linear equation. In each case, they use graphs to
determine the number of possible solutions to that type of system. Students practice solving systems
of two equations in real-world and mathematical problems. Students then solve systems of three linear
equations in three variables using substitution and Gaussian elimination, both in and out of context.

Algebra 2
Systems of Equations and Inequalities
(3) The student applies mathematical processes to formulate systems of equations and
inequalities, uses a variety of methods to solve, and analyzes reasonableness of solutions.
The student is expected to:
	(A) formulate systems of equations, including systems consisting of three linear equations
in three variables and systems consisting of two equations, the first linear and the second
quadratic.
	(B) solve systems of three linear equations in three variables by using Gaussian elimination,
technology with matrices, and substitution.
	(C) solve, algebraically, systems of two equations in two variables consisting of a linear equation
and a quadratic equation.
	(D) determine the reasonableness of solutions to systems of a linear equation and a quadratic
equation in two variables.

ELPS
1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas
• A system of equations composed of two linear equations can have zero, one, or an infinite
number of solutions.
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• A system of equations composed of one linear equation and one quadratic equation can have
zero, one, or two solutions.
• To solve a system of three linear equations in three variables, you can solve one equation for a
variable, substitute that expression into the other two equations, and then solve the resulting
system of two equations in two variables using any method.
• Gaussian elimination is an algorithm that can be used to solve systems of three linear equations
in three variables. It involves using linear combinations of the equations in the system to isolate
one variable per equation.
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Lesson Structure and Pacing: 2 Days
Day 1
Engage
Getting Started: Which Fare Is Fair?
Students use a system of two linear equations to represent a context. They solve the system
graphically and algebraically. The context is then modified, which results in a system with no
solutions. Students sketch the three different ways the graphs of two lines may intersect and
relate them to the number of possible solutions for a system of equations.
Develop
Activity 1.1: Solving Systems with a Linear and a Quadratic Equation
Students solve a system composed of a linear equation and quadratic equation both algebraically
and graphically. They sketch the three different ways the graphs of a line and parabola may
intersect to determine the number of solutions for the system of equations. Students then solve
systems algebraically and verify their results graphically. They then write and solve a system to
model a scenario.
Activity 1.2: Modeling with Systems of Equations
Students model a scenario with a system of equations composed of a quadratic equation and a
linear equation. The quadratic equation is determined by completing a regression for a set of data.

Day 2
Activity 1.3: Solving Systems of Three Linear Equations
Students write a system of three linear equations in three variables to model a scenario. They use
substitution to eliminate one variable and then solve the resulting system of two linear equations.
Students then analyze methods to solve another system of equations before solving another
problem in context that can be modeled by a system of three linear equations.
Activity 1.4: Gaussian Elimination
Students are introduced to Gaussian elimination as a strategy to solve systems of equations.
They analyze a worked example and follow guided questions to solve a system of three
equations in three variables using this method. Through student work, students discover
that there are multiple possible solution paths. They solve several systems, including one
in context, using Gaussian elimination.
Demonstrate
Talk the Talk: You Can Have It Your Way
Students compare the substitution method and Gaussian elimination to solve systems of three
linear equations in three variables. They then are given two different systems of three linear
equations in three variables and decide which method they would prefer to use to solve the
system. They explain their reasoning and perform the first step. Students then use the method
of their choice to solve a system of three linear equations.
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ENGAGE

Getting Started: Which Fare Is Fair?
Facilitation Notes
In this activity, students use a system of two linear equations to represent
a context. They solve the system graphically and algebraically. The context
is then modified, which results in a system with no solutions. Students
sketch the three different ways the graphs of two lines may intersect and
relate the sketches to the number of possible solutions for a system of
equations.
Have students work with a partner or in a group to complete Questions 1
through 5. Share responses as a class.
Differentiation strategy
To extend the activity, after students have read the introduction, have
them close their books and answer the question, “For what number
of miles will the charge for both companies be the same amount.” This
provides students the opportunity to choose their solution method
(guess and check, algebra, graphing technology) and indicates which
method(s) they are comfortable with.
Misconception
• A common response is that the point of intersection represents
when both plans cost the same amount. Have student restate
their response taking both variables into account, so that they
acknowledge that both plans cost the same amount for the same
number of miles.
• While students often realize the importance of the point of
intersection, they may overlook the importance of the intervals to
the left and right of this point. Ask them to interpret the meaning
of both of these intervals in regard to the context. This will help
them in future problems when they must interpret intervals
created by more than one point of intersection.
Questions to ask
• What do the variables in your equations represent?
• Why does it make sense to write your equations in general form?
• Which graph has a steeper slope? Why is that the case?
• What is the meaning of each y-intercept?
• What method did you use to solve the system of equations
algebraically?
• Did anyone use a different method? If so, explain your process.
• Why does it make sense that the point of intersection is the
solution to the system of equations?
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Have students work with a partner or in a group to complete Questions 6
and 7. Share responses as a class.
As students work, look for
Immediate recognition that the Anderson Taxi, Inc. always costs more
than Friendly’s Cab Company because both both companies have the
same rate, but the one-time fee for Anderson Taxi, Inc. is higher.
Differentiation strategies
• To extend the activity, have students graph the line representing
their new equation on the coordinate plane in Question 2.
• To scaffold support for all students, suggest they add a second set of
arrows to their sketch showing both lines are the same to signify one
line is lying on top of the other
Questions to ask
• How can you determine algebraically that there is no solution to
the system?
• Describe the graph of this system of equations.
• How can you tell from the equations that the lines are
parallel?
• How can you tell from the context that there is no solution?

Summary
A system of two linear equations can be solved algebraically and approximated
from a graph. It may have one solution, infinite solutions, or no solution.

Activity 1.1

DEVELOP

Solving Systems with a Linear and 
a Quadratic Equation

Facilitation Notes
In this activity, students solve a system composed of a linear equation and
quadratic equation both algebraically and graphically. They sketch the three
different ways the graphs of a line and parabola may intersect to determine
the number of solutions for the system of equations. Students then solve
systems algebraically and verify their results graphically. They then write
and solve a system to model a scenario.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
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Questions to ask
• What algebraic steps did you use to write your equation to solve
the system?
• Why does the solution process always result in a quadratic
equation?
• What method did you use to solve the resulting quadratic equation?
Why did you choose that method?
• Which equations did you use to determine the value of y? Does it
make a difference? Explain.
• How many solutions are possible when solving a quadratic equation?
• How many solutions are possible for a system involving a linear
equation and a quadratic equation?
• How can you be sure that a parabola and line in your sketch will
never intersect?
Differentiation strategy
To extend the activity, have students relate the different possible results
from using the Quadratic Formula to their responses to Question 2.
Have students work with a partner or in a group to complete Questions 4
and 5. Share responses as a class.
As students work, look for
Whether or not students remember to solve for the y-coordinate of
their answers.
Questions to ask
• Were you able to determine the number of solutions to the system
from the equations? Why or why not?
• What steps did you take to solve the system algebraically?
• Did anyone use a different method? If so, explain your process.
• What issues might arise from using the graphing method?
• For Question 5, did you set the equations equal to one another to
solve this system? Why or why not?
• Why does Question 5 only have one solution when you determined
two solutions when solving it algebraically?

Summary
The methods for solving a system of non-linear equations are similar to
methods for solving a system of linear equations. A system of one linear and
one quadratic equation always results in a quadratic equation that may have
two solutions, one solution, or no solutions.
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Activity 1.2

Modeling with Systems of Equations

Facilitation Notes
In this activity, students model a scenario with a system of equations
composed of a quadratic equation and a linear equation. The quadratic
equation is determined by completing a regression for a set of data.
Ask a student to read the introduction aloud. Discuss the context as a class.
Differentiation strategy
To extend the activity, have students calculate second differences to
demonstrate that the data is quadratic.
Questions to ask
• Why do you think a quadratic equation is used to model this context?
• What are the independent and dependent variables?
• What does the solution to the system of equations represent?
Have students work with a partner or in a group to complete Questions 1
through 7. Share responses as a class.
Misconception
Students may think that the photographer will make a profit only if
she sells exactly 20 or 70 photo packages. Discuss how the points of
intersection are the solution to the system of equations; however, further
interpretation is required to answer Questions 6 and 7.
Questions to ask
• Identify the intersection points using units.
• Explain what is happening in each of the three intervals of the graph
separated by the intersection points.
• How do the intersection points relate to the context?
• The intersection points could be described as break- even points.
Explain why that description makes sense in terms of the context.
• Explain your process to solve the system of equations algebraically.
• Why is the graph helpful even though the points of intersection can
be determined algebraically?
• How is interpreting the solution to a system involving a quadratic
equation and linear equation different than interpreting a solution
for a system involving a pair of linear equations.
• What is the number of portrait packages for which the photographer
would earn the largest profit?
Differentiation strategies
To extend the activity,
• Have students write the solution to Question 7 using inequality
notation.

LESSON 1: Gauss in Das Haus • 7G

A2_M01_T01_L01_Lesson Overview.indd 7

5/28/21 12:03 PM

• Ask students how they could use the equations and/or graph to
determine the largest profit that the photographer can earn.
Have students work with a partner or in a group to complete Questions 8
through 11. Share responses as a class.
Questions to ask
• Explain how the graph of the new linear equation relates to
the parabola.
• What would happen if you tried to solve this system of
equations algebraically?
• When solving a system of equations, would you prefer to solve it
algebraically or graphically first? Explain your reasoning.
Differentiation strategy
To extend the activity, have students solve the system of equations
algebraically using the Quadratic Formula.

Summary
A real-world situation involving costs and revenue may be modeled by a
system with a linear and a quadratic equation. The solution(s) to the system
must be interpreted in terms of the problem situation.

Activity 1.3

Solving Systems of Three Linear Equations

Facilitation Notes
In this activity, students write a system of three linear equations in three
variables to model a scenario. They use substitution to eliminate one
variable and then solve the resulting system of two linear equations.
Students then analyze different methods to solve another system of
equations before solving another problem in context that can be modeled
by a system of three linear equations.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
Differentiation strategy
To scaffold support, work through Question 1 together. Have them take
general notes alongside their work for future reference.
Questions to ask
• How do you know what variable to replace by substitution?
• What is the purpose of this substitution step?
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• How can you solve the remaining system of two linear equations?
• Do you have to use substitution to solve the remaining system of
two linear equations?
• Once you solve the system of two linear equations, how do you solve
for the third variable?
• How can you check that your answer is correct?
Have students work with a partner or in a group to complete Question 2.
Share responses as a class.
Differentiation strategies
• As an alternative grouping strategy, use the jigsaw strategy for
Question 2. Assign students into groups of four. Have half the groups
analyze Allison’s work and the other half analyze Emily’s work. Ask
students to completely solve the systems for all three variables.
Then re-assign students to groups of four, with two members who
analyzed each girl’s work. Have each pair of group members teach
their strategy to the other group members. Then, have group
members respond to the following questions.
• To scaffold support for all students, suggest they use colored pencils
and boxes around substituted expressions to make the substitution
step more explicit.
Questions to ask
• Why do you think neither girl chose the second equation?
• Does it matter what equation and what variable you choose? Are
some choices easier than others? Explain.
• Why does one of Allison’s equations only have the variable y? What
happened to x?
• What method did you use to solve the resulting system of
two equations?
• How do you think you could solve a system with four linear
equations with four variables?
Have students work with a partner or in a group to complete Question 3.
Share responses as a class.
Questions to ask
• What is different about this system of equations?
• What variable did you eliminate through substitution?
• What do you do if the variable you are substituting for is not present
in the equation?
• Did anyone use a different variable? If so, why?
• Explain the steps you used to solve the system.
• Explain how your answers make sense for the given context.
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Summary
A system of three linear equations in three variables can be solved by using
substitution to eliminate one variable and then solving the resulting system
of two linear equations.

Activity 1.4

Gaussian Elimination

Facilitation Notes
In this activity, students are introduced to Gaussian elimination as a
strategy to solve systems of equations. They analyze a worked example
and follow guided questions to solve a system of three equations in three
variables using this method. Through student work, students discover that
there are multiple possible solution paths. They solve several systems,
including one in context, using Gaussian elimination.
Ask a student to read the introduction aloud. Discuss as a class.
Have students work with a partner or in a group to analyze the worked
example and complete Question 1. Share responses as a class.
Differentiation strategy
To scaffold support, analyze the worked example and work through
Question 1 together.
Questions to ask
• How do you know what value to multiply the equation by?
• Which variable will be eliminated by this step?
• Could a different multiplication step be used instead?
• Why might you want to look for a variable that has a coefficient of 1?
Have students work with a partner or in a group to complete Questions 2
through 4. Share responses as a class.
Questions to ask
• Why did Jamie decide to multiply by 25?
• Which variable will be eliminated by this step?
• Explain why neither Ethan nor Jackson needed to multiply first to
eliminate a variable.
• Which variable would you have eliminated first? Why?
• How can you check that your solution is correct?
Have students work with a partner or in a group to complete Question 5.
Share responses as a class.
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As students work, look for
Whether students expressed the equation in terms of dollars,
0.25q 1 0.10d 1 0.05n 5 2, or in terms of cents,
25q 1 10d 1 5n 5 200.
Misconception
Students may misinterpret three times as many quarters as nickels as 3q 5 n.
Suggest students substitute values in the equation to demonstrate the
error in their thinking. For example, if Colleen has 3 quarters, how many
nickels should she have? Is this what your equation demonstrates? If not,
how can you modify it? Explain that since Colleen has more quarters
than nickels, the number of nickels must be multiplied by 3 to equal the
number of quarters.
Questions to ask
• How did you know which equation involving all three variables should
have the value of each coin as the coefficient for each variable?
• Which equation models the fact that Colleen has 12 coins in
her pocket?
• How did you represent the fact that Colleen has three times as many
quarters as nickels?
• Why did you rewrite the equation q 5 3n as q 2 3n 5 0?

Summary
To use Gaussian elimination to solve a system of equations, look for ways
to add or subtract two equations to eliminate one of the variables. Then
multiply one or more equations by a constant before adding or subtracting.

Talk the Talk: You Can Have It Your Way
Facilitation Notes

DEMONSTRATE

In this activity, students compare the substitution method and Gaussian
elimination to solve systems of three linear equations in three variables, and
list an advantage and disadvantage of each method. They then are given
two different systems of three linear equations in three variables. They
explain their reasoning and perform the first step. Students then use the
method of their choice to solve a system of three linear equations.
Have students work with a partner or in a group to complete Questions 1
through 4. Share responses as a class.
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Differentiation strategy
To scaffold support, list advantages and disadvantages of each method,
suggest they answer Question 3 first to generate ideas.
Questions to ask
• How can you tell by looking at a system of equations which method
would be most efficient?
• When looking at a system of equations, does whether or not
there are any coefficients that are 1 influence your decision? If so,
explain why.
• Why did you decide to use Gaussian elimination to solve this system?
• Which variable did you decide to eliminate first?
• What steps did you use to eliminate that variable?
• Why did you decide to use substitution to solve this system?
• Which variable did you isolate? Why did you select that variable?
• Explain your substitution step.
• What method did you use to solve this system? Explain why you
made that choice.
• Did anyone choose a different method? If so, explain why you made
that choice.
• How do you know that your answer is correct?

Summary
You can use either substitution or Gaussian elimination to solve systems of
three linear equations in three variables.
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Warm Up Answers

1

Gauss in Das
Haus

1. (22, 4)

2. (2 __
3 , 4)
1

3. (4, 3)

Solving Systems of Equations

Warm Up

Use substitution to solve each system
of equations.
1. 2x 1 3y 5 8
x 5 22
1

2. 26x 1 __
2y54
y54
3. 5x 2 y 5 17
x5y11

Learning Goals

• Solve systems of two linear equations.
• Solve systems of equations involving one linear and
one quadratic equation.
• Write and solve systems of three linear equations in
three variables by using substitution.
• Write and solve systems of three linear equations in
three variables by using Gaussian elimination.

Key Term

• Gaussian elimination

You know how to solve a system of linear equations in two variables graphically and algebraically.
How can you use similar methods to solve systems of equations involving a linear and a quadratic
equation, or three linear equations?
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Answers
1.	Let x 5 the number of
one-sixth miles driven.

GETTING STARTED

	
Let y 5 the total cost of
the taxi ride.

Which Fare Is Fair?
You would like to take a taxi to the airport. There are two local taxi
companies. Friendly’s Cab Company charges $2.60 plus $0.20 per one-sixth
of a mile driven. Anderson Taxi, Inc. charges $5.00 plus $0.10 per one-sixth
of a mile driven.

y 5 0.20x 1 2.60
y 5 0.10x 1 5.00
2.
14
12
10
8
6
4
2
0

1. Write a system of two linear equations in two variables to
represent this problem situation. Be sure to define your variables.

Anderson:
y = 0.1x + 5
Friendly’s:
y = 0.2x + 2.6
8
16 24
Distance Driven
(in one-sixth miles)

2. Graph the system of equations.

x

3.	The solution to the
system of equations
is x 5 24. This is the
x-coordinate of the
point where the two
graphs intersect.
The y-coordinate of this
point is between 7 and 8.

y

Remember:
14
The solution to a
system of linear
equations occurs
when the values of
the variables satisfy
all of the linear
equations.

12
Cost (dollars)

Cost (dollars)

y

10
8
6
4
2
0

4
8
12 16 20 24 28
Distance Driven (in one-sixth miles)

x

3. Estimate the solution to the system of equations.
Justify your reasoning.
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ELL Tip
Make sure students are familiar with what a taxi or taxicab is by
comparing it to other similar transportation services.
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Answers
4. Solve the system of linear equations algebraically.

Think
about:
What are some
different methods
you have learned
to solve a system
of linear equations
in two variables
algebraically?

5. What does the solution mean in terms of the problem situation?

6. Suppose that Anderson Taxi, Inc. decides to increase its fare to
$0.20 per one-sixth mile driven. Write a new system of equations
to reflect the increased fare. When will the cost of using the two
taxi companies be equal for the same number of miles? Explain
your reasoning.
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7b. The solution to a
system of equations
occurs when the
values of the variables
satisfy all of the linear
equations. Solutions

Substitute x 5 24 into one
of the linear equations:
y 5 0.20(24) 1 2.60

5. The point of intersection
is (24, 7.4). This means
that if the distance to
the airport is 24 onesixth miles, or 4 miles,
then the cost will be the
same using either taxi
company.
If the airport is less
than 4 miles away, you
should use Friendly’s Cab
Company. If the airport is
more than 4 miles away,
you should use Anderson
Taxi, Inc. If the airport is
exactly 4 miles away, it
does not matter which
taxi company you use.

b. How does this relate to the number of solutions to a system of
two linear equations?

7a. T
 he graph of two
linear equations can
intersect each other
in three ways.
The graphs can
intersect at one point,
at an infinite number
of points, or not at all.

	
0.20x 1 2.60 5 0.10x
1 5.00
0.10x 5 2.40
x 5 24

y 5 7.40

a. Describe the different ways in which the two graphs can
intersect, and provide a sketch of each case.

One
Infinite
No
intersection intersection intersection
points
point
point
(same line) (parallel lines)

Using substitution:

y 5 4.80 1 2.60

7. Think about the graphs of different systems of two linear equations.

A2_M01_T01_L01_Student Lesson.indd 9

4.	The solution to the
system of equations is
(24, 7.4).

to a system of two
linear equations
are represented as
intersection points
of the graphs of the
equations. Therefore,
a system of two
linear equations
can have 1 solution,
infinite solutions, or
no solution.

6. If Anderson Taxi, Inc.
increases its fare to
$0.20 per one-sixth
mile driven, the two
taxi companies will
never be equal for the
same number of miles.
The new system of
equations is
y 5 0.20x 1 2.60
y 5 0.20x 1 5.00
The slopes of the
linear equations are
the same, but the
y-intercepts are not.
The graphs will never
intersect. Therefore,
there is no solution to
this system.
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Answers
1a. 2x 2 5 5 x2 2 8

Solving Systems with a Linear
and a Quadratic Equation

AC T I V I T Y

1b. 2x 2 5 5 x2 2 8

1.1

0 5 x2 2 8 2 2x
15

A system of equations can also involve non-linear equations, such as
quadratic equations. The methods for solving a system of non-linear
equations are similar to methods for solving a system of linear equations.

0 5 x2 2 2x 2 3
0 5 (x 2 3)(x 1 1)
x 5 3 or x 5 21

1. Consider the system of a linear equation and a quadratic
x2 2 y 5 8
.
equation:
2x 2 y 5 5

1c. The solutions to the
system of equations
are (3, 1) and (21, 27).
For x 5 3:

a. Use substitution to write a new equation that can be used to
solve this system.

y 5 2(3) 2 5 5 1
For x 5 21:
y 5 2(21)25 = 27

b. Solve the resulting equation for x.

1d. 
y
8
4
y = x2 – 8
−8

0

−4

c. Calculate the corresponding value(s) for y. Determine the
solution(s) to the system of equations.

y = 2x – 5
(3, 1)
x
4
8

y
8

−4

6

(–1, –7)
−8

1e. The solutions
are the same
when determined
algebraically and
graphically.

d. Graph and label each equation of
the system and identify the point(s)
of intersection.

4
2
−8

−6

−4

0

−2

2

4

6

8

x

−2
−4
−6

e. What do you notice about the
solutions that you determined
algebraically and graphically?

−8
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Answers
2a. T
 he graph of a
linear equation can
intersect the graph of
a quadratic equation in
three ways. The graphs
can intersect at two
points, at one point, or
not at all.

2. Think about the graphs of a linear equation and a quadratic
equation.
a. Describe the different ways in which the two graphs can
intersect, and provide a sketch of each case.

b. How does this relate to the number of solutions to a system of
one linear and one quadratic equation?

Two
One
No
intersection intersection intersection
points
points
points

3. Can a system of a linear equation and a quadratic equation ever
have infinitely many solutions? Explain your reasoning.

2b. The solution to a
system of equations
occurs when the
values of the variables
satisfy all of the
equations. Solutions
to a system of one
quadratic and one
linear equation are
represented as
intersection points
of the graphs of the
equations. Therefore,
a system of one linear
and one quadratic
equation can have 2
solutions, 1 solution,
or no solutions.

4. Solve each system of two equations in two variables
algebraically. Then verify the solution graphically.
a.

y 5 2x2 1 2x 1 8
y 5 3x 1 2
y
8
6
4
2
−8

−6

−4

0

−2

2

4

6

8

x

−2
−4
−6
−8
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4a. The solutions to the system are (23, 27) and (2, 8).
3x 1 2 5 2x 1 2x 1 8
3x 1 2 1 x 2 2x 2 8 5 0
x2 1 x 2 6 5 0
(x 1 3)(x 2 2) 5 0
x 5 23 or x 5 2

y

2

8

2

For x 5 23:
y 5 3(23) 1 2 5 27

y = –x2 + 2x + 8
−8

(2, 8)

4

y = 3x + 2
0

−4

3. N
 o. A system of a
linear equation and a
quadratic equation can
never have infinitely
many solutions. For
that to be true, they
would have to be the
same equation. Since
one is linear and one
is quadratic, that is
impossible.

4

8

x

−4
(–3, –7)

−8

For x 5 2:
y 5 3(2) 1 2 5 8
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Answers
4b. T
 he solution to the
system is (2, 26).

b.

y 5 x2 2 3x 2 4
y5x28
y

x2 2 3x 2 4 5 x 2 8
x2 2 3x 2 4 2 x 1 8 5 0

8

x2 2 4x 1 4 5 0

6

(x 2 2)(x 2 2) 5 0

4
2

x52
−8

For x 5 2:

−6

−4

2

4

6

8

x

−2

y 5 2 2 8 5 26

−4

y

−6

8

y = x2 – 3x – 4
−8

0

−2

−8

4
0

−4

4

8

x

c.

y=x–8

−4

y 5 2x2 1 4x 1 3
y 5 4x 2 1

(2, –6)

−8

y
8

4c. The system of
equations has no
solution.

6
4
2

2x2 1 4x 1 3 5 4x 2 1
2x2 1 4x 1 3 2 4x
1150

−8

−6

−4

0

−2

2

4

6

8

x

−2
−4

2x2 1 4 5 0

−6

2x2 5 24

−8

x2 5 22

____

x5±√
 22 

This equation has no real
solutions.
y
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−8

0

−4

4

8
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x

−4
y = 4x – 1
−8
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Answers
5. Simon and his sister are playing a guessing game. Simon tells
his sister that he is thinking of two positive numbers. The first
number minus the second number is 15. The square of the first
number minus 20 times the second number is equal to 300.

5a. Let x 5 the first
number and y 5 the
second number.
x 2 y 5 15

a. Write a system of one linear and one quadratic equation
to represent the two numbers. Be sure to define your
variables.

x2 2 20y 5 300
5b. T
 he solution to the
system of equations
are (0, 215) and
(20, 5).
x2 2 20(x 2 15) 5 300

b. Solve the system of equations.

x2 2 20x 1 300 5 300
x2 2 20x 5 0
x(x 2 20) 5 0
x 5 0 or x 5 20

c. What are the two numbers that Simon is thinking of?
Explain your reasoning.

For x 5 0:
y 5 0 2 15 5 215
For x 5 20:
y 5 20 2 15 5 5
5c. T
 he first number is
20 and the second
number is 5.
The numbers 0 and
215 also satisfy the
system of equations,
but Simon said he
was thinking of two
positive numbers,
and neither of these
numbers are positive.
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Answers
1.	Let x 5 the number of
senior portraits sold
and y 5 the revenue in
dollars.

AC T I V I T Y

1.2

y 5 2x2 1 120x

Modeling with Systems
of Equations

A photographer specializes in taking senior portraits. She records the
amount of revenue she earns for each senior portrait package that
she sells.

2. y 5 30x 1 1400

Number of Portrait
Packages Sold

Revenue (dollars)

5

575

10

1100

15

1575

20

2000

25

2375

30

2700

35

2975

40

3200

1. Use quadratic regression to write an equation to model the
photographer’s revenue. Be sure to define your variables.

2. Each month, the photographer must keep track of her costs and
revenue. Her costs consist of a fixed amount of $1400, which
includes rent, utilities, and workers’ salaries, as well as $30 per
package to print the portraits. Write a linear equation to model
the photographer’s costs.
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Answers
3. Write a system of one linear and one quadratic equation to
represent this problem situation.

y 5 2x2 1 120x

3.

y 5 30x 1 1400
4.	
y

4. Graph the system of equations.

3600
2800
2400

Revenue (dollars)

3600

2000

3200

1600

2800

800

(20, 2000)

1200
400

2400

0

2000

10 20 30 40 50 60 70 80 90

x

5.	The system has two
solutions: (70, 3500)
and (20, 2000).

1600
1200
800

2x2 1 120x 5 30x 1
1400

400
0

(70, 3500)

3200

y

10

20

30

40

50

60

70

80

90

0 5 x2 2 120x 1 30x 1
1400

x

Number of Portrait Packages Sold

0 5 x2 2 90x 1 1400

5. Solve the system of equations.

0 5 (x 2 70)(x 2 20)
x 5 70 or x 5 20
For x 5 70:

6. Explain the solution(s) in terms of this problem situation.

	
y 5 30(70) 1 1400 5
3500
For x 520:

7. Determine the amount of portrait packages that the
photographer needs to sell in order to make a profit. Is this
solution reasonable in terms of the problem situation?

	
y 5 30(20) 1 1400 5
2000
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7. The photographer needs
to sell between 21 and 69
portrait packages in order
to make a profit. Yes, the
solution is reasonable. If
the photographer sells too
few or too many portrait
packages, the operation
costs become greater
than the profit that she
makes from them.
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6. The photographer will
break even if she sells
20 portrait packages,
because the cost and
revenue will both be
equal to $2000. The
photographer will also
break even if she sells
70 portrait packages,
because the cost and
revenue will both be
equal to $3500.
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Answers
Due to the rising costs of running a business, the photographer anticipates
fixed costs in the next year to be $2400 per month, whereas the costs for
portrait packages will increase to $35 per portrait package.

8. y 5 2x2 1 120x
y 5 35x 1 2400
9.

8. Write a new system of equations to reflect the changes in
the cost.

y

Revenue (dollars)

3600
3200
2800
2400
2000

9. Graph the system.

1600
1200

y

800
400
0

10 20 30 40 50 60 70 80 90

3600

x

3200

Revenue (dollars)

Number of Portrait Packages Sold

10. The graphs do not
intersect.
		There is no real
solution to this system
of equations.

2800
2400
2000
1600
1200
800

11. With the increased
cost of business, the
photographer will
never break even. The
profit is always less
than the cost.
		Yes, the solution is
reasonable. The cost
of business increased
to a point that the
photographer will no
longer make a profit.

400
0

10

20

30

40

50

60

70

80

90

x

Number of Portrait Packages Sold

10. Determine the solution(s) to the system of equations.

11. Explain the solution(s) in terms of the problem situation.
Are the solutions reasonable?
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Answers
AC T I V I T Y

1.3

1a.	Let c 5 the number of
children’s tickets, t 5
the number of youth
tickets, and a 5 the
number of adult tickets.

Solving Systems of Three
Linear Equations

You can solve systems of three linear equations in three variables by using
substitution. First, solve one equation for a variable and then substitute
that expression into the other two equations. This reduces the system
of three equations in three variables to a system of two equations in two
variables, which you can then solve using any method.

c 1 t 1 a 5 800
   
 2.5c
  
1  
3.5t 1 5a 5 2937.5
4c 5 t
5c 1 a 5 800
1b.   

16.5c 1 5a 5 2937.5

1. As a fundraising event, a club sold tickets to a special viewing
of a classic movie. The club sold all 800 seats in the school’s
auditorium. The tickets were three different prices: $2.50 for
children under 12 years old, $3.50 for youth between 12 and
18 years old, and $5.00 for adults. The total amount of money
taken in was $2937.50, and there were 4 times as many youth
tickets as children’s tickets sold.
a. Write a system of three linear equations in three variables to
represent this situation. Be sure to define your variables.

1c. 25(5c 1 a 5 800)
225c 2 5a 5 24000
225c 2 5a 5 24000
1 16.5c 1 5a 5 2937.5

Remember:

28.5c 5 21062.5
		

b. The equation t 5 4c is already solved for a variable. Substitute
4c for t in the other two equations to create a system of two
equations in two variables.

You can use graphing,
substitution, or linear
combinations to
solve a system of
two equations.

c 5 125
t 5 4(125)
t 5 500

125 1 500 1 a 5 800
a 5 175
In terms of the
problem situation,
there were 175 adult
tickets, 500 youth
tickets, and 125
children's tickets
sold.

c. Solve the resulting system. Explain what your solution
represents in terms of the problem situation.

LESSON 1: Gauss in Das Haus • 17

A2_M01_T01_L01_Student Lesson.indd 17

5/25/21 12:30 PM

LESSON 1: Gauss in Das Haus • 17

A2_M01_T01_L01_TIG.indd 17

5/28/21 12:04 PM

Answers
2a. Their methods are
similar because they
both solved one
equation for one
variable, and then
substituted that
expression into the
other two equations.
Their methods are
different because they
solved for different
variables in different
equations. Allison
solved for x in the
equation x 1 y 1 z 5 22
and Emily solved for z
in the equation
4x 1 3y 2 z 5 5.

2. Allison and Emily were asked to solve this system of three
linear equations using substitution. Analyze their methods.
x 1 y 1 z 5 22
2x 2 3y 1 2z 5 214
4x 1 3y 2z 5 5

Allison
x 1 y 1 z 5 22
x 5 22 2 y 2 z
2x 2 3y 1 2z 5 214

4x 1 3y 2 z 5 5

2(22 2 y 2 z) 2 3y 1 2z 5 214

4(22 2 y 2 z) 1 3y 2 z 5 5

24 2 2y 2 2z 2 3y 1 2z 5 214

28 2 4y 2 4z 1 3y 2 z 5 5

24 2 5y 5 214

28 2 y 2 5z 5 5

25y 5 210
Then I solved
the system

y 1 5z 5 213

25y 5 210
y 1 5z 5 213

.

2b. Allison and Emily both
get (21, 2, 23) as
their solution.
Allison’s method:
  
	
      25y 5 210
    y 1 5z 5 213
25y 5 210
y52
(2) 1 5z 5 213
5z 5 215
z 5 23
x 5 22 2 2 2 (23)
5 21
Emily’s method:
10x 1 3y 5 24
 
  
    5x 1 4y 5 3
10x 1 3y 5 24

Emily

4x 1 3y 2 z 5 5
4x 1 3y 2 5 5 z
2x 2 3y 1 2z 5 214
2x 2 3y 1 2(4x 1 3y 2 5) 5 214
2x 2 3y 1 8x 1 6y 2 10 5 214
10x 1 3y 2 10 5 214
10x 1 3y 5 24
10x 1 3y 5 24
Then I solved
the system
5x 1 4y 5 3 .

x 1 y 1 z 5 22
x 1 y 1 (4x 1 3y 25) 5 22
5x 1 4y 2 5 5 22
5x 1 4y 5 3
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210x 2 8y 5 26
A2_M01_T01_L01_Student Lesson.indd 18

		

25y 5 210
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5x 1 4(2) 5 3
5x 1 8 5 3
5x 5 25
x 5 21
z 5 4(21) 1
3(2) 2 5
5 23
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Answers
a. Describe the similarities and differences in Allison’s and
Emily’s methods.

2c. Yes. The equation
x 1 y 1 z 5 22 could
have been solved first
for either y or z. It is
more efficient to start
by solving an equation
that has a variable with
a coefficient of 1.

b. Demonstrate that Allison’s method and Emily’s method will
both yield the same solution. Explain your reasoning.

3a. Let p 5 the price of a
box of popcorn, f 5 the
price of a piece of fruit,
and d 5 the price of a
drink.
p 5 f 1 0.50

c. Could this system have been solved using a different
substitution? How do you select which variable to solve for?
Explain your reasoning.


	2d
  
  

5 3f 2 0.50
2p 1 f 1 3d 5 7.75

3. During the movie fundraising event, the concession stand at the
auditorium sells popcorn, fruit, and drinks. The price of a box of
popcorn is $0.50 more than the price of a piece of fruit, and the
price of two drinks is $0.50 less than the price of three pieces
of fruit. You order two boxes of popcorn, one piece of fruit, and
three drinks, and the total comes to $7.75.

3b. The price of a drink is
$1.25, the price of a
piece of fruit is $1.00,
and the price of a box
of popcorn is $1.50.

a. Write a system of three linear equations in three variables to
represent this situation. Be sure to define your variables.

2(f 1 0.50) 1 f 1 3d
5 7.75
2f 1 1 1 f 1 3d 5 7.75
3f 1 3d 5 6.75

  3f 1 3d 5 6.75
   

 
{23f 1 2d 5 20.50

b. Calculate the price of each item. Use substitution to solve the
system of three linear equations in three variables.

5d 5 6.25
d 5 1.25
2(1.25) 5 3f 2 0.50
2.50 5 3f 2 0.50
3.00 5 3f
1.00 5 f
LESSON 1: Gauss in Das Haus • 19
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2p 1 4.75 5 7.75
2p 5 3.00
p 5 1.50
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AC T I V I T Y

1.4

Gaussian Elimination

Gaussian elimination is a method for solving linear systems of equations,
named after the mathematician Carl Friedrich Gauss. It involves using linear
combinations of the equations in the system to isolate one variable per equation.
The goal of Gaussian elimination is to eliminate all variables except one in
each equation.
To do this, look for ways you can add or subtract two equations to eliminate
one of the variables. You can multiply one or more equations by a constant
before adding or subtracting.

Worked Example
Consider the system

2x 1 2y 1 3z 5 3
x 1 3y 1 2z 5 5 .
3x 1 y 1 z 5 5

You can use the second equation to eliminate the x in the other two equations.
1. Multiply the second equation
by 22 and add the result to the
first equation.

22(x 1 3y 1 2z 5 5)

2. Replace the first equation in the
system with the new equation.
3. Multiply the second equation
by 23 and add the result to the
third equation.
4. Replace the third equation in the
system with the new equation.

22x 2 6y 2 4z 5 210
12x 1 2y 1 3z 5 3
24y 2 z 5 27
24y 2 z 5 27
x 1 3y 1 2z 5 5
3x 1 y 1 z 5 4

23(x 1 3y 1 2z 5 5)

23x 2 9y 2 6z 5 215
13x 1 y 1 z 5 4
28y 2 5z 5 211
24y 2 z 5 27
x 1 3y 1 2z 5 5
28y 2 5z 5 211

You have now eliminated the x-variable in all equations except the second equation. Continue
in this same manner to isolate y and z.
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Answers
x 1 3y 1 2z 5 5
2 z 5 27 
1a.   
24y
  
28y 2 5z 5 211

1. Continue to solve the system of three linear equations in three
variables from the worked example using Gaussian elimination.
a. Swap the first and second equations so that the equation with
the x variable is on top.

1b. 22(24y 2 z 5 27)
8y 1 2z 5 14
28y 2 5z 5 211

b. Multiply the second equation by 22 and add the result to the
third equation.

23z 5 3
x 1 3y 1 2z 5 5
	   
   
24y 2 z 
5 27 
23z 5 3

1

c. Multiply the resulting equation by 2__
3 . Replace the third
equation.

x 1 3y 1 2z 5 5
1c.	   
24y
  
2 z 
5 27 
z 5 21
1d. 24y 2 z 5 27

d. Add the third equation to the second equation. Replace the
second equation.

		

z 5 21
24y 5 28
x 1 3y 1 2z 5 5
24y
  
  
5 28
z 5 21

1

e. Multiply the second equation by 2__
4.

x 1 3y 1 2z 5 5
1e.   
y 5 2   
z 5 21
1f. x 1 3y 1 2z 5 5

f. Multiply the second equation by 23 and add the result to the
first equation. Replace the first equation.

		
g. Multiply the third equation by 22 and add the result to the
first equation. Replace the first equation.

23y 5 26

		 x 1 2z 5 21
x 1 2z 5 21
y  
 5 2   
z 5 21
1g. x 1 2z 5 21
22z 5 2
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x51
x51
	y 5 2 
z 5 21

		

LESSON 1: Gauss in Das Haus • 21

A2_M01_T01_L01_TIG.indd 21

5/28/21 12:04 PM

Answers
2. Jamie claims that the system in Question 1 could have been
solved more efficiently by starting with a different approach.

2a. In Question 1,
I multiplied the
second equation by
22 to eliminate the
y-term from the third
equation. Jamie’s
method is different
because he multiplied
the second equation by
a different number in
order to eliminate the
z-term from the
third equation.

Jamie
I multiplied the second equation by 25 and added it to
the third equation.
x 1 3y 1 2z 5 5
24y 2 z 5 27
28y 25z 5 211
25(24y 2 z 5 27)

2b. Sample answer.
Multiply the third
1
equation by  __
12 .

a. How is Jamie’s method different from the method used in
Question 1?

x 1 3y 1 2z 5 5
24y
2
z 5 27 
  
   
 
y52

b. Complete Jamie’s method. Describe your steps.

Multiply the third
equation by 4 and add
the result to the second
equation. Replace the
second equation.
		

20y 1 5z 5 35
28y 2 5z 5 211
12y
5 24

c. How does this solution compare to the solution you got in
Question 1?

4y 5 8

24y 2 z 5 27
d. Compare the two methods. What can you determine about
the order in which equations are combined when using
Gaussian elimination?

z 5 21
x 1 3y 1 2z 5 5
	    
 
z 5 21
y52

		

Multiply the third
equation by 23 and
add the result to the
first equation. Replace
the first equation.

There is no one correct order in which to perform the steps to Gaussian
elimination. The idea is to keep performing linear combinations until each
equation contains a different isolated variable.
22 • TOPIC 1: Extending Linear Relationships

x 1 3y 1 2z 5 5
		

23y 5 26
x 1 2z 5 21
x 1 2z 5 21
z  
 5 21

 

y52

Multiply the second
equation by 22 and
add the result to the
first equation. Replace
the first equation.

x 1 2z 5 21

A2_M01_T01_L01_Student Lesson.indd 22

22z 5 2
x51
x51
	y 5 2 
z 5 21
2c. I arrived at the same
solution when I used
Jamie’s method.
		

2d. When performing
Gaussian elimination,
there is more than
one correct way to
approach the system.
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Answers
3a. The three methods
are similar because
each of the students
added two of the three
equations together to
eliminate a variable.
The three methods
are different because
each student chose
a different variable to
eliminate first.

3. Ethan, Jackson, and Olivia are each asked to use Gaussian elimination
to solve a system of three linear equations in three variables, but they
each have a different idea of how to start the problem.
22x 1 y 1 2z 5 23
23x 2 y 1 2z 5 211
2x 1 y 2 z 5 8

Ethan
I would add
equation 1 to
equation 3, and
replace equation
3. This would
eliminate the x
variable.
22x 1 y 1 2z 5 23
2x 1 y 2 z 5 8
2y 1 z 5 5
22x 1 y 1 2z 5 23
23x 2 y 1 2z 5 211
2y 1 z 5 5

Jackson

I would add
equation 1 to
equation 2 and
replace equation 2.
This would eliminate
the y variable.
22x 1 y 1 2z 5 23
23x 2 y 1 2z 5 211
25x

1 4z 5 214

22x 1 y 1 2z 5 23
25x
1 4z 5 214
2x 1 y 2 z 5 8

Olivia

I would subtract
equation 2 from
equation 1 and
replace equation 2.
This would eliminate
the z variable.

3b. All three methods are
correct.
Each method multiplied
one equation by a
number and then
added the result to
another equation.

22x 1 y 1 2z 5 23
3x 1 y 2 2z 5 11
x 1 2y
22x 1 y 1 2z
x 1 2y
2x 1 y 2 z

5
5
5
5

8
23
8
8

3c. Yes.
Sample answer.
You could add equation
2 to equation 3 to
eliminate the y-variable.
You could multiply
equation 3 by 2 and
add it to equation 2 to
eliminate the z-variable.

a. Describe the similarities and differences among all three methods.

b. Whose method is correct? Explain your reasoning.

c. Is there a different way to begin the problem than the ones that were
mentioned? Justify your answer.
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Answers
4. Solve the system of three linear equations in three variables
from Question 3 using Gaussian elimination.

4. The solution to the
system is
x 5 2, y 5 3, z 5 21.
5a.
0.25q 1 0.10d 1 0.05n 5 2
q1

d1

q

n 5 12
2 3n 5 0

Let q 5 the number
of quarters, d 5 the
number of dimes,
and n 5 the number
of nickels.

5. Colleen has 12 coins in her pocket. The mix of quarters, nickels,
and dimes add up to two dollars, and she has three times as
many quarters as nickels.
a. Write a system of three linear equations in three variables
to represent this problem situation. Be sure to define your
variables.

5b. Colleen has six quarters,
four dimes, and two
nickels in
her pocket.

b. How many of each coin does Colleen have in her pocket?
Solve this system using Gaussian elimination.
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ELL Tip
Prior to having students solve Question 5, make sure they are familiar
with the values of quarters, nickels, and dimes.
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Answers
1. Sample answer.
An advantage to the
substitution method
is that it can be more
efficient when one
of the variables has a
coefficient of 1.
A disadvantage to
the substitution
method is that it can
be more complicated
and possibly involve
fractions when there
are no variables with a
coefficient of 1.

NOTES

TALK the TALK
You Can Have It Your Way
You can use either substitution or Gaussian elimination to solve
systems of three linear equations in three variables.
1. List an advantage and a disadvantage to the
substitution method.

2. List an advantage and a disadvantage to the Gaussian
elimination method.

2. Sample answer.
An advantage to
Gaussian elimination
is that it generally
involves working
with integers.
A disadvantage to
Gaussian elimination
is that the number
of steps involved
can introduce
calculation error.

3. For each system, determine whether you would prefer to use
substitution or Gaussian elimination. Justify your reasoning.
Perform the first step.
a.

5x 1 3y 1 2z 5 23
4x 2 3y
54
2x 2 3y 1 4z 5 214

b.

x 1 y 1 2z 5 27
3x 1 4y 2 2z 5 210
x2 y
57

4. Solve the system using whichever method you prefer.
2x 1 3y 2 4z 5 216
2y 1 z 5 21
3x 2 4z 5 29
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3b. Sample answer.
I would use
substitution because
there are variables
with a coefficient of
1 and therefore they
are easily solved for.
First, I would solve
equation 3 for x
and substitute the
expression into the
other two equations.

x571y
(7 1 y) 1 y 1 2z 5 27
2y 1 2z 5 214
3(7 1 y) 1 4y 2 2z
5 210
21 1 3y 1 4y 2 2z
5 210
7y 2 2z 5 231
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4. The solution to the
system is x 5 1, y 5 22,
and z 5 3.

3a. Sample answer.
I would use Gaussian
elimination because
the variables all have
coefficients and I would
end up with fractions in
the equation if I tried to
solve for a variable.
Instead, the y-terms
can be easily
eliminated with
Gaussian elimination.
Multiply equation 2
by 21 and add to
equation 3.
Replace equation 3.
24x 1 3y

5 24

2x 2 3y 1 4z 5 214
22x

1 4z 5 218

5x 1 3y 1 2z 5 23
4x 2 3y
22x 1 4z

54
5 218
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Assignment
Answers

LESSON 1: Gauss in Das Haus

Write

Write

Remember

Define Gaussian elimination in your

A system of equations can be solved graphically

own words.

or algebraically. When solving a system of
three linear equations algebraically, you can
use substitution or Gaussian elimination.

Practice
1. Happy’s Hamburgers is analyzing their revenue and their expenses.
The chief financial officer has determined that their revenue is modeled
x2

by y 5 2.44x 2 _______
20,000 25000 and their expenses are modeled by

y 5 5000 1 0.56x, where x represents the number of hamburgers sold.
a. Use substitution to write a new equation that can be used to solve the system.
b. Use the Quadratic Formula to solve the resulting equation for x. Round your answer to the nearest
whole number and explain why it makes sense to do so.
c. Calculate the corresponding value(s) for y. Determine the solution(s) to the system of equations.
d. Interpret the results.

Gaussian elimination is
an algorithm for solving
linear systems of equations
that involves using linear
combinations of the
equations to isolate one
variable per equation.
When using this method,
one may swap the
positions of two equations,
multiply any equation by a
nonzero constant, and add
one equation to a multiple
of another equation.

2. You are helping a friend with her flower garden. She decides to add some clematis vines, rose bushes,
and peony plants to her garden. The price of a clematis vine is $3 more than twice a peony plant.
The price of a rose bush is $5 more than a clematis vine. She decides to buy 3 clematis plants, 4 rose

Practice
x2

1a. 2.44x 2  _______
20,000  2 5000

bushes and 2 peony plants for a total of $233.
a. Write a system of three linear equations in three variables to represent this situation.

5 5000 1 0.56x

Define your variables.
b. Calculate the price of each item. Use substitution to solve the system of three linear equations

21
_______
 
 x2 1 1.88x 2 10,000
20,000

in three variables.

50

Stretch
1. John has 15 bills in his wallet that total $145. He has a mix of five-dollar bills, ten-dollar bills, and twentydollar bills. The number of ten-dollar bills is one less than twice the number of twenty-dollar bills.
a. Write a system of three linear equations in three variables to represent this situation. Be sure to
define your variables.

1c. Substitute x 5 6413
into the linear equation.
y 5 5000 1 0.56(6413)

b. How many of each denomination does John have in his wallet? Solve this system using Gaussian
elimination.

y 5 8591.28
Substitute x 5 31,187
into the linear equation.

Review
Solve each equation.
1
1. __
2 x 2 3 5 24

9
2. __
x 1 5 5 32

3. 6.5 5 0.86x 2 (22)

x
x
__
4. __
2 2 4 5 36

y 5 5000 1
0.56(31,187)
y 5 22,464.72
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√

1b. See equation below.

_______________________________

21.88
   
6  1.882 2 4(_______
 
)(210,000) 
20,000
_____________________________________
1b.	x 5    
 
  

21
2(
 _______
 

)
20,000
21

x ≈ 6412.9 and x ≈ 31,187.1
x 5 6413 and x 5 31,187

The solutions to the
system of equations
are (6413; 8591) and
(31,187; 22,465).
1d. Happy Hamburgers
revenue will be greater
than their expenses
when they sell between
6413 and 31,187
hamburgers.

It makes sense to round to the nearest whole number because you
could not sell a fraction of a hamburger.
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Assignment Answers
Practice
2a. Let c 5 the price of a clematis vine, r 5 the price of
a rose bush, and p 5 the price of a peony plant.
c 5 2p 1 3
r 5 c 1  
5 
  
  
3c 1 4r 1 2p 5 233
c 5 2p 1 3
r 5 c 1  
5 
  
2b.   
3c 1 4r 1 2p 5 233
3(2p 1 3) 1 4(c 1 5) 1 2p 5 233
6p 1 9 1 4c 1 20 1 2p 5 233
8p 1 4c 1 29 5 233
8p 1 4c 5 204
2p 1 c 5 51 → c 5 22p 1 51
First equation: c 5 2p 1 3 → substitute for c in the
above equation.
2p 1 3 5 22p 1 51
4p 5 48
p 5 12

Multiply equation 1 by 21 and add it to equation 2.
Replace equation 2.
x 1 y 1 z 5 15
  
 y 1 3z 5 14
y 2 2z 5 21
Multiply equation 2 by 21 and add it to equation 3.
Replace equation 3.
x 1 y 1 z 5 15
  
 y 1 3z 5 14 
25z 5 215

1

Multiply equation 3 by 2 __
5 .
x 1 y 1 z 5 15
  
  
 y 1 3z 5 14
z53

Multiply equation 3 by 23 and add it to equation 2.
Replace equation 2.
x 1 y 1 z 5 15
           y 5 5  
  
  
z 53

c 5 2p 1 3
c 5 2(12) 1 3
c 5 27

Multiply equation 2 by 21 and add it to equation 1.
Replace equation 1.

r5c15
r 5 27 1 5
r 5 32
The price of a clematis vine is $27, the price of a rose
bush is $32, and the price of a peony plant is $12.

Stretch
1. Let x 5 the number of five-dollar bills, y 5 the
number of ten-dollar bills, and z 5 the number of
twenty-dollar bills.
x 1 y 1 z 5 15
5x
  
  
 1 10y 1 20z 5 145
  
y 5 2z 2 1
2. Rearrange equation 3.
x 1 y 1 z 5 15
5x
 1 10y 1 20z 5 145
  
  
  
y 2 2z 5 2 1

x 1 z 5 10
y 5 5 

z53
Multiply equation 3 by 21 and add it to equation 1.
Replace equation 1.
x57
y 5 5 
z53
John has 7 five-dollar bills, 5 ten-dollar bills, and
3 twenty-dollar bills in his wallet.

Review
1. x 5 22

2. x 5 ______
  32 
2151

3. x < 5.23256
4. x 5 144

1

Multiply equation 2 by __
  5.
x 1 y 1 z 5 15
x 1 2y 1 4z 5 29
  
y 2 2z 5 21
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Make the
Best of It

x
2

MATERIALS
None

Optimization
Lesson Overview
Students move from solving systems of equations to solving systems of inequalities. They model
problems in context requiring several inequalities to be graphed on the same coordinate plane.
Students recognize that the solution to a system of inequalities is the intersection of the solutions to
each inequality. Then, through a context, they are introduced to linear programming as a process to
determine the optimal solution to a system of linear inequalities. Students use linear programming to
solve problems and explain the difference between the solution to a system of linear inequalities and
the solution to an equation calculated by linear programming.

Algebra 2
Systems of equations and inequalities
(3) The student applies mathematical processes to formulate systems of equations and
inequalities, uses a variety of methods to solve, and analyzes reasonableness of solutions.
The student is expected to:
	(A) formulate systems of equations, including systems consisting of three linear equations
in three variables and systems consisting of two equations, the first linear and the second
quadratic.
	(E) formulate systems of at least two linear inequalities in two variables.
	(F) solve systems of two or more linear inequalities in two variables.
	(G) determine possible solutions in the solution set of systems of two or more linear
inequalities in two variables.

ELPS
1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas
• The solution of a system of inequalities is the intersection of the solutions to each inequality.
Every point in the intersection satisfies all inequalities in the system.
• The optimal solution to a system of inequalities can be determined through a process called
linear programming.
LESSON 2: Make the Best of It • 29A
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• In linear programming, the vertices of the solution region of the system of linear inequalities are
substituted into a given equation to determine the optimal solution.
• Systems of equations can be used to model real-world problems.

Lesson Structure and Pacing: 2 Days
Day 1
Engage
Getting Started: She Works Hard for the Money
Students write a linear inequality in two variables to model a problem situation, graph the
inequality on a coordinate plane, and interpret solutions in the context of the problem. They then
write additional inequalities to model the fact that the variables in the problem must represent
non-negative numbers.
Develop
Activity 2.1: Systems of Linear Inequalities
Students write a linear inequality in two variables to represent an additional constraint on
the problem situation from the Getting Started. They then write a system of inequalities and
determine solutions that satisfy all constraints. A solution of a system of inequalities is defined.
Students analyze the solutions to a system of inequalities and conclude that it is possible to have
no solution. They then solve a problem in context that can be modeled by a system of linear
inequalities.

Day 2
Activity 2.2: Linear Programming
Students write a system of inequalities to represent the constraints of a problem situation, graph
the system on the coordinate plane, and shade the region that represents the solution set. The
term linear programming is defined as a process to determine the optimal solution to a system of
inequalities. They use linear programming to optimize the results for two given scenarios.
Demonstrate
Talk the Talk: Making Bling for Cha-Ching
Students write a system of inequalities to represent the constraints of a problem situation and
use linear programming to determine a maximum value for a profit equation. They then describe
the difference between a solution to a system of linear inequalities and a solution to an equation
calculated by linear programming.
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Getting Started: She Works Hard for
the Money

ENGAGE

Facilitation Notes
In this activity, students write a linear inequality in two variables to model
a problem situation, graph the inequality on a coordinate plane, and
interpret solutions in the context of the problem. They then write additional
inequalities to model the fact that the variables in the problem must
represent non-negative numbers.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
As students work, look for
How they assign the variables in part (a). While it makes no difference
which variable is the independent variable and which variable is the
dependent variable, suggest students refer to the labeled axes on the
coordinate plane in part (b) when defining their variables.
Misconception
Students may base their decision on which half plane to shade based
on the $ symbol within the inequality 10x 1 7.5y $ 90. While this yields
the correct inequality symbol in this case, their rule does not hold up in
cases where the coefficient of y is negative. Use the inequality x 2 y $ 90
to prove this point. Suggest students base their decision on the
inequality symbol when y is isolated on the left side of the inequality.
Another method to determine which half plane to shade is to test a
point on the graph in the inequality.
Questions to ask
• Why is an inequality rather than an equation required for
this context?
• Why do you need two different variables for your inequality?
• What variable did you use for the independent variable? Does it
matter in this case?
• How did you determine what inequality symbol to use?
• Is your line solid or dotted? Why?
• How did you decide whether to shade above or below the line?
• Did you use the graph or the inequality to test Colton’s advice?
Explain your process.
• If you graph the two inequalities that bound the graph to the first
quadrant, what polygon is formed?
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Summary
The solution to a linear inequality in two variables is any ordered pair whose
x- and y-values make the inequality a true statement.

DEVELOP

Activity 2.1

Systems of Linear Inequalities 

Facilitation Notes
In this activity, students write a linear inequality in two variables to
represent an additional constraint on the problem situation from the
Getting Started. They then write a system of inequalities and determine
solutions that satisfy all constraints. A solution of a system of inequalities
is defined. Students analyze the solutions to a system of inequalities and
conclude that it is possible to have no solution. They then solve a problem
in context that can be modeled by a system of linear inequalities.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
Differentiation strategies
To scaffold support when graphing more than one inequality on the same
coordinate plane,
• Suggest that they shade the portion of the graph that represents
the solution to each inequality and interpret the intersection of the
shaded portions as the solution to the entire system. This method
reduces the memory load required to shade the solution only,
reduces the number of errors, and makes it easier to identify and
correct mistakes.
• Have them used colored pencils for their lines and the shading that
corresponds to their lines to distinguish among them.
Questions to ask
• How does your inequality address the fact that Janice could work
less that 20 hours per week?
• What do each of your inequalities represent?
• Did you shade above or below the line x 1 y 5 20? Why?
• How do you know what portion of the graph represents
the solution?
• What is meant by Janice’s earnings requirement?
• How could you use the graph to determine how many hours Janice
must work at the ice cream shop to meet her earning requirement?
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• How could you use algebra to determine how many hours Janice
must work at the ice cream shop to meet her earning requirement?
• What does the vertical line both points lie on represent?
• What other number of hours could Erin suggest?
• How can you use an inequality to express all possible suggestions
Erin has made?
Have students work with a partner or in a group to read the information
following Question 1 and complete Questions 2 through 6. Share
responses as a class.
Differentiation strategy
To scaffold support for interpreting a pre-shaded graph, suggest they use
one of the coordinate planes in Question 4 to graph each inequality in the
system of equations themselves. They then can compare their solution to
those of Serena and Adam.
Questions to ask
• To verify that a point is a solution to a system of inequalities, how
many inequalities must result in a true statement?
• To verify that a point is not a solution, how many of the inequalities
must result in a false statement?
• How could you modify the system of inequalities so that it does have
a solution?
Have students work with a partner or in a group to complete Question 7.
Share responses as a class.
As students work, look for
Whether or not they include x $ 0 and y $ 0 as part of their system
of inequalities.
Differentiation strategy
To support students who struggle determining the equations, suggest
that they use the units to inform their work. In this case, the inequality
2x 1 1.25y $ 100 includes values with the unit of dollars.
Questions to ask
• Explain what each inequality represents in the context of
the problem.
• How can you use the graph to identify solutions?
• How can you use algebra to verify your solution?

Summary
The solution of a system of inequalities is the intersection of the solutions
to each inequality. Every point in the intersection satisfies all inequalities in
the system.
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Activity 2.2

Linear Programming

Facilitation Notes
In this activity, students write a system of inequalities to represent the
constraints of a problem situation, graph the system on the coordinate
plane, and shade the region that represents the solution set. The term linear
programming is defined as a process to determine the optimal solution to a
system of inequalities. They use linear programming to optimize the results
for two given scenarios.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
As students work, look for
Whether they expressed the number of hours using a compact inequality,
3 # x # 6, or as two separate inequalities, x $ 3 and x # 6.
Misconception
Similar to an instance in the previous lesson, students may misinterpret
as least twice as much time running (x) as to strength training (y) as 2x $ y.
Suggest students substitute values in the equation to demonstrate the
error in their thinking. Once students realize the correct inequality is
1
x $ 2y, discuss how to rewrite the inequality as y # __
  2 x to graph it.
Questions to ask
• Explain what each inequality represents in the context of
the problem.
• How did you graph the lines that pertain to running only? Why are
they vertical lines?
1
• How did you know whether to shade above or below y # __
  2 x?
• If you tested points to determine the solution set, did you need
to test a point in every region formed by the lines? Explain
your thinking.

Ask a student to read the information following Question 2 aloud. Discuss
as a class.
Have students work with a partner or in a group to complete Questions 3
through 5. Share responses as a class.
Differentiation strategies
To scaffold support,
• Guide them through the process of identifying the coordinates of the
vertices that are non-integer values. For example:
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Have students identify the equations of the two lines that create
the intersection point.
x1y58
1
y 5 __
  2 x
Instruct students to solve the system.
1

y 5 __
  2 x

x 1 y 5 8		
1

y 5 __
  2  (
 ___
  3 )

3

y 5 ___
  6  5 2 __
3 

1

x 1 __
  2 x 5 8		
 __
2 x 5 8		
16

16

1

16

2

x 5 ___
  3  5 5 ___
3 
1 __
2
__
 Write the solution as the coordinate pair (5  , 2  ).
3 3
• Provide a template to determine the optimal solution
Vertices

600x + 250y = W

W

(3, 0)

600(3) 1 250(0) 5 W

1800

(6, 0)
(3, 1.5)
1

2

(5__
  3 , 2 __
3 )
(6, 2)
Questions to ask
• What polygon is formed by the shaded region? How many vertices
does it have?
• How did you identify the coordinates of the vertices that are
non-integer values?
• Why do you think the vertices are the only solutions that need to be
checked for the optimal solution?
• What type of value are you looking for when substituting the
coordinates of the vertices into the equation? How do you know?
• How many calories will Brad burn if he follows the optimal plan?
• Does this optimal plan fall within Brad’s workout constraints? How do
you know?
Have students work with a partner or in a group to complete Question 6.
Share responses as a class.
Questions to ask
• Why isn’t it necessary to change your graph?
• What equation represents this advertising context?
• Explain your steps to determine the optimal combination of running
and strength training for Brad to earn the most money.
LESSON 2: Make the Best of It • 29G
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• How much money will Brad burn if he follows the optimal plan?
• Will you always be looking for the maximum value when determining
the optimal solution? Why or why not?

Summary
In linear programming, the vertices of the solution region of the system
of linear inequalities are substituted into a given equation to find the
maximum or minimum value.

DEMONSTRATE

Talk the Talk: Making Bling for Cha-Ching
Facilitation Notes
In this activity, students write a system of inequalities to represent the
constraints of a problem situation and use linear programming to determine
a maximum value for a profit equation. They then describe the difference
between a solution to a system of linear inequalities and a solution to an
equation calculated by linear programming.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Misconception
Students may attempt to graph the optimization equation. If this occurs,
remind them that the optimization equation is only considered once the
solution set of the system is determined.
Questions to ask
• What portion of the context does each of your inequalities address?
• What polygon is formed by the shaded region? How many vertices
does it have?
• What is your optimization equation?
• What are the coordinate pairs you need to substitute into your
optimization equation?
• What type of value are you looking for when substituting the
coordinate pairs into the optimization equation? How do you know?
• What is the maximum profit Christy can earn?
• How is linear programming related to solving a system of
linear equations?

Summary
Systems of inequalities can model real-world problems with optimal solutions.
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Warm Up Answers

Make the Best of It

2

1.

y
2

–2

0

2

x

2

x

–2

Optimization
2.

y
2

–2

Warm Up

Graph each linear inequality.
1. y . x 2 1
y
2
0

–2

2

x

–2
1

2. y < 2 __
2x 1 2
y

0

–2

Learning Goals

• Write systems of linear inequalities in
two variables.
• Solve systems of two or more linear inequalities in
two variables.
• Determine possible solutions in the solution set
of systems of two or more linear inequalities in
two variables.
• Determine constraints from a problem situation.
• Use the vertices of a solution region to calculate
maximum or minimum values.

Key Terms

2
–2

0

2

x

• solution of a system of inequalities
• linear programming

–2

You have used the intersection of linear equations on a coordinate plane to solve a system of
linear equations. How can you use the intersection of linear inequalities on a coordinate plane to
determine the greatest or least values that a function can take?
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Answers
1a. 10x 1 7.5y $ 90

GETTING STARTED

Let x equal the number
of hours Janice works
at her baby-sitting
job, and y equal the
number of hours
Janice works at the ice
cream shop.
1b.
Hours at the Ice Cream Shop

y

30

Remember:

A boundary line,
determined by the
inequality, divides
the plane into two
half-planes, and the
inequality symbol
indicates which halfplane contains all
the solutions.

20

She Works Hard for the Money
Recall that you can graph a linear inequality in two variables on a coordinate
plane by determining the boundary line and shading the appropriate
half-plane.
1. Janice works two jobs and is trying to maximize her weekly
earnings. Her baby-sitting job pays $10 per hour, and her job at
an ice cream shop pays $7.50 per hour. Suppose she needs to
earn at least $90 to cover her weekly expenses.
a. Write a linear inequality to represent the total amount of
money Janice needs to earn at her jobs. Be sure to define
your variables.

10

0

10
20
30
Hours Baby-Sitting

40

x

Think

b. Graph the linear inequality on the coordinate plane.
y

Will the boundary
line be a solid or a
dashed line?

Hours at the Ice Cream Shop

about:
30

20

10

0

10

20

30

40 x

Hours Baby-Sitting
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Answers
1c. Yes. If Janice spends
18 hours baby-sitting
and 12 hours at the ice
cream shop, then
x 5 18 and y 5 12. The
ordered pair satisfies
the linear inequality.

c. Janice’s friend Colton suggests that she work 18 hours at her
baby-sitting job and 12 hours at the ice cream shop. If Janice
follows Colton’s advice, will she earn enough to cover her
weekly expenses? Explain your reasoning.

10(18) 1 7.5(12) $ 90
180 1 90 $ 90

d. Write this solution as an ordered pair. Where does it fall on
the graph?

270 $ 90 ✔
1d. The ordered pair is
(18, 12). It falls within
the shaded region on
the graph.

e. Determine another possible solution to this problem
situation. Justify your reasoning.

1e. Sample answer.
The ordered pair
(14, 0) is another
possible solution to the
problem situation.
10(14) 1 7.5(0) $ 90

f. Why is the graph restricted to the first quadrant?

140 1 0 $ 90

Think
about:

g. Write two inequalities that represent this restriction.

Which values are
reasonable for the
variables in the
problem situation?

140 $ 90 ✔
1f. The graph is restricted
to the first quadrant
because the variables
represent the number
of hours Janice works
at each job, and the
number of hours
cannot be negative.
1g. x $ 0, y $ 0
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Answers
1a. x 1 y # 20

AC T I V I T Y

1b. Colton’s suggestion is
not reasonable. While
she will make enough
money to cover her
weekly expenses, 18
hours of baby-sitting
and 12 hours at the ice
cream shop exceed
20 total hours.

The three inequalities you wrote to represent the possible number of hours
Janice can work at her two jobs make up a system of linear inequalities.
How does adding another inequality to the system affect the solution?
1. Suppose that Janice can work a maximum of 20 total hours per
week.
a. Write a linear inequality to represent the total number of
hours that Janice could work per week.

x 1 y # 20
10x 1 7.5y $ 90
1c.   



 
x$0
y$0

Remember:
b. Is Colton’s suggestion of 18 hours at her baby-sitting job
and 12 hours at the ice cream shop still reasonable? Justify
your reasoning.

In a system of linear
inequalities, the
inequalities are
known as constraints
because the values
of the expressions
are “constrained” to
lie within a certain
region on the graph.

1d.
y

30
20

c. Write the four linear inequalities that you have written
into a system of inequalities that represents Janice’s
problem situation.

10

0

10
20
30
Hours Baby-Sitting

40

1e. Janice must work 4
hours at the ice cream
shop to meet her
earnings requirement.
10(6) 1 7.5y 5 90
60 1 7.5y 5 90

d. Graph the system of linear inequalities on
one coordinate plane.

y

x

Hours at the Ice Cream Shop

Hours at the Ice Cream Shop

Systems of Linear Inequalities

2.1

30

e. Suppose that Janice is only able to
baby-sit for 6 hours. How many hours must
she work at the ice cream shop in order to
meet her earnings requirement? Justify
your reasoning.

20

10

7.5y 5 30
y54

0

10

20

30

40 x

Hours Baby-Sitting
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ELL Tip
To further help students understand the meaning of the term
constraint, connect its mathematical meaning to its everyday use. A
constraint is a limitation or restriction. For example, seatbelts are often
referred to as safety constraints.
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Answers
1f. See graph in Question
1, part (d).
The ordered pair is
(6, 4). It falls on the
border of the shaded
region of the graph.

f. Write your solution as an ordered pair, and plot it on the
graph in part (d). Where does it fall?

g. Erin suggests that Janice also work 10 hours at the ice cream
shop. Is this solution reasonable? How does it compare to
your answer in part (e)?

1g. The solution (6, 10) is
reasonable. It satisfies
all inequalities in
the system.
This solution falls
within the shaded
region whereas the
solution in part (e) falls
on the border of the
shaded region. The
solution to part (e) is
the minimum value to
satisfy the earnings
requirement.

h. Write Erin’s solution as an ordered pair and plot it on the
graph in part (d). Where does it fall?

i. Compare these solutions with the ordered pair (18, 12)
suggested by Colton in part (b). What do you notice?

1h. See graph in Question
1, part (d).
The ordered pair is
(6, 10). It falls within the
shaded region of all
four inequalities.

The solution of a system of inequalities is the intersection of the
solutions to each inequality. Every point in the intersection satisfies all
inequalities in the system.
2. Select one ordered pair that represents a point inside the
overlapping region. Verify that it is a solution to the system of
linear inequalities.

3. Select one ordered pair that represents a point outside the
overlapping region. Verify that it is not a solution to the system
of linear inequalities.
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2. Sample answer.
The point (16, 2) is a
solution to the system.
It falls within the
overlapping shaded
region and satisfies
all inequalities in
the system.
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16 1 2 # 20
18 # 20 ✔
10(16) 1 7.5(2) $ 90

160 1 15 $ 90
175 $ 90 ✔
16 $ 0 ✔
2$0✔
3. Sample answer.
The point (6, 3) is not a
solution to the system.
It does not fall within
the overlapping shaded
region and does not

1i. The solutions in parts
(f) and (h) satisfy all
four linear inequalities
and fall within the
shaded region that
overlaps. The solution
suggested by Colton
only satisfied some
of the linear
inequalities, and it
did not fall within
the overlapping
shaded region.

satisfy all inequalities in
the system.
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6 1 3 # 20
9 # 20 ✔
10(6) 1 7.5(3) $ 90
60 1 22.5 $ 90
82.5 $ 90 ✗
6$0✔
3$0✔
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Answers
4a. Serena is correct. She
shaded the region
above the graph of
the line y . 23x 1 5
and shaded below
the graph of the line
y , 23x 22.

4. Serena and Adam were each asked to graph the system of linear
inequalities shown.
y . 23x 1 5
y , 23x 2 2

Serena

Adam
y

4b. Sample answer.
Below both lines:
Check (22, 0).

−8

0 . 23(22) 1 5

y

8

8

4

4
0

−4

4

8

x

−8

0

−4

−4

−4

−8

−8

4

8

x

0 . 11 ✗
The two inequalities
do not overlap, and
therefore the system
has no solution.

0 , 23(22) 2 2
0,4✔
Between the two lines:
Check (0, 0).

The solution to the
system of inequalities
falls in between the
two lines.

a. Who is correct? Justify your reasoning.

0 . 23(0) 1 5
0.5✗

b. Select an ordered pair from each region of the graph to verify
your response.

0 , 23(0) 2 2
0 , 22 ✗
Above both lines:
Check (6, 0).

5. Why are the lines in Question 4 dashed?

0 . 23(6) 1 5
0 . 213 ✔
0 , 23(6) 2 2

6. Will two parallel lines always produce a system of linear
inequalities with no solution?

0 , 220 ✗
The system has no
solution. Serena
is correct.
5. The lines in Question
4 are dashed because
the expressions
23x 1 5 and 23x 2 2
in the inequalities are
less than or greater
than y, but not equal
to y. This means that
any point that falls on
either of these lines
are not part of the
solution set.
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6. No. A system of
linear inequalities will
have no solution if
the shaded regions
do not overlap.
The system could
have a solution set
represented
by points that fall
in between the
two lines.
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Answers
7. The Whistling Baker is a bakery that specializes in cupcakes
and muffins. They sell cupcakes for $2.00 each and muffins
for $1.25 each. The Whistling Baker can bake a total of 8 dozen
treats each day and needs to make $100 per day.

7a. Let x 5 the number
of cupcakes that they
bake, and y 5 the
number of muffins that
they bake.

a. Write a system of linear inequalities to represent this
problem situation. Be sure to define your variables.

b. Graph the system of
linear inequalities on the
coordinate plane.

2x 1 1.25 y $ 100
x 1 y # 96
  



 
x$0
y$0

y
90

7b.
y

70
Number of Muffins Sold

c. Identify one possible
solution. Is this reasonable
within the context of the
problem situation?

Number of Muffins Sold

80

60
50
40
30
20

0

10
0

90
80
70
60
50
40
30
20
10

10

20

30

40

50

60

70

80

90

x

Number of Cupcakes Sold

10 20 30 40 50 60 70 80 90
Number of Cupcakes Sold

x

7c. Sample answer.
A possible solution is to
sell 50 cupcakes and
20 muffins.
50 1 20 # 96
70 # 96 ✔
2(50) 1 1.25(20) $ 100
100 1 25 $ 100
125 $ 100 ✔
50 $ 0 ✔
20 $ 0 ✔
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Answers
1. Let x 5 the number of
hours spent running
per week.
Let y 5 the number of
hours spent strength
training per week.

AC T I V I T Y

Brad is a distance runner who wants to design the most effective workout
plan to prepare for his next race. To adequately prepare for the race, Brad
plans to do a combination of running and strength training. He must run
between 3 and 6 hours per week, and wants to devote at least twice as
much time to running as to strength training. Brad can spend no more than
8 hours working out each week.

3#x#6
1

__
y #   2x

Linear Programming

2.2

 

x1y#8

x$0
y$0

1. Write a system of inequalities to represent the constraints of
this problem situation. Be sure to define your unknowns.

y
9
8
7
6
5
4
3
2
1
0

2. Graph the system of inequalities on the coordinate plane shown.
Shade the region that represents the solution set.
y

1 2 3 4 5 6 7 8 9
Time Spent Running (hours)

Time Spent Strength Training (hours)

Time Spent Strength Training (hours)

2.

x

9
8
7
6
5
4
3
2
1
0

1

2

3

4

5

6

7

8

9

x

Time Spent Running (hours)
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Answers
You can use the intersection points to determine the optimal solution to a
system of inequalities through a process called linear programming.

3. The vertices of the
shaded region are

In linear programming, the vertices of the solution region of the system
of linear inequalities are substituted into a given equation to determine
the maximum or minimum value.

(3, 0), (6, 0), (3, 1.5),
1

2

__
(5 __
3 , 2  3 ) and (6, 2).

4. Let x 5 the number of
hours that Brad runs
and y 5 the number
of hours that Brad
strength trains.

3. Label the vertices of the shaded region.

4. Running burns 600 calories per hour, while strength training
burns 250 calories per hour. Write an equation to represent
this relationship. Be sure to define your variables.

600x 1 250y 5 W
5. Brad should devote 6
hours to running and
2 hours to strength
training each week to
maximize his workout.

5. Use the vertices of the solution region to determine how many
hours Brad should devote to each type of exercise in order to
maximize the number of calories burned.

600x 1 250y 5 W
600(3) 1 250(0) 5 1800
600(6) 1 250(0) 5 3600
600(3) 1 250(1.5) 5 2175

6. A sponsor wants Brad to advertise their company by wearing
its brand name on his workout gear. They will pay him $15 for
each hour he wears the brand name while running, and $20 for
each hour he wears the brand name while strength training.
Determine how many hours Brad should devote to each type of
exercise in order to maximize his earnings.

600(5.33) 1 250(2.67)
5 3865.5
600(6) 1 250(2) 5 4100
1

6. Brad should devote 5 __
3 
hours to running and
2
2 __
3  hours to strength
training each week to
maximize his earnings.
15x 1 20y 5 E
15(3) 1 20(0) 5 45
15(6) 1 20(0) 5 90
15(3) 1 20(1.5) 5 75
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15(5.33) 1 20(2.67)
5 133.35
15(6) 1 20(2) 5 130
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ELL Tip
Define the term optimal as the best or most favorable. Explain that
when solving a system of inequalities, there are many solutions. Now,
students will be using a process called linear programming to find the
optimal solution out of the entire solution set.
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Answers
1. Christy should make
30 bracelets and 33
necklaces.
Let b represent the
number of bracelets.
Let n represent the
number of necklaces.

NOTES

Making Bling for Cha-Ching
You can write a system of inequalities in two variables to model the
constraints in a problem situation and then use linear programming to
compute optimal results.

0.5b 1 0.75n # 40
  
 $ 30
 
b
n$0

1. Christy uses glass beads to make bracelets and necklaces.
It takes her 30 minutes to make a bracelet and 45 minutes
to make a necklace. She works at most 40 hours a week.
She wants to make at least 30 bracelets. The profit from
a bracelet is $10, and the profit from a necklace is $18.
Determine the number of bracelets and necklaces Christy
should make to maximize her profit. Show your work.

y
40
30
20
10
−10

TALK the TALK

(30, 33.33)
n ≤ (40 – .05b)/0.75
b ≥ 30
n≥0
(80, 0)
0 10 20 30 40 50 60 70 80
x
(30, 0)

y

−20

40

−30

30

−40

20

P 5 10b 1 18n

10

P 5 10(30) 1 18(33)
5 894

0 10

P 5 10(80) 1 18(0)
5 800

30

40

50

60

70

80

x

−20
−30

P 5 10(30) 1 18(0)
5 300

−40

The solution that
maximizes the profit
is (30, 33).
2. The solution of a
system of linear
inequalities is any
ordered pair that
satisfies each of the
inequalities in the
system. The solution to
an equation calculated
by linear programming
is a single ordered pair
that is also a solution
of a system of linear
inequalities that results
in a maximum or
minimum value for
the equation.

20

−10

2. Compare the solution of a system of linear inequalities
and the solution to an equation calculated by
linear programming.
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Assignment

Assignment
Answers

LESSON 2: Make the Best of It

Write

Write

Remember

Define each term using your own words.

The solution to a system of linear inequalities is

1. solution to a system of inequalities

the intersection of the shaded regions for each

2. linear programming

linear inequality in the system. In linear pro-

1. A solution to a system
of inequalities is the
intersection of the
solutions to each
inequality in the system.

gramming, the vertices of the solution region of
the system of linear inequalities are substituted

2. In linear programming,
the vertices of the
solution region of
a system of linear
inequalities are
substituted in to a given
equation to determine
the maximum or
minimum value.

into a given equation to find the maximum or
minimum value.

Practice
1. Paul works for Majestic Flooring as a carpet installer. His primary
responsibility is to install carpet. His secondary responsibility is to call
prospective clients in order to earn the company future business. At
least 25% of his total number of work hours must be spent making
these calls. According to his contract, he can work a maximum of 40
hours per week installing carpet and a maximum of 25 hours per week
calling prospective clients. Paul is allowed a maximum of 60 total work hours per week. Paul is trying
to determine the number of hours he should spend installing carpet and calling clients in order to

Practice
1a. Let x represent the
number of hours Paul
spends installing carpet.
Let y represent the
number of hours
Paul spends calling
prospective clients.

maximize his income.
a. Write a system of inequalities to represent the constraints of the problem situation. Define the
unknowns in the inequalities.
b. Graph the inequalities on a coordinate plane. Shade the region that represents the solution set.
c. Paul earns $25 for every hour he works installing carpet and $20 for every hour he works calling
prospective clients. Determine the number of hours Paul should work installing carpet and the
number of hours he should work calling clients in order to maximize his weekly income.
d. According to Majestic Flooring’s accountant, the company earns $40 in profit from new business
for every hour Paul spends calling prospective clients. The company also makes a profit of $34 for

x 1 y # 60

every hour Paul spends installing carpets. Determine the number of hours the company should

1

y $ 0.25(x 1 y)  y $ __
  3x
   

 
y # 25
 
x # 40

have Paul install carpets and the number of hours they should have Paul calling clients each week
in order to maximize their weekly profit.

1b.
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when he works x hours
installing carpet and y
hours calling clients.
The intersection points
of the constraints are
(0, 25), (35, 25), (40, 20),
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and (
 40, 13 __
3).
1

25(0) 1 20(25) 5 500
25(35) 1 20(25) 5 1375
25(40) 1 20(20) 5 1400
25(40) 1 20 (
 13 __
3) ø
1

1266.67.

1d. The company should
have Paul work 35 hours
per week installing
carpet and 25 hours per
week calling clients in
order to make a maximum
weekly profit of $2190.
The equation 34x 1
40y 5 p represents the
company’s weekly profit,
p, when Paul works x
hours installing carpet
and y hours calling
clients.

The intersection
points of the
constraints are (0, 25),
(35, 25), (40, 20), and 
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1
__
(40, 13  3 ).

34(0) 1 40(25) 5 1000
34(35) 1 40(25) 5
2190
34(40) 1 40(20) 5
2160
1
34(40) 1 40(13 __
  ø
3)
1893.33

Hours Calling Clients

y
80
60
40
20
0

x
20 40 60 80
Hours Installing Carpet

1c. Paul should work
40 hours per week
installing carpet and 20
hours per week calling
clients in order to earn
a maximum weekly
income of $1400.
The equation 25x 1
20y 5 n represents
Paul’s weekly income, n,
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Assignment
Answers
Stretch
1a. n(x) 5 25x2 1 80x 1
4800
The price of a pizza after
x increases of $0.50 is
12 1 0.50x. The number
of customers after x
increases of $0.50 is 400
2 10x.
Income 5 (price)
(number of customers)
n(x) 5 (12 1 0.50x)(400 2 10x)
5 4800 2 120x 1 200x 2 5x2
5 25x 1 80x 1 4800
2

Stretch
1. Lucy’s Perfect Pizza sells every pizza for $12. Lucy currently has 400 customers per day. She is
considering raising the price for each pizza in order to maximize her daily income. She estimates that
the business will lose 10 customers per day for every increase of $0.50 in the price of a pizza.
a. Write a function to represent Lucy’s daily income as a function of the number of $0.50 increases in
the price of a pizza.
b. Determine the x- and y-intercepts and explain what each represents in the context of the
problem situation.
c. Determine the maximum daily income for Lucy’s Perfect Pizza, the corresponding pizza price,
and the corresponding number of daily customers.

Review
1. Solve the system of equations.
x2y1z58
2x 1 y 2 z 5 22
3x 2 y 1 4z 5 4

1b. The x-intercepts are the
x-values when n(x) 5 0.
0 5 (12 1 0.5x)(400 2 10x)
12 1 0.5x 5 0 or
400 2 10x 5 0
x 5 224 or x 5 40
The x-intercept is 40 and
represents the number
of $0.50 increases in the
price of a pizza, which
would result in a daily
income of $0.
The y-intercept is the
value of n(x) when x 5 0.
n(0) 5 25(0)2 1 80(0) 1 4800
n(0) 5 4800
The y-intercept is 4800
and represents the daily
income when the pizza
price is left at $12 per
pizza.
1c. The maximum daily
income is $5120.
The corresponding
pizza price is $16 for
320 daily customers.
This corresponds to
8 increases of $0.50
above the current $12
pizza price. The pizza
price that corresponds
to the maximum daily
income is 12 1 0.50(8),
or $16. The number
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of daily customers
that corresponds to
the maximum daily
income would be
400 2 10(8) or 320
customers.
The x-coordinate of
the maximum for a
quadratic function
can be determined
using the formula x
2b
5 ____
  2a .

x 5 ______
  2(25)
280

x58

Evaluate the function
n(x) when x 5 8
to determine the
maximum value of the
function.

Review
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26

8

__
1. x 5 2, y 5 2 ___
3 , z 5 2 3 

n(8) 5 25(8)2 1 80(8) 1
4800
n(8) 5 5120
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Systems Redux
Solving Matrix Equations

x
3

MATERIALS
Technology that can
operate with matrices

Lesson Overview
Students are introduced to identity and inverse matrices. They express a system of equation as a
matrix eqution. Students relate solving a matrix equation to solving a linear equation, and then use
technology to solve a matrix equation. As a culminating activity, they model a scenario with a system
of equations, convert it to a matrix equation, solve the matrix equation using technology, and interpret
the solution in terms of the scenario.

Algebra 2
Systems of Equations and Inequalities
(3) The student applies mathematical processes to formulate systems of equations and
inequalities, uses a variety of methods to solve, and analyzes reasonableness of solutions.
The student is expected to:
	(B) solve systems of three linear equations in three variables by using Gaussian elimination,
technology with matrices, and substitution.

ELPS
1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas
• The multiplicative identity matrix, I, is a square matrix such that for any matrix A, A ? I 5 A.
• The multiplicative inverse of a matrix of a square matrix A is designated as A21, and is a matrix
such that A ? A21 5 I.
• Matrices can be used to solve a system of equations in the form Ax 1 By 1 Cz 5 D by writing
the system as a matrix equation in the form A ? X 5 B, where A represents the coefficient matrix,
X represents the variable matrix, and B represents the constant matrix.
• Technology can be used to solve matrix equations.
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Lesson Structure and Pacing: 2 Days
Day 1
Engage
Getting Started: Black and Gold Track What Sold
Students analyze two different representations of information about a fundraiser. One
representation uses running text to list the number of items sold in two different months and the
other representation presents the same information in matrix form. They respond to questions by
referencing the data and comparing the representations.
Develop
Activity 3.1: Matrices and Their Inverses
The terms matrix, dimensions, square matrix, matrix element, matrix multiplication, identity matrix, and
multiplicative inverse are defined. Using a real-world context, students explore the components of
a matrix. They multiply matrices and use matrix multiplication to determine whether two matrices
are inverses.

Day 2
Activity 3.2: Solving Systems with Matrices
Students are introduced to matrices as a way to represent and solve systems of equations. They
analyze a series of worked examples that demonstrate how to express a system of equations as a
matrix equation, how to use technology to solve matrix equations, and how to recognize whether
a matrix equation has many solutions or no solutions. Students conclude the activity by solving
systems of equations with matrices.
Demonstrate
Talk the Talk: Show Us Your Stuff
Students encounter a scenario that can be represented using a system of equations. They write a
system of equations representing the situation, express the system as a matrix equation, and then
use technology with matrices to solve the matrix equation. Students also interpret their solution in
the context of the problem situation.
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Getting Started: B
 lack and Gold Track
What Sold

ENGAGE

Facilitation Notes
In this activity, students analyze two different representations of
information about a fundraiser. One representation uses running
text to list the number of items sold in two different months and the
other representation presents the same information in matrix form.
They respond to questions by referencing the data and comparing the
representations.
Have students work with a partner or in a group to read the problems
and answer Questions 1 through 7. Share responses as a class.
Differentiation strategy
To extend the activity, provide students the first paragraph and
Mr. Black’s records, but do not show them Ms. Gold’s records. Ask
them to organize the information, and then compare their strategies
with Ms. Gold’s organization.
Questions to ask
• What are the advantages to Ms. Gold’s organization?
• How did you identify the data required to respond to this question?
• What order of operations did you use to answer Question 3?
• Is there another order that could have been used to answer
Question 3? If so, explain the process.
• What is another question you could answer by referring to the
data?

Summary
Data organized in rows and columns allows for easier identification and
interpretation of the information.

Activity 3.1

DEVELOP

Matrices and Their Inverses

Facilitation Notes
In this activity, the terms matrix, dimensions, square matrix, matrix element,
matrix multiplication, identity matrix, and multiplicative inverse are defined.
Using a real-world context, students explore the components of a matrix.
They multiply matrices and use matrix multiplication to determine
whether two matrices are inverses.
LESSON 3: Systems Redux • 41C
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Have students work with a partner or in a group to read the introduction
and complete Questions 1 and 2. Share responses as a class.
Differentiation strategy
To scaffold support, remind students that they used rectangular arrays
to model multiplication problems in elementary school. They also labeled
these arrays using the notation row 3 column.
Questions to ask
• What is a matrix?
• How is a matrix like a table? How is a matrix different than a table?
• When identifying the dimensions of a matrix or the location of an
element in a matrix, is the column or row expressed first?
• How is a 2 3 5 matrix different than a 5 3 2 matrix?
• What does the 0 in matrix B represent?
Have students work with a partner or in a group to complete Questions 3
through 5. Share responses as a class.
Questions to ask
• Explain why it is necessary to have five values in the second matrix.
• Explain the relationship between a row in the first matrix and the
column in the second matrix.
• Why does the resulting matrix only have four elements?
• Why does it make sense that the resulting matrix has four rows?
Ask a student to read the information following Question 5. Discuss as a
class.
Questions to ask
• How does the apq notation relate to the example?
• Explain how each element in the results matrix is the result of both
multiplication and addition.
Have students work with a partner or in a group to complete Questions 6
through 8. Share responses as a class.
Questions to ask
• How can you tell by the dimensions whether or not you can multiply
two matrices?
• Provide an example of the dimensions of two matrices that can be
multiplied.
Differentiation strategy
To scaffold support for all students, provide directions on how to use
technology to multiply matrices.
Have students work with a partner or in a group to complete Questions 9
and 10. Share responses as a class.
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As students work, look for
Whether they use mental math or write out all the operations when
calculating the value of each element in the result matrix.
Questions to ask
• If the product matrix A ? A21 does not equal the identity matrix I, what
does this tell you about the two matrices?
• How did you calculate each element in the product matrix?

Summary
A matrix is an array of numbers, known as matrix elements, composed into
rows and columns. You can determine an element apq of the product matrix
by multiplying each element in row p of the first matrix by an element from
column q in the second matrix and calculating the sum of the products. The
product of a matrix and its multiplicative inverse is the identity matrix.

Activity 3.2

Solving Systems with Matrices

Facilitation Notes
In this activity, students are introduced to matrices as a way to represent
and solve systems of equations. They analyze a series of Worked Examples
that demonstrate how to express a system of equations as a matrix
equation, how to use technology to solve matrix equations, and how to
recognize whether a matrix equation has many solutions or no solutions.
Students conclude the activity by solving systems of equations
with matrices.
Ask a student to read the introduction and analyze the Worked Example as a
class. Have students work with a partner or in a group to complete Question 1.
Misconception
Students may be confused by the equation A ? X 5 B thinking it is referring
to the same variables as in the referenced equation Ax 1 By 1 Cz 5 D.
Clarify this misunderstanding by explaining that A, X, and B represent
matrices, while A, B, C and D represent constants, and x, y, and z represent
individual variables.
Questions to ask
• How is a coefficient matrix formed?
• Why does the X matrix have three elements?
• Why do you think X is a 3 3 1 matrix?
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• Use the dimensions of A and X to explain why B has the dimensions
it has.
Have students work with a partner or in a group to complete Questions 2
and 3. Share responses as a class.
Questions to ask
• Explain how the matrix equation A ? X 5 B is another way to
represent the system of equations.
• How do you account for missing variables in a system of equations
when you represent the system as a matrix equation?
• How would you correct Antoine’s work?
Have students work with a partner or in a group to complete Question 4.
Share responses as a class.
Questions to ask
• How is a coefficient matrix formed?
• Why does the X matrix have three elements?
• Why do you think X is a 3 3 1 matrix?
• Use the dimensions of A and X to explain why B has the dimensions
it has.
Have students read the Worked Example and then work with a partner or in
a group to complete Questions 4. Share responses as a class.
Questions to ask
• According to the Worked Example, what additional step can the
technology do for you when solving a matrix equation?
• How does this error message relate to the system of equations?
Have students read the worked example following Question 4 and complete
Questions 5 through 6.
Differentiation strategy
To scaffold support, provide examples of systems of equations in two
variables for them to solve using the linear combination method to help
them relate to the concepts of many solutions and no solutions in the
worked example.
x 1 2y 5 8		
x 1 2y 5 8
3x 1 6y 5 24		
3x 1 6y 5 23
Questions to ask
• How can you tell when a matrix equation has many solutions or
no solutions?
• Can you identify whether a matrix equation has many solutions or
no solutions without the use of technology? Explain.
• How did you build an equation to get the results you wanted?
Have students work with a partner or in a group to complete Question 7.
41F • TOPIC 1: Extending Linear Relationships
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Differentiation strategy
To scaffold support for all students, provide directions to use technology
to solve a matrix equation.

2x 2 y 2 2z 5 3
Consider the system of equations 3x 1 y 2 2z 5 11 .
22x 2 y 1 z 5 28
Step 1: Write the system as a matrix equation.
2 21 22 x
   3
  
  3  
   
1     22  y    5    11 
[  22   21   1 ][z] [28]
A

?   X

5

B

Step 2: Calculate the inverse of A.

Step 3: Multiply the inverse by matrix B
to calculate the solution to the system.

Ans*[B]
2
	   3 
[21]

x
2
The solution to the matrix equation is y    5    3   , or (2, 3, 21).
[z] [
211]

Questions to ask
• Explain your steps to solve the system of equations.
• How can you check your solution?

Summary
Matrices can be used to solve a system of equations in the form
Ax 1 By 1 Cz 5 D by writing the system as a matrix equation in the form
A ? X 5 B, where A represents the coefficient matrix, X represents the
variable matrix, and B represents the constant matrix. The matrix equation
can then be solved using technology.
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DEMONSTRATE

Talk the Talk: Show Us Your Stuff
Facilitation Notes
In this activity, students encounter a scenario that can be represented
using a system of equations. They write a system of equations representing
the situation, expresss the system as a matrix equation, and then use
technology with matrices to solve the matrix equation. Students also
interpret their solution in the context of the problem situation.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Questions to ask
• Explain how your system of equations models the context.
• How did you rewrite your system of equations using matrices?
• Explain how you used technology to solve your matrix equation.

Summary
A real-world situation that can be modeled by a system of linear equations may
be solved using a matrix equation and technology.
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Warm Up Answers

3

Systems Redux

1. x 1 11y 1 3z
2. 7x 1 y 2 10z
5

3. 24x 1 __
  2 y 1 6z

Solving Matrix Equations

Warm Up

Rewrite each expression with the
fewest possible terms.
1. (2x 1 7y 2 3z) 1 (2x 1 4y 1 6z)
2. (10x 2 4y 2 9z) 2 (3x 2 5y 1 z)
1
3. __
2 (28x 1 5y 1 12z)

Learning Goals
•
•
•
•

Determine the dimensions of a matrix.
Identify specific matrix elements.
Determine the inverse of a matrix.
Use matrices to solve systems of equations.

Key Terms
•
•
•
•
•
•
•
•
•
•
•

matrix
dimensions
square matrix
matrix element
matrix multiplication
identity matrix
multiplicative inverse of a matrix
matrix equation
coefficient matrix
variable matrix
constant matrix

You have solved a system of three linear equations algebraically using substitution or Gaussian
elimination. How can you use matrices to write and solve a system of linear equations?
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Answers
1. Yes, both reports
contain the same
information.

GETTING STARTED

Black and Gold Track What Sold

2. Sample answer.
Ms. Gold’s report is
more straightforward,
concise, and easier to
read.

The high school lacrosse team just completed their winter fundraisers. They
sold $20, $25, and $50 gasoline cards and $20, $25, and $50 grocery cards
during the months of November and December. Two parents volunteered
to keep track of the total sales.
Mr. Black’s record for the fundraisers is as follows:
November: The team sold 230 gas cards for $20, 110 gas cards for $25, and
550 gas cards for $50. The team sold 112 grocery cards for $20, 89 grocery
cards for $25, and 95 grocery cards for $50.
December: The team sold 496 gas cards for $20, 850 gas cards for $25,
and 348 gas cards for $50. The team sold 129 grocery cards for $20, 233
grocery cards for $25, and 308 grocery cards for $50.
Ms. Gold’s record for the fundraisers is as follows:

$20 cards
$25 cards
$50 cards

November
Gas
Grocery
230
112
110
89
550
95

1

$20 cards
$25 cards
$50 cards

December
Gas
Grocery
496
129
850
233
348
308

1. Do Mr. Black’s record and Ms. Gold’s record give you the same
information?

2. Which report is easier to read?
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3. (89 1 233)25 5 $8050
$8050 was collected
selling $25 grocery
cards.

3. Calculate the total amount of money collected selling $25
grocery cards.

4. (550 1 348)50 5
$44, 900
$44,900 was collected
selling $50 gas cards.
5. The $25 grocery card
sold the least.

4. Calculate the total amount of money collected selling $50 gas
cards.

6. Sample answer.
I used Ms. Gold’s report
to answer Questions 3,
4, and 5 because it was
easier to read.
7. Sample answer.
Yes. the amount of the
gift cards could have
been listed at the top of
three columns and the
type of gift card could
have been listed beside
each of two rows.

5. Out of the 6 types of cards sold, which card sold the least?

6. Which report did you use to answer Questions 3, 4, and 5? Why?

7. Is there another way to record the fundraisers using Ms. Gold’s
method? Explain your reasoning.
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Answers
1a. Each row represents
the number of pairs
of shoes of a given
width. Each column
represents the
number of pairs of
shoes of a given size.

AC T I V I T Y

3.1

Matrices and Their Inverses

Systems of equations can become cumbersome to solve by hand,
particularly when the system contains three or more variables. There is
another method that you can use to solve systems of linear equations using
technology. It involves a mathematical object called a matrix.

1b. The dimensions of the
matrix are 4 3 5.
Rows are horizontal,
while columns are
vertical.

A matrix (plural matrices) is an array of numbers composed of rows and
columns. A matrix is usually designated by a capital letter. The dimensions
of a matrix are its number of rows and its number of columns. A square
matrix is a matrix that has an equal number of rows and columns.
This matrix is an n 3 m matrix, because it has n rows and m columns.
a11
a21
.
.
.
an1

a12 . . . a1m
a22 . . . a2m
.
.
. . .
.
. .
an2 . . . anm

Each number in the matrix is known as a matrix element. Each matrix
element is labeled using the notation aij, where aij means the number in the
ith row and the jth column.

C
A5 D
E
EE

9 10 11 12 13
3 5 3 5 0
5 7 6 4 3
6 5 7 7 2
2 0 8 5 2

The Fleet Feet shoe store in your town just got a shipment of
Phantoms, a top-selling running shoe. They are available in sizes 9
through 13 and in widths C, D, E, and EE. The manager of the store
keeps track of the inventory according to the number of pairs of shoes
in each size and width using the matrix shown.

1. Consider matrix A.
a. Describe what each row and each column represents in terms
of the problem situation.

b. What are the dimensions of this matrix?
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ELL Tip
For students who confuse the orientation of rows and columns, have
them connect the meaning of column to the vertical columns of some
buildings.
Help students understand what a matrix is by relating it to a table.
A matrix is a table that has both row and column titles, although the
lines separating the cells are removed.
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Answers
1c.

c. Determine the number that is in each location. Describe
the meaning of the matrix element in terms of the problem
situation.
• The element a34
• The element a45
• The element a21

• The element a34

represents the
number of size 12E
shoes. There are 7
pairs.

• The element a45

represents the
number of size 13EE
shoes. There are
2 pairs.

2. The Fleet Feet shoe store in a neighboring town carries the same
types of shoes and represents its inventory using matrix B.

• The element a21

a. What are the dimensions of matrix B?
B5

C
D
E
EE

represents the
number of size 9D
shoes. There are
5 pairs.

9 10 11 12 13
0 4 4 6 1
1 5 5 7 3
2 3 3 5 5
2 2 2 6 4

2a. The dimensions of
matrix B are 4 3 5.

b. What matrix element represents the number of size 10E
shoes? Write your answer in matrix notation.

2b. The number of size
10E shoes are located
in the 3rd row, 2nd
column of matrix B, or
matrix element b32.
2c. Size 10EE shoes are
represented by b42,
which is the fourth
row, second column.
Size 12D shoes are
represented by b24,
which is the second
row, fourth column.

c. How is b42 different from b24?
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Answers
3. Lauren:
3(10) 1 1(8) 1 0(6) 1
0(4) 1 0(2)
5 30 1 8 1 0 1 0 1 0 5
38 points

Coach Tirone’s team is at their first track meet. The finishing places and
number of medals earned for four of her sprinters are displayed in matrix A.
Points are awarded according to the scoring matrix B.

Kerri:
0(10) 1 2(8) 1 0(6) 1
1(4) 1 2(2)
5 0 1 16 1 0 1 4 1 4 5
24 points

A5

Points
1st 10
2nd 8
B 5 3rd 6
4th 4
5th 2

3. Determine each sprinter’s score for the meet.

Meaghan:
0(10) 1 1(8) 1 3(6) 1
1(4) 1 2(2)
5 0 1 8 1 18 1 4 1 4 5
34 points

4. Describe the method you used to calculate each sprinter’s score.

Erin:
2(10) 1 1(8) 1 0(6) 1
1(4) 1 1(2)
5 20 1 8 1 0 1 4 1 2 5
34 points

5. Record the sprinters’ overall scores as a 4 3 1 matrix. Label the
rows and columns.

When you determined the matrix representing the overall scores for each
sprinter, you actually performed a process called matrix multiplication.

4. For each sprinter, I
multiplied the assigned
point value by the
number of medals they
earned at each place,
and then added all of
their points to get each
sprinter’s overall score.
5.

Lauren
Kerri
Meaghan
Erin

1st 2nd 3rd 4th 5th
3
1
0
0
0
0
2
0
1
2
0
1
3
1
2
2
1
0
1
1

In matrix multiplication, an element apq of the product matrix is
determined by multiplying each element in row p of the first matrix by an
element from column q in the second matrix and calculating the sum of the
products. In order to multiply matrices, the number of columns in the first
matrix must be the same as the number of rows in the second matrix.
Sprinter’s Matrix

Points
Lauren 38

Lauren
Kerri
Meaghan
Erin

Kerri 24
Meaghan 34

1st 2nd 3rd 4th 5th
3
1
0
0
0
0
2
0
1
2
0
1
3
1
2
2
1
0
1
1

Erin 34

Scoring Matrix
Points
1st 10
2nd 8
3 3rd 6
5
4th 4
5th 2

Results Matrix
Lauren
Kerri
Meaghan
Erin

Points
38
24
34
34
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Answers
6. See table below.

6. Record the dimensions for each of the matrices in the table.
Dimensions of
Sprinter’s Matrix

Dimensions of
Scoring Matrix

Think

Dimensions of
Results Matrixns

7.

about:
How does the number
of columns in the
sprinter’s matrix
compare to the
number rows in the
scoring matrix?

8a. Yes. The product
matrix AB is defined.
Matrix A has 4 columns
and matrix B has 4
rows.

7. Josh made an observation about the dimensions of the product
matrix.
Josh
sprinters by medals 3 medals by points 5 sprinters 3 points

8b. The product matrix
is a 2 3 2 matrix. The
“outer dimensions” of
the multiplied matrices
are 2 and 2.

results

Write a generalization about the dimensions of the product
matrix, based on Josh’s statement.

⎢

⎡ 23
0
1 0 25 3
and
B
5
8. Consider the matrices A 5 [
21
22 1 4 7 ]
⎣ 2

2343432°232

⎥

2⎤
1
.
5
⎦
0

When the product
of two matrices
is defined, the
dimensions of the
product matrix are the
“outer dimensions,” or
the number of rows of
the first matrix by the
number of columns of
the second matrix.

A product matrix AB is
defined if the number

a. Is the product matrix AB defined? Explain your reasoning.

of columns in matrix
A is the same as the
number of rows
in matrix B so that
multiplication can be

b. Predict the dimensions of the product matrix AB.
Explain your reasoning.

performed.
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6.

Dimensions of
Sprinter’s Matrix

Dimensions of
Scoring Matrix

Dimensions of
Results Matrixns

435

531

431
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Answers
9.

RJ’s reasoning is
incorrect because
when matrix R is
multiplied by matrix
S, it does not produce
the identity matrix.
3
⎡__
⎤
  2    1
  1
 	   
 
[6 21] ⎣__  1  21⎦
6

⎢

2
 __ 
	   3 

⎥

7
1⎤
⎡  __
__
6  2 3 
  
	      
53
___
⎣   6  7 ⎦

⎢

⎥

1

The identity matrix,
I, is a square matrix
whose elements are
0s and 1s. The 1s are
arranged diagonally
from upper left to
lower right as shown.

I1 5 [1]
1 0
I2 5 [
0 1]
1 0 0
I3 5 0 1 0
[0 0 1]

10a. Yes. Matrix C
and matrix D are
inverses because
their product
matrix CD yields the
multiplicative identity
matrix.

Recall that for any real number n, the multiplicative inverse is __
n because the
1
product of n and __
n is the multiplicative identity, or 1. Similarly, when a matrix
is multiplied by its inverse matrix, their product is the identity matrix.
The multiplicative inverse of a matrix (or just inverse) of A is designated
as A21, and is a matrix such that A ? A21 5 I or the identity matrix. Nonsquare matrices do not have inverses.
9. RJ used his knowledge of multiplicative inverses to make
an assumption about the inverse of matrix R. Use matrix
multiplication to determine why RJ’s conclusion is incorrect.

RJ

2

_
1
R5 [3
6 21]

Matrix S is the inverse of matrix R because each
matrix element in matrix S is the reciprocal of the
corresponding matrix element in matrix R.
S 5

   9 22 1 2
	[   
        
24    1] [4 9]

3
⎡_

⎤

⎢_21 1 ⎥

⎣6 21 ⎦

10. Use matrix multiplication to determine whether the two
matrices are inverses. Explain your reasoning.

1 0
5 [    ] 
0 1
10b. No. Matrix G and
matrix H are not
inverses because
their product matrix
GH does not yield the
multiplicative identity
matrix.
1    0    0
GH 5  0 
      1      0 
[0 23 23]

9 22
a. C 5 [
24
1]

1 2
D5[
4 9]

1
2 3
b. G 5 0 24 1
[0
]
3 0

1 11 14
H 5 0 21 21
[ 0 23 24]
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AC T I V I T Y

x.x
3.2

Solving Systems
activity_H1
with Matrices

Matrices can be used to solve a system of equations. A system can be
written as a matrix equation, or an equation with matrices.
Consider a system of three linear equations in three variables, written in
standard form: Ax 1 By 1 Cz 5 D. The system can be written as a matrix
equation A ? X 5 B, by writing it as the product of a coefficient matrix and a
variable matrix equal to a constant matrix.
A coefficient matrix is a square matrix that consists of each coefficient
of each equation in the system of equations, in order, when they are
written in standard form. A variable matrix is a matrix in one column
that represents all of the variables in the system of equations. A constant
matrix is a matrix in one column that represents each of the constants in
the system of equations.
In a system with n equations, the coefficient matrix will be an n 3 n matrix,
the variable matrix will be an n 3 1 matrix, and the constant matrix will be
an n x 1 matrix.

Worked Example
Consider the system of three linear equations in three variables:
⎧ 2x 2 y 2 2z 5 3
⎪
⎨ 3x 1 y 2 2z 5 11
⎪
⎩ 22x 2 y 1 z 5 28.

|

Each equation is written in standard form Ax 1 By 1 Cz 5 D.
In the matrix equation A ? X 5 B, A is a 3 3 3 matrix consisting of each
coefficient, X is a 3 3 1 matrix representing all of the variables in the
system, and B is a 3 3 1 matrix consisting of each constant term.
x
3
2 21 22
11
1 22 ? y 5
3
[z]
]
[
1
28 ]

[22 21
Coefficient
Matrix

A

?

X

5

B

Constant
Matrix

Variable
Matrix
LESSON 3: Systems Redux • 49

A2_M01_T01_L03_Student Lesson.indd 49

5/25/21 12:30 PM

LESSON 3: Systems Redux • 49

A2_M01_T01_L03_TIG.indd 49

5/28/21 12:23 PM

Answers
   2  21  22 x
   3    1  22  y    
[ ]
22  21    1 z

1a.

1. Verify that the matrix equation is an equivalent representation
of the system of equations.
a. Use matrix multiplication to calculate A ? X.

   3
5    11
  
[28 ]
b. Write the system of equations that the matrix equation
represents. Justify your reasoning.

   3
2x 2 1y 2 2z
3x 1 1y 2 2z 5    11
   
[28 ]
22x 2 1y 1 1z
2x 2 y 2 2z 5 3
3x 1 y 2 2z 5 11
22x 2 y 1 z 5 28

1b.

c. Is the matrix equation an equivalent representation of the
system of equations?

If matrices are equal
then corresponding
elements are equal.

2. Write each system of equations as a matrix equation.

1c. Yes. The matrix
equation is an
equivalent
representation of the
system of equations.
   1    2  22 x
  2  21    1  y    
[ ]

21 
  3    2 z

2a.

28
5  21 
[ 13]
3x 1 2y 1 2z 5 4
5x 1 4y
50
2x 1 2y 2 z 5 12
x
3 2 2
	   5   4     0  y     
[21 2 21][ z ]

2b.

  4
5    0
  
[12]
3.

Antoine did not write
the system in standard
form Ax 1 By 1 Cz 5 D
before writing it in
matrix form.

⎧x + 2y 2 2z 5 28
⎪
5 21
a. ⎨ 2x 2 y 1 z
⎪
⎩ 2x 1 3y 1 2z 5 13

⎧ 3x + 2y + 2z = 4
⎪
5x = 24y
b. ⎨
⎪
⎩ 2x + 2y 2 z 5 12

3. Describe the error in Antoine’s method.

Think
about:
Is each equation of the
form Ax 1 By 1 Cz 5 D?

Antoine
2x 2 4y 5 5z 2 1
2x 5 5y 2 3z
3x 2 5y 2 3z 5 14
21
2 24
5 x
21
2 23 [ y ]5 0
[ 3 25 23 ] z [ 14 ]
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Answer
Remember, you can use technology with matrices as a tool when solving
matrix equations.

4. In the coefficient matrix
of this system of three
linear equations, the
third row is a multiple
of 3 of the first row.
When any row of a
matrix is a multiple of
another row, or any
column is a multiple of
another column, the
inverse does not exist.
Therefore, the system
cannot be solved.

Worked Example
2x 2 y 2 2z 5 3
Consider the system of equations 3x 1 y 2 2z 5 11
22x 2 y 1 z 5 28
Step 1: Write the system as a matrix equation.
2 21 22 x
3
3
1 22 y 5 11 .
[22 21 1 ][z] [28]
A

?

X

5 B

Step 2: Calculate the inverse of A using yourchoice of technolgy.
1 23 24
A21 5 21
2
2
[ 1 24 25]
Step 3: Use technology to multiply the inverse by matrix B
to calculate the solution to the system.
1
21

23 24
2
2

3
11 5

2
3

[ 1 24 25][28] [21]
x
2
The solution to the matrix equation is y 5
3 , or (2, 3, 21).
[z] [ ]
21

4. Anthony is asked to solve a system of three linear equations
using technology with matrices and he gets an error message
letting him know it is a noninvertible matrix.

Anthony

x 1 2y 2 z 5 1
2x 2 2y 2 z 5 2
3x 1 6y 2 3z 5 3

1 2
2 22
[3 6

21 x
1
21 [ y ] = 2
23 ] z [3 ]
A?X=B
X = A21 ? B

Why might Anthony have seen the error message?
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Answers
5. The system of equations
in Question 4 has many
solutions.

Recall that when any row of a matrix is a multiple of another row, or any
column is a multiple of another column, the inverse of the matrix does not
exist. When the coefficient matrix is noninvertible, the system is not able
to be solved. In this case, the system will either have many solutions or
no solution.

1
1     2  21 x
 22  21  y    5 2 
    
2 
[ ]
    6  23 z [ 3 ]
3 

When using technology, you will get a similar error message for both cases,
because in both cases, the inverse of the coefficient matrix does not exist.
You can use the constant matrix to differentiate between a system with
many solutions and a system with no solution.

The third row of the
coefficient matrix is a
multiple of the first row
in the coefficient matrix
by a factor 3. The third
row in the constant
matrix is also a multiple
of the first row in the
constant matrix by a
factor 3. Therefore,
the system has many
solutions.

Worked Example
Many Solutions
x 1 5y 2 2z 5 3
2x 1 10y 2 4z 5 6
x 1 y 1 3z 5 21

No Solution
x 1 5y 2 2z 5 3
2x 1 10y 2 4z 5 7
x 1 y 1 3z 5 21

x
1 5 22
3
y 5 6
2 10 24
[z] [ ]
[1 1
]
21
3

1 5 22 x
3
2 10 24 y 5 7
[z] [ ]
[1 1
]
21
3

If each variable in one equation
is a multiple of another equation,
and the constants are a multiple
by the same factor, the system
will have many solutions.

If each variable in one equation
is a multiple of another equation,
and the constants are not a
multiple by the same factor, the
system will have no solution.

5. Determine whether the system of equations in Question 4 has
no solution or many solutions.
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6a. Sample answer.
10x 2 6y 1 2z 5 1
Each variable in the
equation is a multiple
of the variables in
the first equation by
a factor 2. However,
the constant in
the equation is not
a multiple of the
constant in the first
equation.

6. Two of the equations in the system of three linear equations
are given.
5x 2 3y 1 z 5 24
x 1 2y 2 3z 5 0
a. Write a third equation that would produce a system with no
solution. Explain your reasoning.

b. Write a third equation that would produce a system with
many solutions.

7. Write each system of equations as a matrix equation. Then
calculate the solution to each system of linear equations by
using technology with matrices.
a.

c.

2x 2 3y 5 7
y 1 z 5 25
x 1 2y 1 4z 5 217

b. 5x 1 y 1 3z 5 9
2x 2 2y 2 z 5 216
2x 1 4y 1 2z 5 230

x 2 4y 1 3z 5 27
2x 1 3y 2 5z 5 19
4x 1 y 2 z 5 17

d.

6b. Sample answer.
10x 2 6y 1 2z 5 28
Each variable in the
equation is a multiple
of the variables in
the first equation
by a factor of 2.
The constant in the
equation is also a
multiple of the first
equation by a factor
of 2.

Don't forget to fill the
variables that have a
coefficient of zero.

7a. The solution to the
system is {5, 1, 26}.
2 23 0 x
     7
 0      1     1  y    5 25 
[1   2 4][z] [217]

2x 2 3z 5 4
2x 1 y 2 5z 5 21
3y 2 4z 5 2
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7d. The solution to the

  4 , 12, ___
  2 }.
system is {
 ___
59

17

2 0 23 x
   4
y
 2      1     25       =  21
   
[0 3 24][z] [   2 ]

7b. The system has no
solution.
The variables in the
third equation are a
multiple of the variables
in the second equation
by a factor of 22.
However, the constant
in the third equation
is not a multiple of the
constant in the second
equation by the same
factor. Therefore, the
system has no solution.
7c. The solution to the
system is {3.5, 1.5, 21.5}.
1 24     3 x
27
y
 2 
  
      3   25      5   19
  
[4    1   21][z] [  17]
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Answers
1a. Let x 5 the number of
small fruit baskets sold,
let y 5 the number of
medium fruit baskets
sold, and let z 5 the
number of large fruit
baskets sold.

NOTES

Show Us Your Stuff
As you learned in a previous lesson, you can model a real-world
situation using a system of linear equations. Now you have another tool
to use to help you solve the system.

x 1 y 1 z 5 80
15.75x 1 25y 1 32.5z
5 2086.25
2x 5 z

1. Your school’s Key Club decided to sell fruit baskets to raise
money for a local charity. The club sold a total of 80 fruit
baskets. There were three different types of fruit baskets.
Small fruit baskets sold for $15.75 each, medium fruit baskets
sold for $25 each, and large fruit baskets sold for $32.50
each. The Key Club took in a total of $2086.25, and they sold
twice as many large baskets as small baskets.

x
1
1
1
1b.
25     32.5
   
	 15.75 
   
  
   y    
[ ]
[ 2
0 21 ] z
     80
 
5  2086.25


[       0 ]
x
15
  
	 y    5 35
[z] [ ]
30

a. Formulate a system of three linear equations in three
variables to represent this problem situation. Be sure to
define your variables.

1c. The Key Club sold 15
small fruit baskets, 35
medium fruit baskets,
and 30 large fruit
baskets.
2. Sample answer.
If the system has only
two equations in two
variables, it may be
easier to simply solve
using substitution or
linear combinations
than to enter the
coefficient matrix into
a calculator, determine
its inverse, and
then multiply by the
constant matrix.

TALK the TALK

b. Solve the system of three linear equations using
technology with matrices. Write your answer in terms of
the problem situation.

c. Describe the solution in terms of the problem situation.

2. Is it always easier to solve a system of linear equations using
matrices? Explain your reasoning.
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Assignment

Assignment
Answers

LESSON 3: Systems Redux

Write

Write

Remember

Rewrite the definition for the following terms in

When a matrix is multiplied by its inverse matrix,

your own words.

their product is the identity matrix. Non-square

1. multiplicative identity matrix

matrices do not have inverses. Matrices can be

2. multiplicative inverse of a square matrix

used to solve a system of equations by writing

3. matrix equation

the system as a matrix equation. Technology

4. variable matrix

can be used to determine the inverse of a matrix

5. constant matrix

and to solve matrix equations.

1. The multiplicative
identity matrix is a
square matrix, I, that
consists of all zeros
except for a diagonal
row of ones from the
upper left of the matrix
to the lower right. The
product of a matrix, A,
and the multiplicative
identity matrix I, is the
matrix A.

6. coefficient matrix

Practice
1. Consider the system of three linear equations in three variables
2x
1 2z 5 2
5x 1 3y
54
3y 2 4z 5 4

2. The multiplicative
inverse of a square
matrix A, designated as
A21, is a matrix such that
the product A ? A21 is the
identity matrix I.

a. Write a matrix equation for the system in the form A ⋅ X 5 B.
b. Use technology to determine A21.
c. Solve the matrix equation.
2. Maria is helping with a school fundraiser by selling fruit baskets. Basket A contains 3 apples, 2 pears,
and 4 oranges and sells for $9.65. Basket B contains 4 apples, 3 pears, and 3 oranges and sells for
$10.70. Basket C contains 2 apples, 2 pears, and 2 oranges and sells for $6.30. What is the cost of

3. A matrix equation is an
equation with matrices
that can be used to
solve a system of
equations.

each apple, pear and orange?
a. Write a system of equations to represent the scenario. Define your variables.
b. Write the system of equations as a matrix equation.
c. Calculate the solution to the system of linear equations by using technology with matrices.
3. A middle school theater department sells tickets for their upcoming production. A child’s ticket

4. A variable matrix is a
matrix in one column
that represents all of the
variables in a system of
equations. The number
of rows should match
the number of variables
in the system.

costs $3.50, a student ticket costs $5, and an adult ticket costs $8.50. They sell the same number
of student tickets as adult tickets. They sold a total of 82 tickets and total income from ticket sales
is $495.
a. Write a system of three linear equations in three variables to represent this scenario.
Define your variables.
b. Write the system of equations as a matrix equation.
c. How many of each ticket type did the theater department sell? Calculate the solution to the
system of linear equations using technology with matrices. Round decimals to four decimal places.
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Practice
x
2 0 2
2
1a.  5 
   3   0   y    5  4 
   
[0 3 24][z] [4]
⎡ 22 1 21 ⎤

⎢

⎥

10

24

5

5
__
⎣   2

21

1 ⎦

___ ___
__
1b. A21 5     
3        3       3  

⎢

⎥

⎡ 22    1 21 ⎤

6/3/21 7:47 PM

x
24
2
10 ___
5
24
___
__
     3      3     4 
1c.  y     5      
 3 
    5   8 	
[z]
[4] [ 5 ]
5
__
⎣   2  21 1 ⎦
x 5 24, y 5 8, z 5 5
2a-3c. S
 ee answers at the end of
the lesson.

5. A constant matrix is a
matrix in one column
that represents each
of the constants in a
system of equations.
The number of rows
should match the
number of equations in
the system.
6. A coefficient matrix is a
matrix that consists of
each coefficient of each
equation in the system
of equations, in order,
when they are written
in standard form. The
number of rows should
match the number of
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Assignment
Answers
Stretch
Multiplying the matrix
a
21 0
[   ]  by the vector [   ]
b
   0 1
results in the vector
2a
[  ].
   b

Stretch
The matrix [

21 0
reflects any 2d vector across the y-axis. Explain why.
0 1]

Review
Determine each product.

Review
12
1. [ ]
   1

19
2. [ ]
23

3
2
1. [
1 21]

[ 2]
3

2. [

4
21
0] [ 5 ]

3. [

[0]

1
3

2
2
1 23]

4

8
3. [ ]  
4
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Assignment Answers
Practice
2a. Let x 5 the number of apples, let y 5 the number of pears, and let z 5 the number of oranges.
3x 1 2y 1 4z 5 9.65
4x 1 3y 1 3z 5 10.70
2x 1 2y 1 2z 5 6.30
x
9.65
3 2 4
2b.	 4   3   3   y     5  10.70

 
[2 2 2] [z] [ 6.30 ]
2c. X 5 A21 ? B
21

x
3 2 4
	
 y     5  4 
   3   3 
[z] [
]
2 2 2

9.65
 10.70

 		
[ 6.30 ]

0
1
21.5
A21 5    
  
  20.5 
    20.5 
    1.75 
[     0.5 20.5 0.25 ]

x
     0     1 21.5
9.65
	
 y    5    
  
  20.5   20.5   1.75   10.70

 
[z] [
]
[
     0.5 20.5 0.25
6.30 ]
x
1.25
 

	 y     5  0.85
[z] [
1.05]
Each apple costs $1.25, each pear costs $0.85, and each orange
costs $1.05.
3a Let x 5 the number of child tickets sold, let y 5 the number of student tickets sold, and let z 5 the number of
adult tickets sold.
x 1 y 1 z 5 82
y5z
3.50x 1 5.00y 1 8.50z 5 495
x
1
1
   1
82
3b.	   
  0
  
  1  21  y    5     0 
[3.50 5.00 8.50][z] [495]
3c. X 5 A21 ? B
21
x
  2.0769
20.5385 20.3077
82
1
1
  1
0  1  21       0 	 A21 5     
	
 y     5    
    
  20.5385 
   
 
   0.7692       0.1538   
[z] [
[  20.5385   20.2308     0.1538 ]
3.50 5.00 8.50] [495]
x
  2.0769
20.5385 20.3077
82
	
 y     5     
  20.5385 
   
 
   0.7692       0.1538        0 
[z] [
  20.5385   20.2308     0.1538 ] [495]
x
18
	
 y    5 32
   
[z] [ ]
32
They sold 18 child tickets, 32 student tickets, and 32 adult tickets.
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Putting the V in
Absolute Value

4
x

MATERIALS
Graphing technology
Masking tape
Markers

Defining Absolute Value Functions
and Transformations
Lesson Overview
Students are already familiar with the general shape of the graphs of absolute value functions,
and they have studied transformations of linear functions. In this lesson, students experiment with
the absolute value function family. They expand their understanding of transformations to include
horizontal translations and dilations. Students interpret functions in the form f(x) 5 A(B(x 2 C)) 1 D.
They distinguish between the effects of changing values inside the argument of the function (the
B- and C-values) and changing values outside the function (the A- and D-values). At the end of the
lesson, students summarize the impact of transformations on the domain and range of the absolute
value function.

Algebra 2
Attributes of functions and their inverses
(2) The student applies mathematical processes to understand that functions have distinct
key attributes and understand the relationship between a function and its inverse.
The student is expected to:
__
__
1
	(A) graph the functions f(x) 5 √ x , f(x) 5  __x , f(x) 5 x3, f(x) 5 3 √ x , f(x) 5 bx, f(x) 5 |x|, and
f(x) 5 logb (x) where b is 2, 10, and e, and, when applicable, analyze the key attributes such as
domain, range, intercepts, symmetries, asymptotic behavior, and maximum and minimum given
an interval.

Cubic, cube root, absolute value and rational functions, equations,
and inequalities
(6) The student applies mathematical processes to understand that cubic, cube root,
absolute value and rational functions, equations, and inequalities can be used to model
situations, solve problems, and make predictions. The student is expected to:
	(C) analyze the effect on the graphs of f(x) 5 |x| when f(x) is replaced by af(x), f(bx), f(x 2 c), and
f(x) 1 d for specific positive and negative real values of a, b, c, and d.
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Number and algebraic methods
(7) The student applies mathematical processes to simplify and perform operations on
expressions and to solve equations. The student is expected to:
	(I) write the domain and range of a function in interval notation, inequalities, and set notation.

ELPS
1.A, 1.D, 1.E, 1.G, 2.C, 2.D, 2.G, 2.H, 2.I, 3.A, 3.B, 3.C, 3.D, 3.F, 4.A, 4.B, 4.C, 4.G, 4.K, 5.E

Essential Ideas
• An absolute value function is a function of the form f(x) 5 |x|.
• A function g(x) of the form g(x) 5 f(x) 1 D is a vertical translation of the function f(x).
The value |D| describes the number of units the graph of f(x) is translated up or down.
If D . 0, the graph is translated up; if D , 0, the graph is translated down.
• A function g(x) of the form g(x) 5 Af(x) is a vertical dilation of the function f(x). For |A| . 1,
the graph is vertically stretched by a factor of A units; for 0 , |A| , 1, the graph vertically
compresses by a factor of A units. For A , 0, the graph also reflects across the x-axis.
• A function g(x) of the form g(x) 5 f(x 2 C) is a horizontal translation of the function f(x).
The value |C| describes the number of units the graph of f(x) is translated right or left. If
C . 0, the graph is translated to the right; if C , 0, the graph is translated to the left.
• A function g(x) of the form g(x) 5 f(Bx) is a horizontal dilation of the function f(x). For |B| . 1, the
1
. For 0 , |B| , 1, the graph will be horizontally
graph is horizontally compressed by a factor of  ____
|B|
1
____
stretched by a factor of  |B|  units. For B , 0, the graph also reflects across the y-axis.
• Transforming a function by changing the A- or D-values affects the output of the function, y.
Transforming a function by changing the B- or C-values affects the input of the function, x.

Lesson Structure and Pacing: 3 Days
Day 1
Engage
Getting Started: Distance Is Always Positive
The term absolute value is defined, and students recall how to evaluate absolute value expressions
prior to exploring absolute value functions in the next activity. They model different absolute
value expressions on the x-axis of a classroom coordinate plane. Students also address a common
misconception that the expression 2x always represents a negative number.
Develop
Activity 4.1: Graphs of Absolute Value Functions
Students model the functions f(x) 5 x, f(x) 5 |x|, f(x) 5 2x and f(x) 5 |2x| on a classroom
coordinate plane. They record the values for each function in a table, graph them on a coordinate
plane, and compare the functions and graphs. Through this activity, students make sense of the
basic shape of an absolute value function and its limited range.
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Day 2
Activity 4.2: Transformations Outside the Function
Students connect what they know about linear function transformations to translate and dilate
absolute value functions. Students explain how the order of transformations affects the line of
reflection. For each transformation type, students write the new function in terms of the basic
function, graph the function using technology, and then generalize the effect of the A-, or D-value
in the new equation.
Activity 4.3: Transformations Inside the Function
Students investigate horizontal translations, which occur by changing the argument inside
absolute value functions. They then connect what they know about vertical dilations to horizontal
dilations. For each transformation type, students write the new function in terms of the basic
function, graph the function using technology, and then generalize the effect of the C-, or B-value
in the new equation.

Day 3
Activity 4.4: Combining Transformations of Absolute Value Functions
Students distinguish a horizontal translation or dilation, which occurs by changing the B- or
C-values inside the function, from vertical translations and dilations, which occur by changing
values outside the function. Given functions of the form g(x) 5 A ? f(B(x 2 C)) 1 D, students use
coordinate notation to describe transformations and then graph each function.
Activity 4.5: Writing Equations in Transformation Form
Students practice writing functions in transformation function form in terms of their specific
transformations, then write an equivalent equation for each.
Demonstrate
Talk the Talk: A, B, C, and D
Students interpret translations of the function f(x) 5 A|Bx 2 C| 1 D by making sense of the
values A, B, C, and D expressed in general terms. They relate the values of the parameters to their
graphs. Students also address true/false statements about the effects of transformations on
domain and range.
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ENGAGE

Getting Started: Distance Is Always Positive
Facilitation Notes
In this activity, absolute value is defined, and students recall how to
evaluate absolute value expressions prior to exploring absolute value
functions in the next activity. They model different absolute value
expressions on the x-axis of a classroom coordinate plane. Students
also address a common misconception that the expression 2x always
represents a negative number.
Prior to class, use masking tape and a marker to create a coordinate plane
on the floor of the classroom. Extend each axis from 28 to 8 and space
the grid lines far enough apart so that students can stand at any point.
Complete Questions 1 through 3 as a class. Be sure that students use the
coordinate plane to model the expression, not just the final result. For
example, for |22|, students should start at 22 and then reflect across 0
to get a result of 12.
Differentiation strategies
• To assist all students, have one student also represent 0
throughout the activity so that the students’ distance from zero is
more explicit.
• To extend the activity, have students represent these equations
on the number line: |x| 5 3, |x| 5 5, |x| 5 22, |x 2 2| 5 5, and
|x 1 2| 5 4.
Misconceptions
• Students may incorrectly assume that 2a always represents a
negative value. To clarify this error in thinking, remind students to
read the expression 2x as the opposite of x.
• Students may have memorized that the answer is always
positive in absolute value problems, but it is important that they
understand that absolute value is a measure of distance from zero
as they deal with the absolute value function in later activities.
As students work, look for
Sign errors when simplifying the expressions.
Questions to ask
• Why did every student go to the positive numbers on the
number line?
• Why is the absolute value of an expression always positive or zero?
• How should the equation |a| 5 2a be read?
• Explain what |a| 5 2a means in your own words.
• Do you always take the opposite of a number when taking its
absolute value? Explain.
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Summary
The absolute value of an any numeric expression is a positive number
or zero, representing the number of units that value is from zero on the
number line.

Activity 4.1

DEVELOP

Graphs of Absolute Value Functions

Facilitation Notes
In this activity, students model the functions f(x) 5 x, f(x) 5 |x|,
f(x) 5 2x and f(x) 5 |2x| on a classroom coordinate plane. They also record
the values for each function in a table, graph them on a coordinate plane,
and compare the functions and graphs. Through this activity, students
make sense of the basic shape of an absolute value function and its
limited range.
Directions for graphing functions on the classroom coordinate plane.
Prior to class:
• Draw both tables from this activity on the board.
• Write x 5 29, x 5 26, etc. on separate sheets of paper for each x-value
of the table.
During class:
• Select 8 students to represent the x-values from the table. Direct them
to hold the paper with their x-value in front of them as they complete
this activity.
• Write f(x) 5 x on the board. Ask the 8 students to plot their coordinate
pair for this function on the classroom coordinate plane.
• Have a student ask each student the coordinate pair of their location
and record these values in the table drawn on the board while those at
their seat complete the table and graph the function.
• Retaining the original eight students, guide students through
Questions 1 through 4, repeating this process for f(x) 5 |x|.
Differentiation strategy
Provide students colored pencils so that they can tell the two functions
apart when they graph them on their own coordinate plane. Colored
pencils will be helpful throughout this lesson as students place multiple
graphs on the same coordinate plane.
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As students work, look for
A discrete graph rather than a continuous graph. Some graphs may
contain only the values in the table rather than all points on the entire
function. Emphasize the domain of the function includes all real numbers.
Questions to ask
• What are the domain and range of f(x) 5 x?
• Which students needed to move on the classroom coordinate plane
when graphing the absolute value function? Why did they have to
move while others did not?
• Which quadrants of the coordinate plane contain positive x-values?
Positive y-values?
• Which quadrants contain the absolute value function? Why is that
the case?
• What are the domain and range for f(x) 5 |x|?
Complete Questions 5 through 8 as a class, repeating the directions, but
selecting different students.
Questions to ask
• Which students needed to move on the classroom coordinate plane
when graphing f(x) 5 |2x|? Why did they have to move while others
did not?
• How did those students with negative x-values determine their
location for the graph of f(x) 5 |2x|?
• How did those students with positive x-values determine their
location for the graph of f(x) 5 |2x|?
• What are the domain and range for f(x) 5 |2x|?
• Is an absolute value function also a linear function? Why or why not?
• Are absolute value functions considered increasing functions or
decreasing functions? Explain.

Summary
The basic absolute value function is a V-shaped graph. Except for (0, 0), all
points on the graph have positive y-coordinates.
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Activity 4.2

Transformations Outside the Function

Facilitation Notes
In this activity, students connect what they know about linear function
transformations to translate and dilate absolute value functions. Students
explain how the order of transformations affects the line of reflection. For
each transformation type, students write the new function in terms of the
basic function, graph the function using technology, and then generalize the
effect of the A-, or D-value in the new equation.
Differentiation strategy
As an alternative grouping method, use the jigsaw strategy for this
activity. The table shown demonstrates how to organize a class of 30
students, with 3 student names per cell.
Group A
Questions
1–4

Group B
Questions
5–7

Group 1
Group 2
Group 3
Group 4
Group 5
Have each group (column) complete their assigned questions. Then,
regroup by group numbers (rows), so that there are groups of 6 students
with pairs from Groups A and B. Give each group a time limit to be the
teacher to their peers for their set of questions. Then, have all groups
read the information prior to Question 8, complete Questions 8 through
15, and discuss as a class.
Have students work with a partner or in a group to complete Questions 1
through 4. Share responses as a class.
Differentiation strategy
To scaffold support with transferring the graph from their technology to
their own coordinate plane, suggest they access the table of values on
their technology for help.
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Questions to ask
• What is the shape of the absolute value function?
• Where is the absolute value function on your calculator?
• What is a vertical translation?
• How does a vertical translation affect each point on the graph of the
original function?
• Does a vertical translation change the shape of a function?
• How do you know whether the vertical translation is a shift up
or down?
• How are vertical translations apparent in the algebraic
representation of a function?
• Write a function that will translate the absolute value function up
4 units.
• How are vertical translations apparent in the graphic representation
of a function?
• Considering a vertical translation of D, does each point (x, y) on the
graph of g(x) become (x, y 2 D) or (x, y 1 D)?
Have students work with a partner or in a group to complete Questions 5
through 7. Share responses as a class.
y j(x) = 2|x|
8
4
−8

−4 0

f(x) = |x|
4

−4
−8

8

x

Misconception
Students may observe the graph of j(x) 5 2|x| and identify the change
in the graph as a horizontal compression rather than a vertical stretch.
Clarify this misconception now using the example provided.
For example, given j(x) 5 2|x|. The y-value is multiplied by 2.
Point (2, 2) moves to point (2, 4), and point (4, 4) moves to point (4, 8).
It is not the case that point (4, 4) moves to the point (2, 4).
Questions to ask
• What is a vertical dilation?
• How does a vertical dilation affect each point on the graph of the
original function?
• Does a vertical dilation change the shape of a function?
• How do you know whether the vertical dilation is a vertical stretch or
a vertical compression?
• What dilations cause a vertical stretching of the function?
• What dilations cause a vertical compression of the function?
• How are vertical dilations apparent in the algebraic representation of
a function?
• How are vertical dilations apparent in the graphic representation of
a function?
• Considering a vertical dilation of factor A, does each point (x, y) on
the graph g(x) become (x, Ay) or (Ax, y)?
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Have students work with a partner or in a group to complete Questions 8
and 9. Share responses as a class.
Questions to ask
• What is a line of reflection? A line of symmetry?
• What is the difference between a line of reflection and a line
of symmetry?
• Are lines of reflection always the x- or y-axis?
• How are Josh’s steps and Vicki’s steps different from one another?
• What line of reflection did Josh use? What line of reflection did
Vicki use?
• Did Josh and Vicki end up with the same result?
• Does a reflection or a translation change the shape of the function?
• Does a reflection followed by a shift result in the same graph as the
same shift followed by a reflection?
• Do you think the order of transformations ever makes a difference in
the graph of a function? If so, for what transformations?
Have students work with a partner or in a group to complete Questions 10
through 15. Share responses as a class.
As students work, look for
Errors calculating b(x) by applying the transformations to a(x) rather
than f(x).
Misconceptions
• Students may think that all reflections are the same, not realizing the
line of reflection makes a difference. Clarify this misconception by
comparing a(x) and 2a(x), where the x-axis is the line of reflection,
and a(x) and b(x), where y 5 1 is the line of reflection. Use patty
paper with the axes drawn on it to demonstrate how b(x) and 2a(x)
are created from reflections of a(x).
• When describing the line of reflection as the x-axis, students may
identify it as x 5 0 rather than y 5 0.
Questions to ask
• Which transformations must be performed on f(x) to create a(x)?
• What is the point (2, 2) from f(x) mapped onto in a(x)?
• Would the graph of a(x) look different if the vertical translation
occurred before the vertical dilation? If so, how?
• What is the point (2, 2) from f(x) mapped onto in b(x)?
• Is the graph of a(x) reflected across the x-axis to create b(x)?
• Is the graph of a(x) reflected across the line y 5 1 to create b(x)?
• What is the line of reflection to create 2a(x) from a(x)?
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Summary
Absolute value functions can be transformed similar to linear functions.
Changing the D-value vertically translates the graph of the function.
Changing the A-value vertically dilates and/or reflects the graph of the
function.

Activity 4.3

Transformations Inside the Function

Facilitation Notes
Students investigate horizontal translations, which occur by changing
the argument inside absolute value functions. They then connect what
they know about vertical dilations to horizontal dilations. For each
transformation type, students write the new function in terms of the basic
function, graph the function using technology, and then generalize the
effect of the C- or B-value in the new equation.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
Misconception
Students may overgeneralize what they know about vertical translations
to horizontal translations. They may think that the graph of m(x) 5 |x 2 2|
is a horizontal shift from 0 to 22 and that the graph of n(x) 5 |x 1 2| is
a horizontal shift of the function from 0 to 12. Clarify this misconception
by helping students reason through plotting points as explained in
the example shown. Follow-up by discussing why the C-value is being
subtracted in the function t(x) 5 f(x 2 C).
Given m(x) 5 |x 2 2|. The expression x 2 2 means that 2 is subtracted
from each x-value before the absolute value function is applied.

y
8
g(x) = |x|
−8

−4

4
0

m(x) = |x–2|
4

8

−4

x

Therefore, every value of x must be increased by 2 to get back to the
original function.
So, if x 5 2, the expression inside the absolute value symbol is only 0.

−8

The point (2, 0) in the transformed function corresponds to point (0, 0) in
the original function.
The point (0, 0) moves onto point (2, 0). The point (4, 4) moves onto
point (6, 4).
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Questions to ask
• What is a horizontal translation?
• How does a horizontal translation affect each point on the graph of
the original function?
• Does a horizontal translation change the shape of a function?
• What translation causes a shift to the left? To the right?
• How are horizontal translations apparent in the algebraic
representation of a function?
• How are horizontal translations apparent in the graphic
representation of a function?
• Considering a horizontal translation of C, does each point (x, y) on
the graph become (x 1 C, y) or (x 2 C, y)?
Differentiation strategy
To extend the activity, have students create an informational classroom
poster for each transformation of an absolute value function.
Have students work with a partner or in a group to complete Questions 4
through 6. Share responses as a class.
Misconception
Students may observe the graph of j(x) 5 |2x| and identify the change
in the graph as a vertical stretch rather than a horizontal compression.
Clarify this misconception now using the example provided. For example,
1
given j(x) 5 |2x|. The x-value is multiplied by __
 2 . Point (2, 2) moves to point
(1, 2), and point (4, 4) moves to point (2, 4). It is not the case that point
(4, 4) moves to the point (4, 8).
Questions to ask
• What is a horizontal dilation?
• How does a horizontal dilation affect each point on the graph of the
original function?
• Does a horizontal dilation change the shape of a function?
• How do you know whether the horizontal dilation is a horizontal
stretch or a horizontal compression?
• What dilations cause a horizontal stretching of the function?
• What dilations cause a horizontal compression of the function?
• How are horizontal dilations apparent in the algebraic representation
of a function?
• How are horizontal dilations apparent in the graphic representation
of a function?
• Considering a horizontal dilation of factor B, does each point (x, y) on
1
1
the graph g(x) become (x, __
  B  y) or ( __
B x, y)?
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Summary
Like linear and quadratic functions, absolute value functions can be
transformed. Changing the C-value horizontally translates the graph of the
function. Changing the B-value horizontally dilates and/or reflects the graph
of the function.

Activity 4.4

Combining Transformations of
Absolute Value Functions

Facilitation Notes
In this activity, students distinguish a horizontal translation or dilation,
which occurs by changing the B- or C-value inside the function, from vertical
translations and dilations, which occur by changing values outside the function.
Given functions of the form g(x) 5 A ? f(B(x 2 C)) 1 D, students use coordinate
notation to describe all three transformations and then graph each function.
Ask a student to read the introduction aloud. Discuss as a class. Have
students work with a partner or in a group to complete Question 1. Share
responses as a class.
Ask a student to read the paragraph following Question 1 and discuss as
a class.
Questions to ask
• How does the ordered pair (x, |x|) describe any point on the basic
absolute value function?
• How does the coordinate notation of the transformed absolute value
function relate to the coordinate notation you wrote in Question 1?
Have students work with a partner or in a group to complete Questions 2
and 3. Share responses as a class.
As students work, look for
Sign errors associated with transformations that affect the x-coordinate
(input) of a function and the y-coordinate (output) of the function.
Questions to ask
• How does an A-value equal to 21 affect the graph of the function?
• How does a C-value equal to 21 affect the graph of the function?
• How does a D-value equal to 21 affect the graph of the function?
• Which function(s) include a vertical dilation? How can you tell?
• Which function(s) include a vertical translation? How can you tell?
• Which function(s) include a horizontal translation? How can you tell?
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• Which function(s) include a reflection? How can you tell?
• What is a general equation for a function that has no
vertical translation?
• What is a general equation for a function that has no
horizontal translation?
• What is a general equation for a function that has no vertical dilation?
Differentiation strategy
To extend the activity, play Guess my Function with the class. Begin by
defining a function as f(x) 5 |x|, then write the general equation g(x) 5
A ? f(B(x 2 C)) 1 D on the board. Tell students you are thinking of a function
that has a vertical translation of 24. Ask them to write this function as an
equation. Then tell them this function also is vertically stretched by a factor
of 7, and ask that they rewrite their equation to include this transformation.
Then tell them the function was also reflected across the x-axis. Ask them to
compare their final equations with their classmates’ equations. It should be
g(x) 5 27 ? f(x) 2 4. Play a few rounds of this game for additional practice.

Summary
Given a function of the form f(x) 5 A ? f(B(x 2 C)) 1 D, a horizontal
translation occurs by changing the C-value inside the function argument,
while vertical dilations and translations occur by changing the values of A
and D, respectively, outside the function. Changing the B-Value results in a
horizontal dilation.

Activity 4.5

Writing Equations in Transformation Form

Facilitation Notes
In this activity, students practice writing functions in transformation function
form in terms of their specific transformations, then write an equivalent
equation for each.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
Questions to ask
• Is a reflection across the x-axis shown in the argument of the
function or outside of the function? Why?
• Is a horizontal translation shown in the argument of the function or
outside of the function? Why?
• How can you tell whether a vertical dilation is a compression or stretch?
• Why is a vertical compression expressed as a proper fraction?
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Summary
Vertical translations, horizontal translations, vertical dilations, and horizontal
dilations of functions can be combined to transform absolute value functions.

DEMONSTRATE

Talk the Talk: A, B, C, and D
Facilitation Notes
In this activity, students interpret translations of the function
f(x) 5 A ? f(B(x 2 C)) 1 D by making sense of the values A, B, C, and D
expressed in general terms. They relate the values of the parameters to
their graphs. Students also address true/false statements about the effects
of transformations on domain and range.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
As students work, look for
• Difficulty dealing with the values of A, B, C and D expressed in
general terms. If that is the case, suggest students rephrase
statements in their own words, such as stating “D is positive” or
“A is a proper fraction.”
• Sign errors related to horizontal translations.
Questions to ask
• How does knowing whether A is less than 0, between 0 and 1, or
greater than 1 help you describe the vertical dilation of a function?
• How does knowing whether C is positive or negative help you
describe the horizontal translation of a function?
• How does knowing whether D is positive or negative help you
describe the vertical translation of a function?
• Which values are associated with a vertical translation? Horizontal
translation? A stretch? A compression?
Differentiation strategy
To extend the activity, ask students to create a graphical representation
to support each of the true statements or rewritten false statements
in Question 3.

Summary
Knowing the sign of the values of A, B, C, and D in y 5 A ? f(B(x 2 C)) 1 D
helps to inform the type of transformation to be performed on the function.
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Warm Up Answers

Putting the V in
Absolute Value

4

1. See graph.
2. See graph.
3. See graph.
y
10

g(x)

Defining Absolute Value Functions
and Transformations

Warm Up

−10

−5
j(x)

5
0

h(x)

5

x

−5

Learning Goals

The graph of f(x) 5 x is shown. Graph
each transformation.
y

x

• Experiment with transformations of absolute
value functions using technology.
• Graph absolute value functions and
transformations of absolute value functions.
• Determine the effect of replacing the basic
absolute value function f(x) 5 |x| with
f(x) 1 D, Af(x), f(Bx), and f(x 2 C) for different
values of A, B, C, and D.
• Distinguish between function transformations
that occur outside the function and inside the
argument of the function.

Key Terms
1. g(x) 5 f(x) 1 5
2. h(x) 5 2 ? f(x) 2 3

•
•
•
•

absolute value
reflection
line of reflection
argument of a function

1

3. j(x) 5 __
2 ? f(x) 2 1

You know how to transform linear functions. How can you define absolute value functions and
show transformations of this function type?
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ELL Tip
Review the term transformation and the types of transformations
students have encountered.
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Answers
1a. 2

GETTING STARTED

1b. 2

Distance Is Always Positive

1c. 1
1d. 2
1e. 6

Absolute value is
indicated with vertical

1f. 0

bars: |24| is read as

1g. 4

of 24.”

“the absolute value

1h. 2

The absolute value of a number is its distance from zero on the
number line.
1. Follow your teacher’s instructions to model each absolute
value expression on the x-axis of a classroom coordinate plane.
Rewrite each expression without the absolute value symbol.
a. |22|

b. |2|

c. |1 2 2|

d. |23 2 (25)|

e. |22 · 3|

f. |0 · 4|

2. Answers will vary.
Distance is always
positive or zero, so the
absolute value of an
expression is always
positive or zero.
3. Answers will vary.
If a is a negative
number, then 2a 5 |a|,
e.g. 2(22) 5 |22|.

g.

12
|____
23 |

h. |8 4 (24)|

2. Write your observations about the absolute value expressions
you and your classmates modeled on the number line.

3. Provide counterexamples to show why Sonja’s statement
is incorrect.

Sonja

Absolute values are always positive. So, |a| = –a is
not possible.
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ELL Tip
Provide an example of a counterexample. Display the statement,
“All quadrilaterals are parallelograms.” Discuss why a kite is a
counterexample to the statement. Then have students explain that
a counterexample is an example that disproves an idea, theory, or
proposition. The prefix counter means opposite or against.
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Answers
1.

Graphs of Absolute
Value Functions

AC T I V I T Y

4.1

x

Follow your teacher’s instructions to model the function f(x) 5 x on the
classroom coordinate plane with your classmates.
1. Record the coordinates of the plotted points for f(x) 5 x in
the table.

y
f(x) 5 x f(x) 5 |x|

29

29

9

26

26

6

24

24

4

21

21

1

0

0

0

3

3

3

5

5

5

8

8

8

y

x

y
f(x) 5 x

f(x) 5 |x|

29
26
24
x

21
0
3
5
8

2. Change all the plotted points to model the function f(x) 5 |x|.
In the table, record the coordinates of the new points for
f(x) 5 |x|.

3. Describe how the points move from the graph of f(x) 5 x to
the graph of f(x) 5 |x|.

Think
about:

4. Graph the function f(x) 5 |x|. Describe the characteristics of
the function that you notice.

What are the domain
and range? Is there a
maximum value or a
minimum value?
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2. See table.
3. The points of the
function f(x) 5 x
that have a negative
x-coordinate are
reflected across the
x-axis. The points with
positive x-coordinates
do not move.
4. Sample answer.
The graph is V-shaped.
The vertex is at (0, 0).
The domain is all real
numbers. The range
is y $ 0. The graph is
symmetric with respect
to the y-axis. The graph
has a minimum value.
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Answers
5.

Next, consider the function f(x) 5 2x. Model this function on the
classroom coordinate plane with your classmates.

x

y

5. Record the coordinates of the plotted points for f(x) 5 2x in
the table.

f(x) 5 2x f(x) 5 |2x|

29

9

9

26

6

6

24

4

4

21

1

1

0

0

0

3

23

3

5

25

5

8

28

8

y

x

y
f(x) 5 2x

f(x) 5 |2x|

29
26
24

0
3
5
8

6. Change all the plotted points to model the function f(x) 5 |2x|.
In the table, record the coordinates of the new points for
f(x) 5 |2x|.

Remember:

6. See table.
7. The points of the
function f(x) 5 x
that have a positive
x-coordinate are
reflected across the
x-axis. The points with
negative x-coordinates
do not move.
8. The graphs of f(x) 5 |x|
and f(x) 5 |2x| are the
same.

x

21

Use a straightedge
to be precise when
you graph.

7. Describe how the points move from the graph of f(x) 5 2x to
the graph of f(x) 5 |2x|.

8. Graph the function f(x) 5 |2x|. Compare this function with the
function f(x) 5 |x|.
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Answers
AC T I V I T Y

4.2

1.

Transformations Outside
the Function

y
8
4

Consider the three absolute value functions shown.
g(x) 5 |x|

c(x) 5 |x| 1 3

−8

d(x) 5 |x| 2 3

1. Use technology to graph each function. Then, sketch and
label the graph of each function.

−4

0

g(x)

c(x)

d(x)
4

8

x

−4
y

−8

x

2. c(x) 5 g(x) 1 3; g(x) is
translated up 3 units to
get c(x).
d(x) 5 g(x) 2 3; g(x) is
translated down 3 units
to get d(x).

2. Write the functions c(x) and d(x) in terms of the basic
function g(x). Then describe the transformations of
each function.

3. Answers will vary.
The y-intercept of
c(x) is 3 more than
the y-intercept of g(x).
The y-intercept of
d(x) is 3 less than the
y-intercept of g(x).
The minimum value of
c(x) is 3 more than the
minimum value of g(x).
The minimum value of
d(x) is 3 less than the
minimum value of g(x).

3. Describe the similarities and differences between the three
graphs. How do these similarities and differences relate to the
equations of the functions g(x), c(x), and d(x)?
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Answers
4a. The function f(x) has
the same shape as
g(x). The graph of f(x)
is a vertical translation
of D units up of the
function g(x).

Recall that a function t(x) of the form t(x) 5 f(x) 1 D is a vertical translation
of the function f(x). The value |D| describes how many units up or down the
graph of the original function is translated.
4. Describe each graph in relation to the basic function
g(x) 5 |x|. Then use coordinate notation to represent
the vertical translation.

4b. The function f(x) has
the same shape as
g(x). The graph of f(x)
is a vertical translation
of D units down of the
function g(x).

a. f(x) 5 g(x) 1 D when D > 0

b. f(x) 5 g(x) 1 D when D < 0

4c. (x, y 1 D)
c. Each point (x, y) on the graph of g(x) becomes the

5.
y
8

j(x)

4
−8

0

−4

on f(x).

point

g(x)

−4

Consider these absolute value functions.

k(x)
4

8

x

p(x)

−8

g(x) 5 |x|

1
k(x) 5 __
2 |x|

j(x) 5 2|x|

p(x) 5 2|x|

5. Use technology to graph each function. Then, sketch and label
the graph of each function.
y

6. j(x) 5 2g(x)
1

k(x) 5 __
  2g(x)

p(x) 5 21g(x)
6. Write the functions j(x), k(x), and p(x)
in terms of the basic function g(x).
Then describe the transformations of
each function.

The graph of j(x) is
a vertical stretch
of 2 units of the
function g(x).

x

The graph of k(x) is a
vertical compression
1
of __
 2of the function g(x).

The graph of p(x) is a
reflection across the
x-axis, or line y 5 0, of
the function g(x).
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Answers
Recall that a function t(x) of the form t(x) 5 A ? f(x) is a vertical dilation of
the function f(x). The A-value describes the vertical dilation of the graph of
the original function.

7a. The graph of f(x) is a
vertical stretch of g(x).

NOTES

7b. The graph of f(x) is a
reflection across the
x-axis and a vertical
dilation of g(x).

7. Describe each graph in relation to the basic function
g(x) 5 |x|. Then use coordinate notation to represent
the vertical dilation.

7c. The graph of f(x) is a
vertical compression
of g(x).

a. f(x) 5 A ? g(x) when A > 1

7d. (x, Ay)
b. f(x) 5 A ? g(x) when A < 0

c. f(x) 5 A ? g(x) when 0 < A < 1

d. Each point (x, y) on the graph of g(x) becomes the
point

on f(x).

A reflection of a
graph is the mirror
image of the graph
about a line
of reflection.

A line of reflection is
the line that the graph

You know that changing the A-value of a function to its opposite
reflects the function across a horizontal line. But the line of reflection
for the function might be different depending on how you write the
transformation and the order the transformations are applied.

is reflected across.
A horizontal line of
reflection affects
the y-coordinates.
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Answers
8. Josh and Vicki each sketched a graph of the function
b(x) 5 2|x| 2 3 using different strategies. Write the
step-by-step reasoning used by each student.

8. Josh
Step 1: I graphed the
basic function
b(x) 5 |x|.

Josh

Step 2: The A-value
is 21, so I
reflected the
function across
the x-axis, or
line y 5 0.

10

Step 1:
Step 1

5

x
−10

−5

Step 3: T
 he D-value
is 23, so I
translated the
function down
3 units.

5

Step 2:

10

Step 2

−5

Step 3:

Step 3
−10

Vicki

Vicki
Step 1: I graphed the
basic function
b(x) 5 |x|.

10

y

Step 1:

Step 1
5

Step 2: The D-value
is 23, so I
translated the
function down
3 units.

Step 2
−10

−5

5

−5
Step 3

Step 3: T
 he A-value
is 21, so I
reflected the
function across
the line y 5 D,
or y 5 23.
9. When you interpret
and transform a
graph according to the
A-value first, the line
of reflection is y 5 0.
When you interpret
and transform a
graph according to the
D-value first and then
interpret the A-value,
the line of reflection is
y 5 D.

y

x

Step 2:

10

Step 3:

−10

9. Explain how changing the order of the transformations affects
the line of reflection.
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Answers
Given the function f(x) 5 |x|. Use the coordinate plane shown to
answer Questions 10 through 14.

10a. (x, 2y 1 1)

y

10b.

10. Consider the function a(x) 5 2f(x) 1 1.

y

a. Use coordinate notation to describe how each point (x, y)
on the graph of f(x) becomes a point on the graph of a(x).

x

b. Graph and label a(x) on the coordinate plane shown.

−5
–a(x)

11. Consider the function b(x) 5 22f(x) 1 1.
a. Use coordinate notation to describe how each point (x, y)
on the graph of f(x) becomes a point on the graph of b(x).

5

a(x)

0

5

−5

x

b(x)

11a. (x, 22y 1 1)
11b. See graph.

b. Graph and label b(x) on the same coordinate plane shown.

12. T
 he graph of the
function b(x) is a
reflection of a(x)
across the line y 5 1.

12. Describe the graph of b(x) in terms of a(x).

13a. (x, 22y 2 1)
13. Consider the function 2a(x).

13b. See graph.

a. Use coordinate notation to describe how each point (x, y) on
the graph of a(x) becomes a point on the graph of 2a(x).

14.		The graph of the
function 2a(x) is
a reflection of a(x)
across the x-axis, or
the line y 5 0.

b. Graph and label 2a(x) on the coordinate plane shown.

15.		When A , 0, the
function has a
maximum value
at D. When A . 0,
the function has a
minimum value at D.

14. Describe the graph of 2a(x) in terms of a(x).

15. How do the A-value and D-value affect the minimum and
maximum values of the function?
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Answers
1. The graph of m(x) is a
translation of two units
to the right of g(x).

AC T I V I T Y

4.3

The graph of n(x) is a
translation of 2 units to
the left of g(x).
y

Consider these absolute value functions.
g(x) 5 |x|

g(x)
n(x)

5

−5

0

m(x) 5 |x 2 2|

1. Use technology to graph each
function. Then, sketch and label the
graph of each function. Describe
how m(x) and n(x) relate to g(x).

m(x)
5

Transformations Inside
the Function

x

n(x) 5 |x 1 2|
y

x

−5

2. m(x) 5 g(x 2 2)
n(x) 5 g(x 1 2)
Changing the C-value
to 2 translated
the function g(x)
horizontally 2 units
to the right to create
m(x). Changing the
C-value to 22 translated
the function g(x)
horizontally 2 units to
the left to create n(x).

Remember:

The expression
x 1 C is the same
as x 2 (2C).

A function t(x) of the form t(x) 5 f(x 2 C) is a horizontal translation of the
function f(x). The value |C| describes the number of units the graph of f(x)
is translated right or left. If C . 0, the graph is translated to the right.
If C , 0, the graph is translated to the left.
2. Write the functions m(x) and n(x) in terms of the basic function
g(x). Describe how changing the C-value in the functions m(x)
and n(x) horizontally translated the function g(x).

3. Each point (x, y) of g(x)
becomes the point
(x 1 C, y) on the graph
of the function that
has been horizontally
translated.

3. Use coordinate notation to show how each point (x, y) on
the graph of g(x) becomes a point on a graph that has been
horizontally translated.
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4.
y

Consider these absolute value functions.

8

1

g(x) 5 |x|

k(x) 5 |__
2 x|

j(x) 5|2x|

p(x) 5 |2x|

k(x)
−8

4. Use technology to graph each function. Then, sketch and label
the graph of each function.

−4

x

How does changing
the B-value compare
to changing the
A-value?

4

x

8

5. j(x) 5 g(2x)
1

k(x) 5 g( __
2 x)

p(x) 5 g(21x)
The graph of j(x) is a
horizontal compression
1
of  __
2 units of the
function g(x).

Recall that a function t(x) of the form t(x) 5 f(B ? x) is a horizontal dilation of
the function f(x). The B-value describes the horizontal dilation of the graph
of the original function.

The graph of k(x) is a
horizontal stretch of 2
units of the function g(x).

6. Describe each graph in relation to the basic function
g(x) 5 |x|. Then use coordinate notation to represent
the horizontal dilation.

The graph of p(x) is a
reflection across the
y-axis, or line x 5 0, of
the function g(x).

a. f(x) 5 g(B ? x) when B > 1

6a. The graph of f(x) is a
horizontal compression
of g(x).

b. f(x) 5 g(B ? x) when B < 0

c. f(x) 5 g(B ? x) when 0 < B < 1

6b. The graph of f(x) is a
reflection across the
y-axis and a horizontal
dilation of g(x).

d. Each point (x, y) on the graph of g(x) becomes the
point

0

−8

about:
5. Write the functions j(x), k(x), and p(x)
in terms of the basic function g(x).
Then describe the transformations of
each function.

4 g(x) and p(x)

−4

Think

y

j(x)

on f(x).

6c. The graph of f(x) is a
horizontal stretch
of g(x).
1
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Answers
1

1. ( __
B x 1 C, Ay 1 D)
2a. A 5 2 is a
transformation that
affects the y-values,
and C 5 1 affects the
x-values.

AC T I V I T Y

4.4

The argument of

The graph of f(x) is
vertically stretched
by 2 and translated
horizontally to the right
1 unit. Each ordered
pair (x, y) of f(x) is the
new ordered pair
(x 1 1, 2y) of m(x).

a function is the
expression inside
the parentheses.
For y 5 f(x 2 C) the

When a function is transformed by changing the A- or D-values or both,
these changes are said to occur “outside the function.” These values
affect the output to a function, y. When the B- or C-values are changed, this
changes the argument of the function. A change to the argument of a
function is said to happen “inside the function.” These values affect the
input to a function, x.

expression x 2 C

outside the function

is the argument of
the function.

g(x) = A · f(B(x – C)) + D

y

inside the function

5

−5

Combining Transformations
of Absolute Value Functions

1. Use coordinate notation to describe how each point (x, y) on the
graph of f(x) becomes a point on the graph of g(x).

0

5

x

−5
The ordered pair (x, |x|) describes any point on the graph of the basic
absolute value function f(x) 5 |x|. For a transformation of the function,
any point on the graph of the new function can be written as
1
(__
B x 1 C, A|(B(x 2 C))| 1 D).

1

2b. A 5 __
 2 and D 5 22 are
both transformations
that affect the y-values
and C 5 22 affects the
x-values. The graph
of f(x) is vertically
1
compressed by __
  2 ,
translated vertically
down 2 units, and
translated horizontally
to the left 2 units. Each
ordered pair (x, y) of f(x)
is the new ordered pair
1
(x 2 2, __
 2 y 2 2) of r(x).
y

2. Given the basic absolute value function f(x) 5 |x|. Consider
each transformation. Describe how the transformations affected
f(x). Then use coordinate notation to describe how each point
(x, y) on the graph of f(x) becomes a point on the graph of the
transformed function. Finally, sketch a graph of each new function.
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5

−5

0

5

x

−5
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Answers
1
b. r(x) 5 __
2 f(x 1 2) 2 2

a. m(x) 5 2 f(x 2 1)
y

2c. A 5 2 and D 5 1 are
both transformations
that affect the y-values,
and C 5 23 affects the
x-values. The graph
of f(x) is vertically
stretched by 2,
translated vertically up
1 unit, and translated
horizontally to the left
3 units. Each ordered
pair (x, y) of f(x) is the
new ordered pair
(x 2 3, 2y 1 1) of w(x).

y

x

x

y
c. w(x) 5 2f(x 1 3) 1 1

d. v(x) 5 22f(x 1 3) 1 1

y

5

y

−5

0

5

x

−5
x

x

3. Graph 2w(x) on the same coordinate plane as w(x) in Question
2 part (c). Describe the similarities and differences between the
graph of v(x) and the graph of 2w(x).
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2d. A 5 22 and D 5 1 are
both transformations
that affect the y-values
and C 5 23 affects the
x-values. The graph
of f(x) is vertically
stretched by 2 and
reflected across the
line y 5 0, translated
vertically up 1 unit, and
translated horizontally
to the left 3 units. Each
ordered pair (x, y) of f(x)
is the new ordered pair
(x 2 3, 22y 1 1) of v(x).
y
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3.
y
5

−5

w(x)

0
−5

5
–w(x)

x

The graph of v(x) is a
reflection of the graph
of w(x) across the line
y 5 1. The graph of
2w(x) is the reflection
of the graph of w(x)
across the line y 5 0, or
the x-axis.

5

−5

0

5

x

−5

LESSON 4: Putting the V in Absolute Value • 69

A2_M01_T01_L04_TIG.indd 69

5/28/21 10:18 PM

Answers
1a. 2f(x)

AC T I V I T Y

4.5

y 5 2|x|
1b. f(x 1 2) 1 3
y 5 |x 1 2| 1 3

Writing Equations in
Transformation Form

1. Consider the function, f(x) = |x|. Write the function in
transformation function form in terms of the transformations
described, then write an equivalent equation.

1c. 22f(x)
y 5 22|x|
1d. 22f(x) 1 3

Transformation

y 5 22|x| 1 3
1
1e. __
  2 f(x 2 3) 2 2

1
y 5  __
2 |x 2 3| 2 2
1
1f.  __
4  f(x)
1
y 5 __
  4|x|

1g. 4f(x)

y 5 4|x|
1h. f(3x)
y 5 |3x|

Transformation
Function Form

Equation

a. Reflection across the x-axis

b. Horizontal translation of 2 units to the left
and a vertical translation of 3 units up
c. Vertical stretch of 2 units and a reflection
across the line y 5 0
d. Vertical dilation of 2 units and a reflection
across the line y 5 3
e. Horizontal translation of 3 units to the right,
a vertical translation down 2 units, and a
1
vertical dilation of __
2
f. Vertical compression by a factor of 4

g. Vertical stretch by a factor of 4

h. Horizontal compression by a factor of 3
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Answers
1a. Graph B

NOTES

TALK the TALK

1b. Graph C
1c. Graph D

A, B, C, and D

1d. Graph A

The function f(x) 5 A|x 2 C| 1 D is graphed with varying values for
A, C, and D.
1. Match the given values of A, C, and D with the graph of the
function with corresponding values. Explain your reasoning.
a. A 5 1, C 5 0, and D > 0

b. A 5 1, C 5 0, and D < 0

c. A > 1, C > 0, and D > 0

d. 0 < A < 1, C < 0, and D < 0

Graph A

Graph B

y

0

y

x

Graph C

x

Graph D

y

0

0

y

x

0

x
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Answers
2.
f(x) 5 |x| 1 D

NOTES

2. Complete the table by describing the graph of each function
as a transformation of the basic function f(x) 5 |x|.

D,0
Vertical shift down D
units.

Function Form

D.0

Equation
Information

Description of
Transformation

D,0
f(x) 5 |x| 1 D

Vertical shift up D units.

D.0

f(x) 5 A|x|
A,0

A,0
Reflection across
the x-axis and
vertical stretch or
compression.

f(x) 5 A|x|

0,A,1

A.1

0,A,1
Vertical compression
(dilation by factor A).

C,0
f(x) 5 |x 2 C|

A.1

C.0

Vertical stretch (dilation
by factor A).

B,0

f(x) 5 |x 2 C|

f(x) 5 |Bx|

C,0
Horizontal shift left C
units.

0,B,1

B.1

C.0
Horizontal shift right C
units.
f(x) 5 |Bx|
B,0
Reflection across
the y-axis and
horizontal stretch or
compression.
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0,B,1
Horizontal stretch
1
(dilation by a factor of __
 B).
B.1

Horizontal compression
1
(dilation by a factor of __
  B).
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Answers
3. Determine whether each statement is true or false. If the
statement is false, rewrite the statement as true.

3a. true

NOTES

3b. false
The range for
y 5 |x| is y $ 0.

a. In the transformation function form g(x) 5 Af(B(x 2 C)) 1 D,
the A-value vertically stretches or compresses f(x),
the C-value translates f(x) horizontally, the B-value
horizontally stretches or compresses f(x), and the D-value
translates the function f(x) vertically.

3c. true
3d. false
Vertical translations
affect the y-values.
3e. true
3f. true

b. Key characteristics of the basic absolute value function
include a domain and range of real numbers.

c. The domain of absolute value functions is not affected by
translations or dilations.

d. Vertical translations do not affect the range of absolute
value functions.

e. Horizontal translations do not affect the range of absolute
value functions.

f. Vertical dilations do not affect the range of absolute
value functions.
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Assignment

Assignment
Answers

LESSON 4: Putting the V in Absolute Value

Write

Write

The A- and D-values are
on the outside of the
transformation function
form and affect the
y-values. The B- and
C-values are on the inside,
or the argument of the
function, and affect the
x-values.

Given a basic function y = f(x) and a function written in transformation form g(x) = A ? f(B(x2C)) 1 D,
describe how the transformations that are inside a function affect a graph differently than those on the
outside of the function.

Remember
The basic absolute value function is f(x) = |x|.
The transformed function y = f(x) 1 D shows a vertical translation of the function.
The transformed function y = Af(x) shows a vertical dilation of the function when A . 0 and when A , 0
it shows a vertical dilation and reflection across the x-axis.

Practice

The transformed function y = f(x 2 C) shows a horizontal translation of the function.
The transformed function y = f(Bx) shows a horizontal dilation of the function. If B , 0 the function is

1

1. A 5 __
  3 and D 5 22
affect the y-values.
The graph of f(x) is
1
compressed by  __
3  and
translated down 2
1
units; (x, __
 3y 2 2).

reflected across the y-axis.

Practice
Given the basic function f(x) = |x|. Consider each transformation. Describe
how the transformations affected f(x). Then use coordinate notation to
describe how each point (x, y) on the graph of f(x) becomes a point on the
graph the transformed function. Finally, sketch a graph of each new function.
1

1. g(x) = __
3 f(x) 2 2
1

3. m(x) = 2__
2 f(x 2 3) 2 1

y

2. j(x) = f(2(x 1 1)) 1 4

8

4. p(x) = 2f(x 1 4) 1 3

4

Stretch

y

The function g(x) shown is a transformation of f(x) = |x|.

−8

8

Write the function g(x) in terms of f(x).

−4 0
−4

4

x
−4

4

8

−4

−8
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1
3. A 5 2 __
2  and

D 5 21 affect the
y-values, and C 5 3
affects the x-values.
The graph of f(x) is
vertically compressed
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1

by  __
2  and reflected

across the x-axis,
translated down
1 unit, and translated
to the right 3 units;
1
(x 1 3, 2 __
2 y 2 1).

y

−8

2. D 5 4 affects the
y-values, and
B 5 2 and C 5 21
affect the x-values.
The graph of f(x)
is horizontally
1
compressed by  __
2 ,
translated up 4 units,
and translated to the
left 1 unit;
1
  2x 2 1, y 1 4).
( __

8

10

4

5

−4 0
−4
−8

x

8

−8

g(x)

−8

4

4

8

x

−10

−5

0

y

5

10 x

−5
−10
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Assignment
Answers
Practice
4. A 5 21 and D 5 3
affect the y-values,
and C 5 24 affects the
x-values. The graph of
f(x) is reflected across
the x-axis, translated up
3 units, and translated
to the left 4 units;
(x 2 4, 2y 1 3).
y

Review
1. The Build-A-Dream construction company has plans for two models of the homes they build, Model
A and Model B. The Model A home requires 18 single windows and 3 double windows. The Model B
home requires 20 single windows and 5 double windows. A total of 1,800 single windows and 375
double windows have been ordered for the developments.
a. Write and solve a system of equations to represent this situation. Define your variables.
b. Interpret the solution of the linear system in terms of the problem situation.
2. A company produces two types of TV stands. Type I has 6 drawers. It requires 3 single drawer pulls
and 3 double drawer pulls. The company needs 75 hours of labor to produce the Type I TV stand.
Type II has 3 drawers. It requires 6 single drawer pulls. The company needs 50 hours of labor to

8

produce the Type II TV stand. The company only has 600 labor hours available each week, and a total

4

makes $200 in profit. For each Type II stand produced and sold, the company makes $150 in profit.

of 60 single drawer pulls available in a week. For each Type I stand produced and sold, the company
a. Identify the constraints as a system of linear inequalities. Let x represent the number of 6 drawer

−8

0

−4

4

8

x

TV stands produced and let y represent the number of 3 drawer TV stands produced.

−4

b. Graph the solution set for the system of linear inequalities. Label all points of the intersection of

−8

c. Write an equation in standard form for the profit, P, that the company can make.

the boundary lines.
d. How many of each type of stand should the company make if they want to maximize their profit?
What is the maximum profit?

Stretch
4

7

__
g(x) 5 2 __
 1 6
5 |x 2  2 |

Review

3. Each function is a transformation of the linear basic function f(x) = x. Graph each transformation.
1

a. g(x) = __
3x 2 2

b. h(x)= 22x 1 1

1a. Let x be the number
of Model A homes and
y be the number of
Model B homes.
18x 1 20y 5 1800
3x 1 5y 5 375
x 5 50 x 5 45
1b. The solution (50, 45)
means that each
development will have
50 Model A homes and
45 Model B homes.
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2a. 3x 1 6y # 60
75x 1 50y # 600
x$0
y$0
Number of 3 Drawer
TV Stands Produced

2b.
y
16 (0,10)
12
(2,9)
8
4
0

(0,0) (8,0)
4 8 12 16
x
Number of 6 Drawer
TV Stands Produced
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2c. P 5 200x 1 150y
2d. The company
should produce 2
six-drawer TV stands
and 9 three-drawer
TV stands. The
maximum profit
is $1,750.
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3a.

3b.
y

−8

y

8

8

4

4

−4 0
−4
−8

4

8

x

−8

−4 0
−4

4

8

x

−8
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Play Ball!

x
5

MATERIALS
None

Absolute Value Equations and Inequalities

Lesson Overview
Students begin this lesson by graphing the solution sets of simple absolute value equations on
number lines and writing simple absolute value equations given their number line graphs. They then
investigate absolute value functions using a real-world context. First, students write an absolute value
equation to represent the context and solve it graphically. They then learn through a worked example
and student work how to solve absolute value equations and practice this skill. Students revisit the
real-world context; however, this time they write an absolute value inequality and solve it graphically.
Students are provided compound inequalities that are equivalent to absolute value inequalities and
they use these relationships to solve and graph absolute value inequalities.

Algebra 2
Cubic, Cube Root, Absolute Value and Rational Functions, Equations,
and Inequalities
(6) The student applies mathematical processes to understand that cubic, cube root,
absolute value and rational functions, equations, and inequalities can be used to model
situations, solve problems, and make predictions. The student is expected to:
	(D) formulate absolute value linear equations.
	(E) solve absolute value linear equations.
	(F) solve absolute value linear inequalities.

ELPS
1.A, 1.D, 1.E, 1.G, 2.C, 2.D, 2.G, 2.H, 2.I, 3.A, 3.B, 3.C, 3.D, 3.F, 4.A, 4.B, 4.C, 4.G, 4.K, 5.E

Essential Ideas
• Linear absolute value equations have 0, 1, or 2 solutions. The solution set for linear absolute
value inequalities may contain all real numbers, a subset of the real numbers represented by a
compound inequality, or no solutions.
• Linear absolute value inequalities can be rewritten as equivalent compound inequalities.
• Linear absolute value equations and inequalities can be used to represent real-world situations.
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A2_M01_T01_L05_Lesson Overview.indd 1

5/28/21 12:44 PM

Lesson Structure and Pacing: 2 Days
Day 1
Engage
Getting Started: Opposites Attract? Absolutely!
Given simple absolute value equations in the form |x| 5 c, where c is some constant, students
graph each solution set on a number line. Students then write absolute value equations given a
solution set graphed on a number line.
Develop
Activity 5.1: Creating an Absolute Value Function from a Situation
Given a scenario about the weights of baseballs, students sketch the graph of an absolute value
function and write the corresponding absolute value equation. Once constraints are provided,
students write two equations for the least and greatest acceptable values. They solve the
equations by determining the points of intersection of the graphs of the absolute value function
and a constant function. Later in this lesson, students will revisit this context and solve using an
absolute value inequality.
Activity 5.2: Solving Absolute Value Equations
Students analyze a worked example demonstrating how to solve a linear absolute value equation
by rewriting it as two separate equations without the absolute value symbol. They then examine
different strategies for solving absolute value equations, identifying incorrect thinking as
necessary. Students solve absolute value equations, many with more than one term within the
absolute value symbol and some where the absolute value expression is not isolated on one side
of the equation.
Activity 5.3: Absolute Value Inequalities
Students revisit the baseball scenario; however this time they write a linear absolute value
inequality to represent it. The graph is provided, and they use it to determine whether specified
values are solutions to the inequality. Students use substitution to verify their answers. They
transfer the solution from the graph to a number line and write a compound inequality to
represent the solution. They write an inequality to represent the values that were not solutions to
their original inequality and graph the solution on a number line.

Day 2
Activity 5.4: Solving Problems with Absolute Value Functions
Students engage in another scenario that can be modeled by an absolute value inequality, but
this time the scenario involves the diameter of a little league baseball. They sketch the graph of
the function on a coordinate plane, approximate the solution from a graph, and then verify their
solution by writing and solving an absolute value inequality. Students then deal with a modified
version of the scenario, but this time they write the absolute value inequality and then verify the
solution graphically.

77B • TOPIC 1: Extending Linear Relationships
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Activity 5.5: Absolute Value and Compound Inequalities
Students rewrite absolute value inequalities as compound inequalities, solve them algebraically,
and graph their solutions on a number line.
Demonstrate
Talk the Talk: Seeing Double
The baseball scenario is modified so that students must apply a transformation to their original
absolute value equation. They write an equation for the new function and sketch its graph.
Students also describe in general why you can rewrite an absolute value equation as two
separate equations.
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ENGAGE

Getting Started: O
 pposites Attract?
Absolutely!
Facilitation Notes
In this activity, given simple absolute value equations in the form |x| 5 c,
where c is some constant, students graph each solution set on a number
line. Students then write absolute value equations given a solution set
graphed on a number line.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
As students work, look for
Errors when the constant c is a negative value. The solution set should
be empty.
Questions to ask
• How many points should appear on the graph of the solution set
of the absolute value equation?
• Will an absolute value equation always have two solutions? Why
or why not?
• What is an example of an absolute value equation that has a single
point solution set?
• What is an example of an absolute value equation that has
no solutions?
• In each case, how is the constant used to identify the solution set?
• What does the constant represent in each equation?
Differentiation strategies
• To scaffold support for all students, create a classroom number
line and have students use it to identify the graph of the solution
set for each equation.
• To extend the activity, ask students to create an additional number
line that takes the graph of Question 2, part (b) and moves each
point one unit to the right so that the points graphed are 23
and 5. Ask students how they would modify the original absolute
value equation |x| 5 4 to write an absolute value equation that
demonstrates this translation. Discuss why |x 2 1| 5 4 is the answer.
This also allows students to see that the answers to absolute value
equations do not always have to be in the form c and 2c.

Summary
An absolute value equation may have 0, 1, or 2 solutions.
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Activity 5.1

Creating an Absolute Value Function
from a Situation

DEVELOP

Facilitation Notes
In this activity, given a scenario about the weights of baseballs, students
sketch the graph of an absolute value function and write the corresponding
absolute value equation. Once constraints are provided, students write
two equations for the least and greatest acceptable values. They solve
the equations by determining the points of intersection of the graphs
of the absolute value function and a constant function. Later in this
lesson, students will revisit this context and solve using an absolute
value inequality.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Differentiation strategies
To scaffold support,
• If the decimal values are holding students back from understanding
the new concepts, have them round the values to 145 grams and
3.3 grams.
• Construct the graph as a class. Begin by asking students to locate a
point on the graph that represents a baseball that is the exact target
weight. Next, locate two points that are approximately one gram
less/more than the target weight, and so on. The V-shape of the
absolute value function will emerge. Then, ask them to locate specific
points on the graph and interpret the significance of each point as it
relates to the problem situation.
As students work, look for
• Different methods students use to graph the function representing
the scenario.
• Statements demonstrating understanding that this function is a
translation of f(x) 5 |x|.
• Different responses to Question 2, part (b). Students may use
arithmetic to get the least and greatest values, with equations
x 5 141.75 and x 5 148.34. Other students may write the equations
x 2 145.045 5 3.295 and x 2 145.045 5 23.295. If no students write
the latter equations, provide them and help students make sense of
them. This will be helpful as students begin the next activity.
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Misconception
Students may think the equation for the graph is |x| 5 145.045,
thinking only of the target weight rather than representing how all the
manufactured baseball’s weights relate to the target weight.
Questions to ask
• What does target weight mean? What is the target weight of
a baseball?
• Why does the point representing the target weight lie on the x-axis?
• Select a point on the left and right of the target weight and explain
what each point represents.
• Why do your equations include a 13.295 and 23.295?
• What do the equations to the two solutions represent?

Summary
Absolute value functions can be used to model real-world scenarios.

Activity 5.2

Solving Absolute Value Equations

Facilitation Notes
In this activity, students analyze a worked example demonstrating how
to solve a linear absolute value equation by rewriting it as two separate
equations without the absolute value symbol. They then examine different
strategies for solving absolute value equations, identifying incorrect thinking
as necessary. Students solve absolute value equations, many with more
than one term within the absolute value symbol and some where the
absolute value expression is not isolated on one side of the equation.
Ask a student to read the introduction aloud. Analyze the worked example
and complete Questions 1 and 2 as a class.
Differentiation strategies
To support students who struggle,
• Provide the final step shown from the worked example in Bob’s
work. Show 2(x 2 1) 5 6 above 2x 1 1 5 6.
• Make Martina’s thinking and Bob’s thinking more explicit to students,
and have them write their thinking next to their work.
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Martina’s thinking:

Bob’s thinking:

The expression inside the
absolute value symbol can equal
6 or 26. Both expressions will
result in 6 when the absolute
value is taken.

Both the expression inside the
absolute value symbol as it is
written and the opposite of that
expression are equal to 6.

• Suggest students choose one method and use it consistently. Note
that Bob’s method may require distribution of a negative sign to an
algebraic expression, while Martina’s method includes the negative
sign with the constant value.
Questions to ask
• Why is it acceptable to rewrite the absolute value equation as two
separate equations?
• Why can |a| be written as 1a and 2a?
• How is an absolute value equation rewritten when there is
an expression with more than one term within the absolute
value symbol?
• How are Martina’s work and Bob’s work different?
• How did Bob get the equation 2x 1 1 5 6?
• Show how Martina and Bob will get the same solution.
Have students work with a partner or in a group to complete Question 3.
Share responses as a class.
As students work, look for
• Sign errors in rewriting the absolute value equation as separate
equations, simplifying the result, and solving the individual equations.
• Substitution of answers back into the original absolute value
equation to check the answers.
• The realization that Question 3, part (c) does not have a solution
prior to attempting to solve it.
Questions to ask
• Did you use Martina’s strategy or Bob’s strategy to solve
this problem?
• What is another way to solve this problem?
• How do you know if your answer is correct?
Have students work with a partner or in a group to complete Questions 4
and 5. Share responses as a class.
Differentiation strategy
To assist all students, select four students in advance to present Artie’s,
Donald’s, Cho’s, and Steve’s work. Suggest they talk through the steps as

LESSON 5: Play Ball! • 77G

A2_M01_T01_L05_Lesson Overview.indd 7

5/28/21 12:44 PM

they write them. Have students close their books while the presentations
are being made and then vote on which methods they think are correct.
Questions to ask for Question 4
• How is this equation different than the ones you solved in
Question 3?
• Explain how Artie and Donald started to solve the equation using
different strategies.
• How are Artie’s and Donald’s methods alike?
• What is another way Donald could have rewritten |x| 5 9 as two
separate equations?
• Do you prefer Artie’s method or Donald’s method? Why?
• Do you have to isolate the absolute value expression first?
• What would you suggest to Cho to correct her work?
• Explain how Steve’s work includes both Martina’s and
Bob’s methods.
Questions to ask for Question 5
• What is another way to solve this equation?
• What would the steps look like if you rewrote the expression inside
the absolute value as two different expressions first?
• What does this equation look like when the absolute value part of
the equation is isolated first?
• If you want to isolate the absolute value part of the equation in
3|x 2 2| 5 12, what is the first step?
• If you want to isolate the absolute value part of the equation in
35 5 5|x 1 6| 2 10, what is the first step? Can you divide by 5 first or
should you add 10 first? Does it make a difference?
Misconception
Students may overgeneralize and think that whenever a negative value
is on the opposite side of the equation as the absolute value expression,
the equation automatically has no solutions. This is true only when the
absolute value expression is isolated on one side of the equation. Use the
equations |x| 2 14 5 210 and |x| 1 14 5 10 to clarify this misconception.

Summary
To solve an absolute value equation, the equation must be rewritten as two
separate equations without the absolute value symbol.
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Activity 5.3

Absolute Value Inequalities

Facilitation Notes
In this activity, students revisit the baseball scenario; however this time
they write a linear absolute value inequality to represent it. The graph
is provided, and they use it to determine whether specified values are
solutions to the inequality. Students then use substitution to verify their
answers. They transfer the solution from the graph to a number line and
write a compound inequality to represent the solution. They then write an
inequality to represent the values that were not solutions to their original
inequality and graph the solution on a number line.
Have students work with a partner or in a group to complete Questions 1
through 4. Share responses as a class.
Differentiation strategy
To assist all students, create a poster of the graph provided for
Question 2. Have students use green dot stickers to represent acceptable
weights and red stickers to represent unacceptable weights. Ask students
to add additional stickers to the graph as well. Discuss why all stickers
lie on the graph of the absolute value function, the meaning of the
coordinate pair of each dot, and the relationship between the color of
the sticker and its position in reference to the line y 5 3.295. Refer to this
graph as students transfer the answers to the number line in Question 3.
Misconception
Students may assume all points under the line y 5 3.295 on the
coordinate plane are part of the solution set. Discuss that when using
the coordinate plane, only those values that lie on the graph of the
absolute value function and are below the line y 5 3.295 make sense.
Then, discuss that because only the x-values (weight) are necessary, the
answers may be transferred to a number line.
Questions to ask
• How did you know which inequality symbol to use in your absolute
value inequality?
• What does 3.295 grams represent in this scenario?
• Where are the acceptable values positioned on the graph? Why does
this make sense?
• What are the points of intersection? How did you determine them?
• Why does the solution to |w 2 145.045| 5 3.295 give you the least
acceptable weight and the greatest acceptable weight?
• Should the graph on the number line have open or closed
circles? Why?

LESSON 5: Play Ball! • 77I

A2_M01_T01_L05_Lesson Overview.indd 9

5/28/21 12:44 PM

• What end values are used on the number line graph?
• Is the number line or the inequality more helpful to you in
understanding the solution? Why?
Have students work with a partner or in a group to complete Question 5.
Share responses as a class.
Questions to ask
• Explain how you determined this inequality?
• Should the graph on the number line have open or closed
circles? Why?
• How does this number line graph compare to the number line graph
in Question 3?
• What is the compound inequality that represents the solution?

Summary
The solution set to an absolute value inequality can be graphed on a number
line and expressed as a compound inequality.

Activity 5.4

Solving Problems with Absolute Value Functions

Facilitation Notes
In this activity, students engage in another scenario that can be modeled
by an absolute value inequality, but this time the scenario involves the
diameter of a little league baseball. They sketch the graph of the function on
a coordinate plane, approximate the solution from a graph, and then verify
their solution by writing and solving an absolute value inequality. Students
then deal with a modified version of the scenario, but this time they write the
absolute value inequality and then verify the solution graphically.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Differentiation strategies
• To scaffold support for all students, allow them to use technology
to graph the functions and determine the points of intersection to
verify their solutions.
• To extend the activity, ask students to redo the problem, but
this time use the circumference, rather than the diameter, of
the baseball.
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As students work, look for
• The use of the target diameter of the baseball, 7.47, as the x-intercept
in the graph of the linear absolute value function.
• A horizontal line, y 5 1.27, to describe the acceptable difference
in diameter.
Questions to ask
• How is the target diameter represented in your graph? In
your equation?
• What does y 5 1.27 represent in this scenario?
• How is the horizontal line helpful in solving this problem?
• What is the significance of the point (7.47, 0) on the graph?
• Does your inequality include the endpoints? Why or why not?
• What is the significance of the intersection of the function and the
line y 5 1.27?
• What is the domain of the linear absolute value function? How does
this compare to the domain of the solution?
• What is the range of the linear absolute value function? How does
this compare to the range of the solution?
• Would the manufacturer keep a baseball that has a diameter of
6.2 cm? Explain why or why not. What if the diameter of the baseball
was 8.2 centimeters?
• What is the diameter of a baseball that meets the specified diameter,
but the manufacturer decides not to keep it?

Summary
An absolute value function can be used to model some real-world scenarios.

Activity 5.5

Absolute Value and Compound Inequalities

Facilitation Notes
In this activity, students rewrite absolute value inequalities as compound
inequalities, solve them algebraically, and graph their solutions on a
number line.
Ask a student to read the introduction. Discuss the table as a class.
Differentiation strategies
To scaffold support,
• Use simpler absolute value inequalities with numbers first to make
sense of the rules. For example, use |x| , 7, |x| # 7, |x| . 7, and
|x| $ 7.
LESSON 5: Play Ball! • 77K
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• Have students sketch graphs on number lines to accompany
each solution.
• Remind students that 2c means the opposite of c, not necessarily
that c is a negative number.
Questions to ask
• Why does it make sense that the absolute value inequalities with
less than symbols are rewritten as compact inequalities?
• What would the graph of this compact inequality look like?
• Can a compact inequality be written as two separate inequalities? If
so, explain how you would write them.
• Why does it make sense that the absolute value inequalities with
greater than symbols are rewritten as two separate inequalities?
• Why does it make sense that the absolute value inequalities with
greater than symbols have one inequality written with . c and the
other with ,2c?
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
As students work, look for
• Errors solving the compact inequalities.
• Confusion graphing the solution to part (c) when written
1
as 6__
  5  . x . 23. Suggest students rewrite the inequality
1
as 23 , x , 6__
  5 .
• Students may lose sight of the meaning of absolute value in the
process of solving. In parts (d) and (e), students may not notice that
the inequalities are essentially saying all absolute values are greater
than 21 (the solution set is all real numbers) and no absolute values
are less than 21 (no solution). They might ignore these somewhat
obvious conclusions and instead follow a procedure to rewrite the
absolute value inequality and get the same results.
Misconception
Students may assume that when graphing compact inequalities, they
should always shade between the two values. This is not always the case,
as they should see when attempting to graph 24 , x , 26 in part (e).
At first glance, it may appear that x lies between 24 and 26, however,
when the inequality is interpreted, x can never be greater than 24 and
less than 26. There is no solution to this inequality. Discuss the fact that
when a compact inequality is written with , symbols, the placement of
the values should appear as they would on a number line. This is not the
case with 24 , x , 26.
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Questions to ask
• What are two values that are a solution to the inequality?
• How can you check that your solution is correct?
• In part (b), did you rewrite the inequality so that the absolute value
expression is on the left of the inequality symbol? If so, what is the
new inequality?
• In part (c), is it necessary to isolate the absolute value expression
before applying the rules to rewrite the absolute value inequality as
a compound inequality? Will you get the same solution either way?
• For which inequality are you required to reverse or flip the
inequality symbol?
• When graphing a compound inequality, how do you know whether to
graph the union or intersection of the two inequalities?
• When graphing a compound inequality, how do you know when to
use and or or?
• Are the endpoints in the graph open or closed circles? Why?
• For parts (d) and (e), how could you determine the solution without
completing any algebra steps?
• Are all absolute values greater than 21?
• Are any absolute values less than 21?

Summary
When solving an absolute value inequality, first rewrite it as an equivalent
compound inequality without the absolute value symbol and then solve the
compound inequality.

Talk the Talk: Seeing Double
Facilitation Notes

DEMONSTRATE

In this activity, the baseball scenario is modified so that students must
apply a transformation to their original absolute value equation. They
write an equation for the new function and sketch its graph. Students also
describe in general why you can rewrite an absolute value equation as two
separate equations.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Differentiation strategy
To support students who struggle, write the original absolute value
function from the first activity on the board. Discuss what the values in
the function represent with respect to the problem situation and what is
different about this new situation.
LESSON 5: Play Ball! • 77M
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As students work, look for
1
• Whether they multiply the fraction  __
2  by the y-value or the
x-expression.
• Changes to the constant function rather than the absolute
value function.
Misconception
Students may not understand that taking one-half of the weight
1
difference results in a dilation factor of 2 rather than __
 2 . Use actual
coordinate pairs from the graph and substitute values in the new
equation to help students make sense of this.
Questions to ask
• What was the equation of the original function?
• What does the y-value represent?
1
• Why does the function __
 2  y 5 |x 2 145.045| represent the
new situation?
1
• How can the function  __
2  y 5 |x 2 145.045| be rewritten so that
the variable y is isolated?
1
• Is  __
2  y 5 |x 2 145.045| equivalent to y 5 2|x 2 145.045|?
• What was the A-value in the original function? What is the new
A-value?
• What affect does this change in A-value have on the graph?
• What is the new least acceptable weight?
• What is the new greatest acceptable weight?
• How can the least acceptable weight and the greatest acceptable
weight be used to write a compound inequality?

Summary
An absolute value function can be used to model some real-world problems.
When the parameters of the problem change, transformations may be applied
to the original function to solve the new problem.
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Warm Up Answers

Play Ball!

5

1. 5
2. 6
3. 24
4. 0

Absolute Value Equations and Inequalities

Warm Up

Evaluate each expression.

Learning Goals

2. |21 25|

• Understand and solve absolute value equations.
• Solve and graph linear absolute value inequalities on
number lines.
• Graph absolute value functions and use the graph to
determine solutions.

3. |4 ? (26)|

Key Terms

1. |9 1 (24)|

4. |0 4 (22)|

• linear absolute value equation
• linear absolute value inequality
• equivalent compound inequality

You know what the graphs of absolute value functions look like. How can you use what you know
about graphs and linear equations to solve absolute value equations and inequalities?
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Answers
1. See number lines
below.

GETTING STARTED

2a. |x| 5 1

Opposites Attract? Absolutely!

2b. |x| 5 4

You can solve many absolute value equations using inspection.
1. Graph the solution set of each equation on the
number line given.

ELL Tip
Students need to
understand the
meaning of the
term inspection to
correctly interpret
the statement at
the beginning of
this activity. Discuss
the meaning of the
term inspection by
analyzing its root
word inspect, which
means to look at or
examine something
closely. Provide
examples of the
word inspection,
or inspect, in
real-life scenarios,
such as getting
a car inspected,
inspecting the
contents of the
package, or a
uniform that passes
inspection.

a. |x| 5 5

−5

−4

−3

−2

−1

0

1

2

3

4

5

b. |x| 5 2

−5

−4

−3

−2

−1

0

1

2

3

4

5

c. |x| 5 23

−5

d. |x| 5 0

−5

−4

−4

−3

−2

−3

−1

−2

0

−1

1

0

2

1

3

2

3

4

4

5

5

2. Write the absolute value equation for each solution set graphed.
a.

−5

−4

−3

−2

−1

0

1

2

3

4

5

b.

−5

−4

−3

−2

−1

0

1

2

3

4

5
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−5

−4

−3

−2

−1

0

1

2

3

4

5

−5

−4

−3

−2

−1

0

1

2

3

4

5

−2

−1

0

1

2

3

4

5

1c. No solutions
1d.

−5

−4

−3
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Answers
AC T I V I T Y

5.1

1.

Creating an Absolute Value
Function from a Situation

y

The official rules of baseball state that all baseballs used during
professional games must be within a specified range of weights. The
baseball manufacturer sets the target weight of the balls at 145.045 grams
on its machines.

x
10
Weight Difference
(grams)

1. Sketch a graph that models the relationship between
a manufactured baseball’s weight, x, and its distance
from the target weight, y. Explain how you constructed
your sketch. Then write an absolute value equation to
represent the situation and the graph.

(145.045, 0)

y

8
6
4
2
0

x
138 140 142 144 146 148 150
Manufactured Baseball
Weight (grams)

2. The specified weight allows for a difference of 3.295
grams in the actual weight of a ball and the target weight. Since
the weight must be within a distance of 3.295 grams from the
target weight, y 5 3.295.
a. Graph the equation y 5 3.295 on the coordinate plane
in Question 1.
b. What two equations can you write, without absolute values,
to show the least acceptable weight and the greatest
acceptable weight of a baseball? Explain your reasoning.

Ask
yourself:
How is the function
transformed from
the basic function
f(x) = |x|?

At x 5 145.045, the
baseball weight’s
distance from the target
weight, y, is 0. For each
unit of decrease or
increase in the baseball’s
weight, x, there is an
equal decrease or
increase in the distance
from the target weight.
These distances are all
positive.
The graph can be
represented by the
function
d(x) 5 |x 2 145.045|.
2a.

y

c. Use the graph to write the solutions to the equations you
wrote in part (b). Show your work.

y = 3.295
(145.045, 0)
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A2_M01_T01_L05_Student Lesson.indd 79

ELL Tip
Discuss the meaning of the term manufacturer by analyzing its
root word manufacture, which means to make something. Relate
manufacture to a manufacturer, as one who makes something; provide
synonyms such as maker, producer, and builder. Ask students to
explain how manufacturer is used in the context of this activity.
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x

2b. x 2 145.045 5 3.295
and
x 2 145.045 5 23.295
2c. x 5 148.34 or
x 5 141.75
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Answers
1. When I add 1(a) and
2(a), I get a sum of 0.

AC T I V I T Y

5.2

2. Martina divided both
sides of the second
equation by 21, and
Bob distributed
the (21).

Solving Absolute
Value Equations

The two equations you wrote can be represented by the linear absolute
value equation |w 2 145.045| 5 3.295. To solve any absolute value
equation, recall the definition of absolute value.

x 5 7 or x 5 25

Worked Example
Consider this linear absolute value equation.
|a| 5 6
There are two points that are 6 units away from zero on the number
line: one to the right of zero, and one to the left of zero.
1(a) 5 6

or

a56

or

2(a) 5 6
a 5 26

Now consider the case where a 5 x 2 1.
|x 2 1| 5 6
If you know that |a| 5 6 can be written as two separate equations,
you can rewrite any absolute value equation.
1(a) 5 6
1(x 2 1) 5 6

or
or

2(a) 5 6
2(x 2 1) 5 6

1. How do you know the expressions 1(a) and 2(a) represent
opposite distances?

2. Martina and Bob continued to solve the linear absolute value
equation |x 2 1| 5 6 in different ways. Compare their strategies
and then determine the solutions to the equation.

Martina
(x 2 1) = 6 or (x 2 1) = 26

Bob

x 2 1 5 6 or 2x 1 1 5 6
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Answers
3. Solve each linear absolute value equation. Show your work.
a. |x 1 7| 5 3

b. |x 2 9| 5 12

c. |3x 1 7| 5 28

3a. x 5 24 or x 5 210

Ask
yourself:
Before you solve
each equation, think
about the number
of solutions each
equation may have.
You may be able to
save yourself some
work—and time!

d. |2x 1 3| 5 0

4. Artie, Donald, Cho, and Steve each solved the equation |x| 2 4 5 5.

Donald

Artie
|x| 2 4 5 5
x2455
x59

Cho

2(x) 2 4 5 5
2x 5 9
x 5 29

2(x) 5 9
x 5 29

Steve
|x| 2 4 5 5

|x| 2 4 5 5

(x) 2 4 5 5
x 2 4 5 5
x 5 9

2[(x) 2 4] 5 5

2x 1 4 5 5
2x 5 1

x 5 21

(x) 2 4 5 5
x59

3c. No solutions
3

3d. x 5 2 __
2 

4a. Cho incorrectly applied
the negative symbol
to the (24) in the
second equation. Steve
incorrectly applied
a second negative
symbol to the (25).
4b. Artie applied the
positive and negative
signs to the expression
inside the linear
absolute value
symbols and then
solved each equation.
Donald isolated the
linear absolute value
expression before
applying the positive
and negative symbols
to the isolated
expression.

|x| 2 4 5 5
|x| 5 9

x59

3b. x 5 21 or x 5 23

2(x) 2 4 5 25
2x 2 4 5 25
2x 5 21
x51

a. Explain how Cho and Steve incorrectly rewrote the absolute
value equation as two separate equations.

b. Explain the difference in the strategies that Artie and
Donald used.
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Answers
5a. x 5 16 or x 5 216
5b. 25 5 x or 29 5 x
5c. x 5 6 or x 5 22
5d. 3 5 x or 215 5 x

Think
about:

5. Solve each linear absolute value equation.
a. |x| 1 16 5 32

b. 23 5 |x 2 8| 1 6

c. 3|x 2 2| 5 12

d. 35 5 5|x 1 6| 2 10

Consider isolating
the absolute value
part of the equation
before you rewrite it
as two equations.
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Answers
AC T I V I T Y

x.x
5.3

1. |w 2 145.045| # 3.295

activity_H1
Absolute
Value Inequalities

2a. Yes
2b. No
2c. Yes

You determined the linear absolute value equation |w 2 145.045| 5 3.295
to identify the most and least a baseball could weigh and still be within the
specifications. The manufacturer wants to determine all of the acceptable
weights that the baseball could be and still fit within the specifications.
You can write a linear absolute value inequality to represent this
problem situation.

2d. Yes

1. Write a linear absolute value inequality to represent all baseball
weights that are within the specifications.

2. Use the graph to determine whether the weight of each given
baseball is acceptable. Substitute each value in the inequality to
verify your answer.

c. 148.34 grams

b. 140.8 grams

d. 141.75 grams

10
Weight Difference
(grams)

a. 147 grams

y

8
6
4
2
0

y = 3.295
f(x)
x
138 140 142 144 146 148 150
Manufactured Baseball
Weight (grams)
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ELL Tip
Two non-mathematical terms that appear in this activity are specifications
and dispose. Discuss the definition of each term: specifications are detailed
standards that are expected to be met when something is built, and dispose
means to get rid of, or throw away. Discuss the type of specifications that
are referenced in this context, and why the term disposing makes sense
in this context.
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Answers
3. Use the graph on the coordinate plane to graph the inequality on
the number line showing all the acceptable weights. Explain the
process you used.

3. See number line below.
4. 141.75 # w # 148.34
5a. |w 2 145.05| . 3.295
5b. See number line below.

140 141 142 143 144 145 146 147 148 149 150

4. Complete the inequality to describe all the acceptable weights,
where w is the baseball’s weight.
#w#

5. Raymond has the job of disposing of all baseballs that are not
within the acceptable weight limits.
a. Write an absolute value inequality to represent the weights of
baseballs that Raymond can dispose of.

b. Graph the inequality on the number line. Explain the process
you used.

140 141 142 143 144 145 146 147 148 149 150
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140 141 142 143 144 145 146 147 148 149 150
140 141 142 143 144 145 146 147 148 149 150
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Answers

5.4

1a.

Solving Problems with
Absolute Value Functions

Diameter
Difference (cm)

AC T I V I T Y

In Little League Baseball, the diameter of the ball is slightly smaller than that
of a professional baseball.
1. For Little League baseballs, the manufacturer sets the target
diameter to be 7.47 centimeters. The specified diameter allows
for a difference of 1.27 centimeters.

b. Use your graph to estimate the diameters of all the
Little League baseballs that fit within the specifications.
Explain how you determined your answer.

c. Algebraically determine the diameters of all the
baseballs that fit within the specification. Write your
answer as an inequality.

Diameter Difference (cm)

a. Sketch the graph of the linear absolute value function, f(d), on
the coordinate plane.

y

1.8
1.4
1.0
0.6
0.2
0

x
5
6
7
8
9
Diameter of Little League
Baseballs (cm)

2. The manufacturer knows that the closer the diameter of the
baseball is to the target, the more likely it is to be sold. The
manufacturer decides to keep only the baseballs that are less
than 0.75 centimeter from the target diameter.

1b. The graph of y 5 1.27
crosses the original
graph at two points.
The first is between
6 and 6.5, so the
smallest diameter of
a baseball that meets
specifications would be
about 6.25 centimeters.
It also crosses between
8.5 and 9 so the
largest diameter of a
baseball that meets the
specifications would be
about 8.74 centimeters.
1c. 6.2 # d # 8.74
2a. d # 6.72 or d $ 8.22

a. Algebraically determine which baseballs will not fall within
the new specified limits and will not be kept. Write your
answer as an inequality.

b. How can you use your graph to determine whether you
are correct?
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y
1.8
1.4
y = 1.27
1.0
y = 0.75
0.6
0.2
x
0 5 6 7 8 9
Diameter of Little
League Baseballs (cm)

2b. The x-coordinates
of the points of
intersection describe
the upper and lower
limit of the solution
set. All points less than
approximately 6.5 cm
are not acceptable and
all points greater than
approximately 8 cm are
also not acceptable.
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Answers
1. See number lines
below.

Absolute Value and
Compound Inequalities

AC T I V I T Y

5.5

Absolute value inequalities can take four different forms, as shown in
the table. To solve a linear absolute value inequality, you can first write it
as an equivalent compound inequality.
Notice that the

Absolute Value Inequality

Equivalent Compound Inequality

|ax 1 b| , c

2c , ax 1 b , c

|ax 1 b| # c

2c # ax 1 b # c

|ax 1 b| . c

ax 1 b , 2c or ax 1 b . c

|ax 1 b| $ c

ax 1 b # 2c or ax 1 b $ c

equivalent compound
inequalities do
not contain
absolute values.

1. Solve the linear absolute value inequality by rewriting it as an
equivalent compound inequality. Then graph your solution on
the number line.
a. |x 1 3| , 4

−10 −8 −6 −4 −2

0

2

4

6

8

10

0

2

4

6

8

10

b. 6 # |2x 2 4|

Remember:

As a final step, don’t
forget to check
your solution.
−10 −8

−6

−4

−2
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1a.

−10 −8

−6
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−4

−2

0

2

4

6

8

10

−2

0

2

4

6

8

10

24 , x 1 3 , 4
27 , x , 1
1b.

−10 −8

−6

−4

6 # 2x 2 4			
26 $ 2x 2 4
10 # 2x		 or
22 $ 2x
5 # x			 21 $ x
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Answers
c. |25x 1 8| 1 2 , 25

1. See number lines
below.

−10 −8 −6 −4 −2

0

2

4

6

8

10

0

2

4

6

8

10

0

2

4

6

8

10

d. |x 1 5| . 21

−10 −8 −6 −4 −2

e. |x 1 5| , 21

−10 −8 −6 −4 −2
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1c.

−10 −8

−6
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−4

−2

0

|25x 1 8| , 23
223 , 25x 1 8 , 23
223 2 8 , 25x , 23 2 8
231 , 25x , 15
31
23 , x , ___
  5 

2

4

6

8

10

1d.

−10 −8

−6

−4

−2

0

2

4

6

8

10

This solution is all numbers. The absolute value
of any number is always greater than a negative
number.
1e.

−10 −8

−6

−4

−2

0

2

4

6

8

10

There is no solution. The absolute value can never
be less than a negative number.
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Answers
1.

NOTES

y

8

TALK the TALK
Seeing Double

f(x)

6

Consider the situation from the first activity: a baseball
manufacturer sets the target weight of the baseballs at 145.045 grams.

4

The specified weight allows for a certain distance, y, between the actual

y = 3.295

2

weight and the target weight.

(145.045, 0) x
0
135 140 145 150 155

1. Suppose this distance
between the target
weight and the
actual weight is cut
in half. Describe how
this represents a
transformation of the
original function. Sketch
a graph of the new
function and write the
new equation.

The transformation
cuts the range of
accepted weights in
half. The new function
1
is __
  2 y 5 |x 2 145.045|,
which is equivalent to
y 5 2|x 2 145.045|.
The function has been
vertically dilated by
a factor of 2, which
is represented by a
change in the A-value
from 1 to 2.
The least and greatest
accepted weights are
x 2 145.045 5 1.6475
and x 2 145.045 5
(21.6475); so 143.3975
# x # 146.6925.
2. Sample answer.
You can rewrite
an absolute value
equation as two
separate equations
because the absolute
value function indicates
a distance between
a value and a given
location on a number
line. Because the value
may appear to the right
or the left of the given
location, two values
are possible. To solve,
you have to account
for both.

10
Weight Difference
(grams)

10

y

8
6
4
2
0

f(x)
x
138 140 142 144 146 148 150
Manufactured Baseball
Weight (grams)

2. Describe why you can rewrite an absolute value equation as
two separate equations.
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Assignment

Assignment
Answers

LESSON 5: Play Ball!

Write

Write

Answers will vary.

Describe the similarities and differences between solving a linear absolute value equation and a linear

Practice

absolute value inequality.

1a. f 2 5

Remember

1b. |f 2 5| # 1.8

You can rewrite any absolute value equation as two equations to solve. If |x| 5 c, where c is any real

1c.

number, then 1(x) 5 c or 2(x) 5 c.
Absolute value inequalities can take four different forms. To solve a linear absolute value inequality,
you can first write it as an equivalent compound inequality.
Absolute Value Inequality

Equivalent Compound Inequality

|ax 1 b| , c

2c , ax 1 b , c

|ax 1 b| # c

2c # ax 1 b # c

|ax 1 b| . c

ax 1 b , 2c or ax 1 b . c

|ax 1 b| $ c

ax 1 b # 2c or ax 1 b $ c

Yes. This cookie recipe
is acceptable because
the difference is only
1.5 grams and it can
have a difference up to
1.8 grams.

Practice

1d.

1. The Billingsly Cookie Company is trying to come up with a cookie that is
low in fat but still has good taste. The company decides on a target fat
content of 5 grams per cookie. In order to be labeled low-fat, a difference
of 1.8 grams per cookie is acceptable.
a. Write an expression that represents the difference between the fat in a cookie from
the new recipe and the target fat content. Use f to represent the amount of fat in a cookie from
the new recipe.
b. Write an absolute value inequality to represent the restrictions on the difference in the amount of fat.
c. One of the bakers creates a cookie recipe that has 6.5 grams of fat per cookie. Is this recipe
acceptable? Explain your reasoning.
d. Another baker comes up with a cookie recipe that has 2.9 grams of fat per cookie. Is this recipe
acceptable? Explain your reasoning
e. Algebraically determine the greatest and least number of grams of fat a cookie can contain and
still fall within the required specifications. Write your answer as an inequality.
2. Solve each absolute value equation or inequality.
b. |x 1 5| 5 215

c. |x 1 4| # 9

d. |3x 2 1| . 14

e. |x 2 9| . 21
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1f.

0

1

2

|f 2 5| # 1.8
|2.9 2 5| # 1.8
|22.1| # 1.8
2.1 Ü 1.8
No. This cookie recipe
is not acceptable
because the difference
is 2.1 grams which
is more than the
specified difference of
1.8 grams.

1e. 3.2 # f # 6.8

f. Sketch the graph of the absolute value inequality from part (b).
a. |x| 1 8 5 15

|f 2 5| # 1.8
|6.5 2 5| # 1.8
|1.5| # 1.8
1.5 # 1.8

Each cookie can
contain no more than
6.8 grams and no less
than 3.2 grams of fat to
be acceptable.
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3

4

5

6

7

8

2a. 7, 27
2b. No solution
2c. 213 # x # 5
13

2d. x , 2 ___
3  or x . 5

2e. All real numbers
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Assignment
Answers
Stretch
3

1.	 __
2  x 2 15

Stretch
John, Rasheed, and Jeorge are different ages. Rasheed is six less than twice John’s age. Jeorge’s age is

3

2. | __
2 x 2 15| # 9

nine more than half of John’s age. The difference between Rasheed and Jeorge’s ages is no more than
nine years.

3

3.
3

| __
2 x 2 15| # 9

1. Write an expression that represents the difference between Rasheed and Jeorge’s ages.
2. Write an absolute value inequality to represent the maximum difference in their ages.

| __
2 (20) 2 15| # 9

3. Determine whether it is possible for John to be twenty years old. Explain your reasoning.
4. Algebraically determine the greatest and least age John can be so that the difference between

|30 2 15| # 9
|15| # 9
15 Ü 9

Rasheed and Jeorge’s ages is no more than nine years.

Review

No. John cannot be
twenty years old
because the difference
in Rasheed and
Jeorge’s ages would be
fifteen years which is
more than nine.

1. The members of a youth football program are required to sell tickets to chicken dinners for the
program’s fundraiser. They can sell adult tickets for $10 and child tickets for $5. Each athlete must
bring in at least $350 from the ticket sales.
a. Write an expression to represent the total amount of money an athlete makes from ticket sales.
Let x represent the number of adult tickets sold and let y represent the number of child tickets sold.
b. Write an inequality in two variables to represent the amount an athlete must make.
c. Graph the inequality from part (b).
d. Use the graph to determine whether an athlete will bring in at least $350 if they sell 10 adult

4. 4 # x # 16
John can be anywhere
from 4 to 16 years old.

tickets and 30 child tickets. Explain your reasoning.
2. Given the function f(x) = |x|. Sketch a graph of each new function.
3

b. h(x) 5 __
4 |x 2 2| 1 1

a. g(x) 5 2 |x 1 1| 2 3
a2b

Review

3. Solve for b in the equation _____
12 5 11 2 6a.

1a. 10x 1 5y
1b. 10x 1 5y $ 350
1c.
Number of Child Tickets

y
80
60
40
20
0

x
20 40 60 80
Number of Adult Tickets

1d. No, the point is not in
the shaded region.
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2a.

4
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2b.

y

6

2
−4

4
0

−2

2

4

x

2

–2
–4
–6

3. b 5 73a 2 132

y

−4

0

−2

2

4

x

–2
–4
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Extending Linear
Relationships Summary
KEY TERMS
•
•
•
•
•
•
•
•
•
•
•

Gaussian elimination
solution of a system of linear inequalities
linear programming
matrix (matrices)
dimensions
square matrix
matrix element
matrix multiplication
identity matrix
multiplicative inverse of a matrix
matrix equation

LESSON

1

•
•
•
•
•
•
•
•
•
•

coefficient matrix
variable matrix
constant matrix
absolute value
reflection
line of reflection
argument of a function
linear absolute value equation
linear absolute value inequality
equivalent compound inequality

Gauss in Das Haus

Recall that a system of two linear equations can be solved algebraically by using either the
substitution method or the linear combinations method. Systems of two linear equations can have
one solution, no solution, or an infinite number of solutions.
A system of two equations involving one linear equation and one quadratic equation can be solved
using methods similar to those for solving a system of two linear equations. These systems can
have one solution, two solutions, or no solutions. The solution(s) can be verified by graphing the
equations on the same coordinate grid and then calculating the point(s) of intersection.
For example, you can solve the following system of two equations in two variables algebraically and
then verify the solution graphically.

h

y5x11
y 5 x2 2 3x 1 4
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A2_M01_T01_Topic Summary.indd 91

5/28/21 12:49 PM

x2 2 3x 1 4 5 x 1 1
x2 2 4x 1 3 5 0
(x 2 3)(x 2 1) 5 0

y
y = x2 − 3x + 4

6

x 5 3 or x 5 1
Substitute x 5 3 into the linear equation.
y531154
Substitute x 5 1 into the linear equation.
y511152

8

4

(3, 4)

2
−8

−6

−4

(1, 2)
0

−2

2

4

6

8

x

−2

The solutions to the system are (3, 4)
and (1, 2).

−4
−6

y=x+1
To solve a system of three linear equations
−8
using substitution, the first step is to solve
for one variable in one of the equations.
Then substitute this expression for that
variable in the other two equations. The
two new equations will then have only two unknown variables and can be solved using either
substitution or linear combinations.

The goal of Gaussian elimination is to use linear combinations to isolate one variable for each
equation. When using this method, you can:
• swap the positions of two equations.
• multiply an equation by a nonzero constant.
• add one equation to the multiple of another.
x 1 5y 2 6z 5 24
For example, you can solve the system 2x 2 4y 1 5z 5 221 using Gaussian elimination.
5x 2 4y 1 2z 5 21
Add the first and second equation and
replace the second equation.
Multiply the first equation by 25 and
add it to the third equation. Replace
the third equation.
Multiply the second equation by 29
and add it to the third equation.
Replace the third equation.

x 1 5y 2 6z 5 24
2x 2 4y 1 5z 5 221
y2 z5
3

x 1 5y 2 6z 5 24
y2z53
5x 2 4y 1 2z 5 21

25x 2 25y 1 30z 5 2120
5x 2 4y 1 2z 5 21
229y 1 32z 5 299

x 1 5y 2 6z 5 24
y2z53
229y 1 32z 5 299

29y 2 29z 5 87
229y 1 32z 5 299
3z 5 212

x 1 5y 2 6z 5 24
y2z53
3z 5 212
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1

Multiply the third equation by __
 3  and add
it to the second equation. Replace the
second equation.
Multiply the second equation by 25
and add it to the first equation. Replace
the first equation.
Multiply the third equation by 2 and
add it to the first equation. Replace
the first equation.
1

Multiply the third equation by __
 3 .
Replace the third equation.

x 1 5y 2 6z 5 24
y 5 21
3z 5 212

y2z5 3
z 5 24
y 5 21

x 2 6z 5 29
y 5 21
3z 5 212

x 1 5y 2 6z 5 24
25y
5 5
x
2 6z 5 29
x 2 6z 5 29
6z 5 224
x
5 5

x55
y 5 21
3z 5 212

1
__
  3 (3z 5 212)

x55
y 5 21
z 5 24

z 5 24

The solution to the system is (x, y, z) 5 (5, 21, 24) .

LESSON

2

Make the Best of It

The solution of a system of inequalities, is the intersection of the solutions to each inequality.
Every point in the intersection satisfies all inequalities in the system.
For example, consider the system

y , 2x 2 6
.
1
y $ __
 4 x 1 1

y
8

Graph the system of linear inequalities on one
coordinate plane.
The solution to the system of linear inequalities
is the overlapping region of the solutions to each
inequality in the system. The points (6, 4) and
(8, 8) are both solutions to the system of linear
inequalities.

6
4
2
−8

−6

−4

0

−2

2

4

6

8

x

−2
−4
−6
−8
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In linear programming, the vertices of the solution region of the system of linear inequalities are
substituted into an equation to find the maximum or minimum value.
For example, consider the situation in which Anabelle works as a lifeguard and as tutor over the
summer. She can work no more than 40 hours each week. Her lifeguarding job requires that she
work at least 20 hours each week. If Anabelle earns $15 for each hour she lifeguards and $25 for
each hour she tutors, how many hours should she work at each job to maximize her earnings?
The situation can be modeled by a system of linear
inequalities. Let x represent the number of hours
lifeguarding and let y represent the number of
hours tutoring.
x 1 y # 40
x $ 20
x.0
y.0

y

40

30

(20, 20)

20

10

The vertices of the solution region are (20, 0), (20, 20),
and (40, 0).

(40, 0)

(20, 0)
0

10

20

30

40

x

Substitute the coordinates into an equation representing Anabelle’s total earnings for both jobs.
15x 1 25y 5 E
15(20) 1 25(0) 5 300
15(20) 1 20(20) 5 700
15(40) 1 25(0) 5 600
Anabelle should work 20 hours as a lifeguard and 20 hours as a tutor to maximize her earnings,
which would be $700.

LESSON

3

Systems Redux

The identity matrix, I, is a square matrix such that for any matrix A, AI 5 A. The elements of the
identity matrix are all zeros except for a diagonal from the upper left to the lower right where the
elements are all ones. The multiplicative inverse of a matrix, A, labeled as A21, is a matrix such that
when matrix A is multiplied by it the result is the identity matrix. In symbols, A ? A21 5 I. Technology can
be used to find the inverse of a square matrix. Not every square matrix has an inverse, and
non-square matrices do not have inverses.
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For example, you can use matrix multiplication to verify that matrix J21 is the inverse of matrix J.
2 __
J21 5  2 
[22

1]

3 __
1
  2 
   

22 1
J 5 [   ] 
24 3

⎡
⎤
3
1
3 __
1
(22)(__
  2 ) 1 1(1)
(22)(2 __
2 ) 1 1(22)
  2 
    5
    
   
 
  
3
1
__
__
1]       (24)
2 
 

1
3(22)
    (24)
 
 

1
3(1)
⎣
⎦
( 2)
(2)

⎢

22 1 2 __ 
[   ]   2 
24 3 [22

⎥

3 2 2 21 1 1

   
 
5 [  
6 2 6 22 1 3]
1 0
5 [   ] 
0 1
Since the product matrix J ? J21 yields the identity matrix, J21 is the inverse of matrix J.
A system of linear equations can be written as a matrix equation, in the form A ? X 5 B, where A is
the coefficient matrix, X is the variable matrix, and B is the constant matrix. A coefficient matrix
is a square matrix that consists of each coefficient of each equation in the system of equations, in
order, when they are written in standard form. A variable matrix is a matrix in one column that
represents all of the variables in the system of equations. A constant matrix is a matrix in one
column that represents each of the constants in the system of equations.
In a system with n equations, the coefficient matrix will be an n 3 n matrix, the variable matrix will
be an n 3 1 matrix, and the constant matrix will be an n 3 1 matrix.
2x 1 8y 1 3z 5 221
7x 2 5y 1 z 5 72 can be written as the matrix
For example, the system of equations
26x 2 2y 1 3z 5 17
equation shown.
2
8 3 x
221
   7     25     1  y     5 72  
[26 22 3][z] [ 17 ]
A

?

X

5

B
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To solve the matrix equation A ? X 5 B, multiply both sides by the inverse of matrix A, or A21. You can
use technology with matrices to calculate the solution.

⎢

⎥

13
15
23 ⎤
⎡ ____
   ____
   2 ____
374
374 
187

19
27
12
____
____
   
       ____     
A21 5    
   
324  2 187  2 374 
___
___
⎣   17       17 

X5

2

⎢

2

A21

    ___
17  ⎦
3

?

⎥

B

13
15
23 ⎤
⎡ ____
    ____
    2 ____
374
374 
187
x
221
19
27
12
____
____
 y     5    
 

 
 
 324       2 ____


   
 

   
 
2 
 
374 [ 72 ]
187
[z]
17
3
2
2
___
___
    ___
 
⎣   17      17 
⎦
17

4
 
 
5   27
[9 ]
The solution to the system is (4, 27, 9).
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Putting the V in Absolute Value

The absolute value of a number is its distance from zero on the number line. Absolute value is
indicated with vertical bars: |24| 5 4.
The graph of the absolute value function f(x) 5 |x| is in a V shape. It is the combination of the graphs
of f(x) 5 x and f(x) 5 2x.
For the basic function f(x) 5 |x|, the transformed function g(x) 5 f(x) 1 D is a vertical translation of the
function f(x). For D . 0, the graph vertically shifts up. For D , 0, the graph vertically shifts down. The
amount of shift is given by |D|.
For the basic function f(x) 5 |x|, the transformed function g(x) 5 A ? f(x) is a vertical dilation of the
function f(x). For |A| . 1, the graph vertically stretches by a factor of A units. For 0 , |A| , 1, the
graph vertically compresses by a factor of A units. For A , 0, the graph reflects across a horizontal
line. A reflection of a graph is the mirror image of the graph about a line of reflection. A line of
reflection is the line that the graph is reflected across. A horizontal line of reflection affects the
y-coordinates.
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For the basic function f(x) 5 |x|, the transformed function g(x) 5 f(x 2 C) is a horizontal translation
of the function f(x). For C . 0, the graph horizontally shifts right. For C , 0, the graph horizontally
shifts left. The amount of shift is given by |C|.
For the basic function f(x) 5 |x|, the transformed function g(x) 5 f(Bx) is a horizontal dilation of the
1

 . For 0 , |B| , 1,
function f(x). For |B| . 1, the graph is horizontally compressed by a factor of  ____
|B|
1

the graph will be horizontally stretched by a factor of ____
  |B|  units. For B , 0, the graph also reflects
across the y-axis.
f(x) 5 |x|

y 5 |x| 1 2

y

y

4
3
2
1

4
3
2
1

−4 −3 −2 −1 0 1 2 3 4

x

−2
−3
−4

−4 −3 −2 −1 0 1 2 3 4

−2
−3
−4

f(x) 5 22|x|

f(x) 5 |x 2 (22)|
y

y
4
3
2
1

4
3
2
1
−4 −3 −2 −1 0 1 2 3 4

−2
−3
−4

x

x

−4 −3 −2 −1 0 1 2 3 4

x

−2
−3
−4
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1

|
f(x) 5 | __
2  x

f(x) 5|2x|
y

y

4
3
2
1

4
3
2
1

−4 −3 −2 −1 0 1 2 3 4

x

−2
−3
−4

LESSON
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−4 −3 −2 −1 0 1 2 3 4

x

−2
−3
−4

Play Ball!

To solve a linear absolute value equation, write the positive and negative equations that the linear
absolute value equation represents. Then solve each equation.
|5x

1(5x 2 4) 5 21
5x 2 4 5 21
5x 2 4 1 4 5 21 1 4
5x 5 25
5x

25

___
 ___
5  5   5 

2 4|5 21
   2(5x 2 4) 5 21
5x 2 4 5 221
5x 2 4 1 4 5 221 + 4
5x 5 217

x55

(217)
5x
______
 ___
5  5   5 
2

x 5 23__
  5 

If there is a range of solutions that satisfy a problem situation, you can write a linear absolute
value inequality. To evaluate for a specific value, substitute the value for the variable.
For example, suppose a swimmer who wants to compete on the green team at the City Swim Club
should be able to swim the 100-meter freestyle in 54.24 seconds plus or minus 1.43 seconds. Can a
swimmer with a time of 53.15 seconds qualify for the green team?
|t 2 54.24| # 1.43
|53.15 2 54.24| # 1.43
|21.09| # 1.43
1.09 # 1.43
The swimmer qualifies because his time is less than 1.43 seconds from the base time.
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Absolute value inequalities can take four different forms with the absolute value expression
compared to a value, c. To solve an absolute value inequality, you must first write it as an
equivalent compound inequality. “Less than” inequalities will be conjunctions and “greater
than” inequalities will be disjunctions.
Absolute Value Inequality

Equivalent Compound Inequality

|ax 1 b| , c

2c , ax 1 b , c

|ax 1 b| # c

2c # ax 1 b # c

|ax 1 b| . c

ax 1 b , 2c or ax 1 b . c

|ax 1 b| $ c

ax 1 b # 2c or ax 1 b $ c
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TOPIC 2

Exploring and Analyzing Patterns

Knitting stitch patterns use repetitive sequences. The one above is called a Triple Seed Stitch: [knit one, purl one] across
the row for three rows, then [purl one, knit one] for the next three. This pattern repeats for the desired length. Do you
have a hand-knitted sweater? What patterns do you see?

Lesson 1
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Observing Patterns�������������������������������������������������������������������������������������������������������������� 105

Lesson 2

The Cat’s Out of the Bag!
Generating Algebraic Expressions������������������������������������������������������������������������������������ 115

Lesson 3
Samesies

Comparing Multiple Representations of Functions�������������������������������������������������������� 129

Lesson 4

True to Form
Forms of Quadratic Functions ������������������������������������������������������������������������������������������ 149

Lesson 5

The Root of the Problem
Solving Quadratic Equations���������������������������������������������������������������������������������������������� 177

Lesson 6

i Want to Believe
Imaginary and Complex Numbers������������������������������������������������������������������������������������ 189
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Exploring and Analyzing
Patterns
Topic 2 Overview
hello

 ow is Exploring and Analyzing
H
Patterns organized?

How is XXX organized?

Exploring and Analyzing Patterns provides
opportunities for students to analyze and
describe various patterns. Students are asked
to represent algebraic expressions in different
forms and use algebra and graphs to determine
whether they are equivalent. Lessons provide
opportunities for students to review linear,
exponential, and quadratic functions using
multiple representations.
The first lesson introduces students to three
patterns and asks students to analyze and
extend each pattern. In the next lesson,
students write algebraic expressions to
represent each pattern. They use equivalent
forms of the expressions, graphs, and tables to
explore characteristics of each pattern, solve
for unknown terms, and describe each as linear,
exponential, or quadratic.
Students then consider multiple equivalent
representations of functions. They sort tables,
graphs, scenarios, and equations into groups of
equivalent relationships and then identify the
function family associated with each. Students
consider another tiling pattern and show how
to prove algebraically and graphically that two
functions are equivalent.
The three forms of a quadratic equation are
reviewed, and students match nine equations

with their corresponding graphs and sort the
equations according to form. They consider
how to determine the key characteristics of
the function given the form of the equation.
Students then learn to write quadratic equations
given key points before using systems to write a
quadratic equation given any three points.
Finally, students recall how to solve quadratic
equations using Properties of Equality and
square roots, factoring and the Zero Product
Property, completing the square, and the
Quadratic Formula. They then consider quadratic
functions with no real roots. Introduced to the
complex number system, students next solve
quadratic functions with imaginary roots.

 hat is the entry point for
W
students?
In previous courses, students gained extensive
experience with multiple representations of linear,
exponential, and quadratic functions. This topic
serves as an opportunity for students to recall
what they already know and prepare for how they
will use this knowledge throughout the rest of the
course. They are familiar with solving quadratic
equations and have considered the case in which
the graph of a quadratic equation does not cross
the x-axis, yielding no real roots. When learning
to solve quadratic equations with imaginary
roots, students build upon these experiences
and expand their knowledge of the real number
system to the complex number system.
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 ow does a student
H
demonstrate understanding?
How does a student
demonstrate understanding?

Students will demonstrate understanding of the
standards in Exploring and Analyzing Patterns
if they can:
• Interpret the real-world meaning of the terms,
factors, and coefficients of an expression.
• Identify variables and quantities represented
in a real-world situation.
• Write an expression to model a
real-world situation.
• Create a graph, equation, table, or
verbal description that indicates the key
characteristics of the function.
• Use properties to rewrite expressions in
different but equivalent forms to better
interpret their meaning.
• Explain why equivalent expressions
are equivalent.
• Explain that there are three forms of
quadratic equations: standard, vertex,
and factored forms.
• Identify the form in which a given quadratic
function is written.
• Convert between the three forms of a
quadratic function.
• Identify the key characteristics that are easily
identifiable in each of the three forms.
• Factor, multiply polynomials, or complete the
square to rewrite expressions.
• Determine whether given inputs and/or
outputs make sense in a problem situation.
• Compare the properties of two functions
represented differently.

• Write an explicit expression for a pattern that
grows linearly, exponentially, or quadratically.
• Rewrite a quadratic expression using factoring
or completing the square.
• Solve quadratic equations using the Properties of
Equality and square roots, factoring, completing
the square, and the Quadratic Formula.
• Explain that complex solutions for a quadratic
equation result when the discriminant is
negative in the Quadratic Formula or when
the graph of the equation does not intersect
the x-axis.
• Use substitution to solve a system of
equations comprised of one linear and one
quadratic function.
• Use graphing to determine the approximate
solution of a system of equations comprised
of one linear and one
quadratic function.
____
• Understand that i 5 √
 21 .
• Identify a complex number in the form a 1 bi.
• Use properties to add, subtract, and multiply
complex numbers.
• Solve quadratic equations with real number
coefficients and imaginary solutions.
• Factor a quadratic expression using
complex numbers.

 Why is Exploring and Analyzing
Patterns important?
Throughout the rest of this course, students
will be exploring more complex functions:
polynomials, rational functions, radical
functions, and logarithmic functions. Exploring
and Analyzing Patterns is a critical topic for
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preparing students for this work, which
includes identifying key characteristics,
determining whether given representations are
equivalent, connecting representations, writing
expressions, using expressions and equations
to solve for unknown values, analyzing graphical
representations, and making connections to the
real world.

How do the activities in
Exploring and Analyzing
Patterns promote student
expertise in the mathematical
process standards?

How do the activities in XXX promote
student expertise in the
mathematical practice standards?

All Carnegie Learning topics are written with
the goal of creating mathematical thinkers who
are active participants in class discourse, so
the mathematical process standards should be
evident in all lessons. Students are expected
to make sense of problems and work toward
solutions, reason using concrete and abstract
ideas, and communicate their thinking while
providing a critical ear to the thinking of others.
Students model with mathematics throughout
this topic, creating physical models of real-world
problems, representing them with tables, graphs,
and equations, and drawing conclusions based
on their analysis. They must decontextualize
given situations to represent them symbolically

and then identify important quantities that make
sense in context. While determining solutions
graphically often requires approximations,
students must attend to the precision of
their graphs to answer questions and build
new functions. Finally, students use graphical
representations to look for and make use of the
structure of polynomial functions.
Students use reasoning to make sense of
quantities and their relationships in real-world
situations. They express these relationships
using graphs, tables, and expressions, creating
coherent and equivalent representations. As
they analyze tiling patterns, students notice
repeated calculations and use the structure
of the pattern to model it with an expression.
They continue to make use of the structure of
quadratics when they rewrite them in different
forms and identify the key characteristics
that are indicated in each form. Finally, when
considering representations of functions
and solution strategies, students justify their
conclusions, communicate their reasoning, and
analyze the arguments of others.

Materials Needed
Graphing technology
Tape or glue
Scissors
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New Tools and Notation
The Complex Number System
The set of complex numbers is the set of all numbers written in the form a 1 bi, where a and b are
real numbers. The term a is the real part of a complex number, and the term bi is the imaginary part
of a complex number. The set of complex numbers is represented by the notation C.
The set of imaginary numbers is the set of all numbers written in the form a 1 bi, where a and
b are real numbers and b is not equal to 0.
The set of imaginary numbers is represented
by the notation I. A pure imaginary number
is a number of the form a 1 bi, where a is equal
to 0 and b is not equal to 0.

Complex Numbers

C
a 1 bi where a, b e ℝ

Real Numbers

Imaginary Numbers

ℝ

I

a 1 bi where b 5 0

a 1 bi where b ≠ 0

Rational Numbers

Irrational Numbers

Q

R2Q

Integers

Z
Whole Numbers

W
Natural Numbers

N
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Learning Together
ELPS: 1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I, 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G
Lesson
1

Lesson Name

TEKS

Days

Highlights

Patterns: They’re
Grrrrrowing!:

2A.8C

1

Students investigate three scenarios that
illustrate sequences. They analyze diagrams
representing each sequence, describe
observable patterns, sketch other terms or
designs in the sequence, and then answer
questions relevant to the problem situation.
Tables and graphs are used to organize data and
help recognize patterns as they emerge.

2A.5B
2A.8A
2A.8C

2

This lesson revisits the three scenarios from
the previous lesson. Students write equivalent
algebraic expressions for each of the scenarios.
They use algebraic properties and graphical
representations to show that the expressions
are equivalent. Students describe the similarities
and differences among linear, exponential, and
quadratic functions.

2A.8A

2

Students compare the graphic, verbal, numeric,
and algebraic representations of a function. They
group equivalent representations of functions
and then identify their function families. Students
analyze a tile pattern and use a table to represent
the sequence and recognize patterns. They
then create expressions that represent different
aspects of the design. Within this same context,
students show that different expressions are
algebraically equivalent.

Observing Patterns

2

The Cat’s Out of the
Bag!:
Generating
Algebraic
Expressions

3

Samesies:
Comparing Multiple
Representations of
Functions
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Lesson
4

Lesson Name
True to Form:
Forms of Quadratic
Functions

5

The Root of the
Problem:
Solving Quadratic
Equations

TEKS

Days

Highlights

2A.3A
2A.3B
2A.4A
2A.4D
2A.7B

2

Students match quadratic equations with their
graphs using key characteristics. The standard
form, the factored form, and the vertex form
of a quadratic equation are reviewed as is the
concavity of a parabola. Students then sort each
of the equations with their graphs depending on
the form in which the equation is written, while
identifying key characteristics of each function
such as the axis of symmetry, the x-intercept(s),
concavity, the vertex, and the y-intercept. Next,
students analyze graphs of parabolas in relation
to a pair of numberless axes and select possible
functions that could model the graph. A Worked
Example shows that a unique quadratic function
is determined when the vertex and a point on
the parabola are known, or the roots and a
point on the parabola are known. Students are
given information about a function and use it
to determine the most efficient form (standard,
factored, vertex) to write the function. They
then use the key characteristics of a graph and
reference points to write a quadratic function,
if possible. Finally, students analyze a Worked
Example that demonstrates how to write and
solve a system of equations to determine the
unique quadratic function given three points
on the graph. They then use this method to
determine the quadratic function that models a
problem situation and use it to answer a question
about the situation.

2A.4F

2

Students solve quadratic equations of the form
y 5 ax2 1 bx 1 c. They first factor trinomials
and use the Zero Product Property. Students
then use the method of completing the square
to determine the roots of a quadratic equation
that cannot be factored. Finally, students use the
Quadratic Formula to solve problems in real-world
and mathematical problems.
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Lesson
6

Lesson Name

TEKS

Days

Highlights

i Want to Believe:

2A.4F
2A.7A

2

Students are introduced to imaginary numbers to
calculate the square root of a negative number,
and imaginary numbers are placed within
the complex number system. They apply the
Commutative Property, the Associative Property,
and the Distributive Property to add, subtract,
and multiply complex numbers. Students use the
structure of quadratic equations in the form
y 5 ax2 1 c, vertex form, and in standard form,
as well as the discriminant and the graph to
determine whether the roots of an equation are
real or imaginary. They solve quadratic equations
that have imaginary roots. They apply the
Fundamental Theorem of Algebra to make sense
of the fact that a quadratic equation can have
two unique real number solutions, two equal real
number solutions, or two imaginary solutions.

Imaginary and
Complex Numbers
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Suggested Topic Plan
*1 Day Pacing 5 45 min. Session
Day 1

Day 2

TEKS: 2A.8C

LESSON 1
Patterns: They're
Grrrrowing!
GETTING STARTED
ACTIVITY 1
ACTIVITY 2

Day 3

Day 4

TEKS: 2A.5B, 2A.8A,
2A.8C

LESSON 2 continued

LESSON 2

GETTING STARTED

Use LiveLab and
Reports to monitor
students’ progress

ACTIVITY 1

Day 5

ACTIVITY 2
ACTIVITY 3

TALK THE TALK

Use LiveLab and
Reports to monitor
students’ progress

ACTIVITY 3
TALK THE TALK

Day 6

Day 7

TEKS: 2A.8A

LESSON 3 continued
Samesies

LESSON 3
Samesies

GETTING STARTED

TALK THE TALK

Day 12

ACTIVITY 3

TALK THE TALK

Use LiveLab and
Reports to monitor
students’ progress

Day 16

Day 17

TEKS: 2A.4F, 2A.7A

LESSON 6 continued

GETTING STARTED

TEKS: 2A.3A, 2A.3B,
2A.4A, 2A.4D, 2A.7B

LESSON 4
True to Form
ACTIVITY 1
ACTIVITY 2

Day 13

Day 14

TEKS: 2A.4F

LESSON 5 continued

LESSON 5
The Root of the
Problem

ACTIVITY 4

Day 10

GETTING STARTED

Use LiveLab and
Reports to monitor
students’ progress

LESSON 4 continued

LESSON 6
i want to Believe

Day 9
MID-TOPIC
ASSESSMENT

ACTIVITY 2

ACTIVITY 1

Day 11

Day 8

ACTIVITY 3

TALK THE TALK

GETTING STARTED

Use LiveLab and
Reports to monitor
students’ progress

ACTIVITY 1
ACTIVITY 2

Day 18

Day 15

Day 19
END OF TOPIC ASSESSMENT

ACTIVITY 4
ACTIVITY 5

TALK THE TALK

ACTIVITY 1
ACTIVITY 2
ACTIVITY 3

Use LiveLab and
Reports to monitor
students’ progress

Assessments
There are two assessments aligned to this topic: Mid-Topic Assessment and End of Topic Assessment.
101H • TOPIC 2: Topic Overview

A2_M01_T02_Topic Overview.indd 8

5/28/21 1:27 PM

Carnegie Learning Family Guide

Algebra 2

Module 1: Exploring Patterns in Linear
and Quadratic Relationships
TOPIC 2: EXPLORING AND
ANALYZING PATTERNS

Where have we been?

This topic gives students opportunities

experience with multiple representations of

to analyze and describe various patterns.
Students are asked to represent algebraic
expressions in different forms and use
algebra and graphs to determine whether
they are equivalent. Lessons provide
opportunities for students to review linear,
exponential, and quadratic functions using
multiple representations. Students also
learn to write quadratic equations given any
three points. They are introduced to the
complex number system and solve quadratic
equations with imaginary roots.

In previous courses, students gained extensive
linear, exponential, and quadratic functions.
This topic serves as an opportunity for
students to recall what they already know and
prepare for how they will use this knowledge
throughout the rest of the course.

Where are we going?
Throughout the rest of this course, students
will be exploring more complex functions:
polynomials, rational functions, radical
functions, and logarithmic functions. This
topic is critical for preparing students for
this work, which includes identifying key
characteristics, connecting representations,
writing expressions, using expressions and
equations to solve for unknown values,
analyzing graphical representations, and
making connections to the real world.

The Complex Number System

Complex Numbers

C
a 1 bi where a, b e ℝ

The set of complex numbers is the set of all numbers
written in the form a + bi, where a and b are real
numbers. The term a is the real part of a complex
number, and the term bi is the imaginary part of a
complex number. The set of complex numbers is
represented by the notation ℂ.

Real Numbers

Imaginary Numbers

a 1 bi where b 5 0

a 1 bi where b ≠ 0

ℝ

I

Rational Numbers

Irrational Numbers

Q

R2Q

Integers

Z
The set of imaginary numbers is represented by the
notation 𝕀. A pure imaginary number is a number of the
form a + bi, where a is equal to 0 and b is not equal to 0.

Whole Numbers

W
Natural Numbers

N
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Droning On and On
You can find patterns everywhere! And
sometimes a pattern’s beauty isn’t evident
until you describe it using mathematics.

(Male =

: Female =

)

Generation

Number of Bees

1

1

2

1

3

2

whereas male bees have just one parent, a

4

3

female. In this family tree the parents appear

5

5

below the original male drone bee. The total

6

8

Consider a pattern found in nature—the
family tree of a male drone bee. Female
bees have two parents, a male and a female,

number of bees in each generation follows
the pattern 1, 1, 2, 3, 5, 8, . . .. What makes
this particular pattern fascinating is that it seems to appear everywhere! This pattern is called
the Fibonacci sequence and you can find it in flowers, seashells, pineapples, art, architecture, and
even in your DNA! Do you see the pattern? If so, name the next three terms.

Talking Points
Quadratic functions can be an important topic
to know about for college admissions tests.
Here is an example of a sample question:
What are the coordinates of the vertex
of the parabola whose equation is
y = 2x2 + 4x − 5?

Key Terms
relation
A relation is a mapping between a set of input
values and a set of output values.
function
A function is a relation such that for each
element of the domain, there exists exactly
one element in the range.

If you represent the quadratic equation as

factored form of a quadratic equation

ax2 1 bx 1 c, then the x-coordinate of the

An equation of the form f(x)5 a(x 2 r1)(x 2 r2),

2b
24
vertex is _____
  2a  5 _____
 2(2)  5 21. The y-coordinate of

the vertex is then 2(21)2 1 4(21)25 5 27.
So, the vertex is at (21, 27).

where a does not equal 0.
vertex form of a quadratic equation
An equation of the form f(x) 5 a(x 2 h)2 1 k,
where a does not equal 0.
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1
x

Patterns: They’re
Grrrrrowing!

MATERIALS
None

Observing Patterns
Lesson Overview
Students investigate three scenarios that illustrate sequences. They analyze diagrams representing
each sequence, describe observable patterns, sketch other terms or designs in the sequence, and
then answer questions relevant to the problem situation. Tables and graphs are used to organize
data and help recognize patterns as they emerge.

Algebra 2
Data
(8) The student applies mathematical processes to analyze data, select appropriate
models, write corresponding functions, and make predictions. The student is expected to:
	(C) predict and make decisions and critical judgments from a given set of data using linear,
quadratic, and exponential models.

ELPS
1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I, 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas
• Sequences are used to show observable patterns.
• Patterns are used to solve problems.
• Functions can be used to describe patterns.
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Lesson Structure and Pacing: 1 Day
Engage
Getting Started: Covered in Bees!
Students consider a pattern formed by several generations of bees. They describe the pattern,
which is the Fibonacci sequence, extend the pattern by writing the next three terms in the
sequence, and then consider a possible mathematical rule, or expression, they could use to
describe the pattern.
Develop
Activity 1.1: Recognizing and Extending Patterns
The first three terms of a sequence are illustrated using geometric tile configurations. Students
describe observable patterns, sketch a specified term in the sequence, and use the patterns to
answer questions related to the problem situation.
Activity 1.2: Reasoning with Patterns
Three people know a secret. The next day each person shares the secret with two friends, and
the next day those people share the secret with two of their friends, and so on. Students create
a visual model to represent the problem situation, describe any patterns, and use the patterns to
answer questions related to the problem situation.
Activity 1.3: Maximizing with Patterns
The first three terms of a sequence are illustrated using geometric tile configurations. Students
describe observable patterns, sketch a specified term in the sequence, and use the patterns to
answer questions related to the problem situation.
Demonstrate
Talk the Talk: Think Back
Students review the three situations investigated in this lesson and explain how each relationship
can be described as a function.
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Getting Started: Covered in Bees!

ENGAGE

Facilitation Notes
In this activity, students consider a pattern formed by several generations
of bees. They describe the pattern, which is the Fibonacci sequence,
extend the pattern by writing the next three terms in the sequence, and
then consider a possible mathematical rule, or expression, they could use
to describe the pattern.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
As students work, look for
Explanations that describe a recursive formula rather than an explicit
formula. It is highly unlikely that at this time students are familiar with an
explicit formula for the nth term of the Fibonacci sequence,
__
__
(1 1 √
 5  ) n 2 (1
2√
 5 ) n
_____________________
__
  
 .
Fn 5     
2n ? √
 5 
Misconception
Students may view the diagram as bee offspring rather than ancestry if
they do not read the introduction carefully. Ancestry or tracing lineage is
a backward kind of movement and focuses on the past.
Questions to ask
• Does the diagram illustrate a single bee’s ancestry or a single bee’s
projected offspring?
• How does the diagram differentiate between male bees and
female bees?
• How many parents does each male bee have? How is this
illustrated in the diagram?
• Why is there only one bee in the second generation?
• Why are there two bees in the third generation?
• Does the number of bees double in each generation? Does it triple?
• Is the sum of the number of bees in the first and second
generation equal to the number of bees in the third generation?
• Is the sum of the number of bees in the second and third
generation equal to the number of bees in the fourth generation?
• How would you calculate the number of bees in the nth generation?
• What is the relationship between the number of bees in n
generations and the number of bees in (n 2 1)generations and
(n 2 2)generations?
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Differentiation strategy
To extend the activity, suggest students research other examples in nature
that are also described using the Fibonacci sequence.

Summary
The growth of the family tree of a male (drone) bee is one real-world
example of the Fibonacci sequence: 1, 1, 2, 3, 5, 8, ….

DEVELOP

Activity 1.1

Recognizing and Extending Patterns



Facilitation Notes
In this activity, the first three terms of a sequence are illustrated using
geometric tile configurations. Students describe observable patterns,
sketch a specified term in the sequence, and use the patterns to answer
questions related to the problem situation.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
As students work, look for
Patterns related to the colors of the tiles, the number of tiles on any
edge of the square, the number of new tiles added as the design number
increases, and the total number of tiles in the square.
Differentiation strategy
To scaffold support, have students complete a table to organize their
thinking like the one shown.
Design

1

2

3

4

5

6

7

8

Square
Dimensions
Edge Color
Number of
Black Tiles
Number of
White Tiles
Number of
Gray Tiles
Total Tiles
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Questions to ask
• How many colors are used in this pattern?
• In what order do the colors alternate in each new square?
• How many additional tiles are used along each edge as the design
number increases?
• How many new tiles are added to each design?
• What is the relationship between the total number of squares and
the number of tiles along the edge squared?
• What design number describes a 9 3 9 square?
• What is the total number of tiles in Design 5?
• What color is the outer edge in Design 5? The center tile?
• What is the length of the sides of the square floor in Design 6?
• How many black tiles are in Design 5? Gray tiles? White tiles?
Have students work with a partner or in a group to complete Questions 3
and 4. Share responses as a class.
As students work, look for
Difficulty expressing patterns algebraically using diagrams. Because there
are multiple patterns in this problem situation, suggest that students
write each relationship separately first using words or phrases, then
write an expression using variables. Finally, have them draw a diagram to
represent the relationship.
Questions to ask
• What algebraic expression can be used to represent the dimensions
of the square?
• What is the relationship between the square dimension and the
design number?
• If n represents the design number, what algebraic expression can be
used to represent the dimensions of the square?
• If n represents the design number, why does the algebraic
expression 2
 n 2 1make sense to use to represent the
dimensions of the square?
• If 2
 n 2 1 5 45, what does n equal? Or in other words, what is the
design number?
• Is Design 23 a 45 3 45 square?
• What is the color of the outer edge of Design 23?
• If the center tile is black, does this match the color of the outermost
edge of tiles in Design 23?
• If the room is a 101 3 101 square, what is the design number? If the
room is a 101 3 101 square, what formula can be used to calculate
the design number?
• If the outermost edge contains 51 tiles, what is the design number?
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• If you start the outermost edge of tiles with white to match the wall
color, what is the next smaller square dimension that contains an
outermost tile of the same color? Make a short list of each smaller
square and look for a pattern.
• If the center tile is gray, will the outer edge of the tiles be white?

Summary
Diagrams, algebraic expressions, and words can be used to describe
patterns. Efficient mathematical strategies used to solve problems may
often include pattern recognition.

Activity 1.2

Reasoning with Patterns

Facilitation Notes
In this activity, three people know a secret. The next day each person shares
the secret with two friends, and the next day those people share the secret
with two of their friends, and so on. Students create a visual model to
represent the problem situation, describe the patterns, and use the patterns
to answer questions related to the problem situation.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
Differentiation strategy
To scaffold support, suggest students complete a table of values similar
to the table shown.
Day 1
Mon

Day 2
Tues

Day 3
Wed

Day 4
Thurs

Day 5
Fri

Day 6
Sat

Day 7
Sun

Number of
New Seniors
Told the Secret
Total Number
of Seniors
Who Know the
Secret
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This table serves several purposes. It familiarizes students with a few
different sequences. It helps to record the values that are “6 days later”
than Monday, which is required in Question 3. It shows the number of
new seniors told the secret each day, separate from the total number of
seniors that know the secret each day.
Misconception
Students may confuse the number of seniors that are told the secret on
any given day and the total number of seniors that are told the secret
on any given day. The number of new students that told the secret each
consecutive day doubles, not the total number of students that know
the secret.
Questions to ask
• One the first day, how many total people know the secret?
• On the second day, how many new people are told the secret?
How many total people now know the secret?
• On the third day, how many new people are told the secret? How
many total people now know the secret?
• Does the number of new people who are told the secret double
each day, or does the total number of people who know the secret
double each day?
• What visual representations can be used to represent this
problem situation?
• How many students are in the senior class?
• If Monday is day 1, what day of the week is 6 days later?
• What day of the week is the pep rally?
• How many seniors were told the secret on Friday? How many total
students knew the secret at this point?
• When 96 seniors were told the secret on Saturday, how many
seniors still did not know the secret?

Summary
Doubling the population of something each consecutive day, whether it be a
shared secret, an allowance of a penny, or a grain of rice, is a classic problem
that can be analyzed using algebraic expressions and reasoning applied
to patterns.
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Activity 1.3

Maximizing with Patterns

Facilitation Notes
In this activity, the first three terms of a sequence are illustrated using
geometric tile configurations. Students describe observable patterns, sketch
a specified term in the sequence, and use the patterns to answer questions
related to the problem situation.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
Differentiation strategy
To assist all students, discuss different ideas for pattern recognition that can
be used in this situation. Encourage students to write a numeric expression
to show how they determined the number of tiles in each design.
(1 ∙ 3) 1 2		 Design 1
(2 ∙ 4) 1 2		 Design 2
(3 ∙ 5) 1 2		 Design 3
(4 ∙ 6) 1 2		 Design 4
As students work, look for
The use of an algebraic equation to solve Question 3, as opposed to trial
and error. Some students may set up the equation n2 1 2n 1 2 5 170.
Solving for n algebraically requires factoring or the Quadratic Formula.
Help students to recognize that although there are two solutions to the
equation, 12 and 214, only 12 is reasonable in this situation. This algebraic
strategy is not required here.
Questions to ask
• As the design number increases by one, what effect does this have
on the number of rows in the patio design?
• How many total tiles are used in patio Design 1?
• What are the dimensions of the rectangle between the entrance and
the exit in Design 1? In Design 2? In Design 3?
• What happens to the length of the rectangle between the entrance
and the exit as the design number increases by 1? To the width?
• How many tiles are used in Design 6?
• What strategy can you use to determine the largest patio
design possible?

Summary
Diagrams, algebraic expressions, and words can be used to describe
patterns. Efficient mathematical strategies used to solve problems may often
include pattern recognition.
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Talk the Talk: Think Back

DEMONSTRATE

Facilitation Notes
In this activity, students review the three situations investigated
in this lesson and explain how each relationship can be described as
a function.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
Questions to ask
• What is the input in the Miriam's Tiles situation? What is
the output?
• What is the input in the Keep a Secret situation? What is the output?
• What is the input in the Backyard Patio situation? What is
the output?
• How do you define a function?
• How many output values correspond to each input value in
the Miriam's Tiles situation? Keep a Secret situation? Backyard
Patio situation?

Summary
Patterns are functions because each input is a term number and each term
number has exactly one term value.
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NOTES
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Warm Up Answers

Patterns: They’re
Grrrrrowing!

1

1. The bottom row of the
block design contains
four blocks, the second
row contains three
blocks, the third row
contains two blocks, and
the top row contains
one block.

Observing Patterns

Warm Up

Learning Goals

Consider the block designs.

Design 1

Design 2

2. As the design number
increases by one, the
bottom row of blocks
increases by one. Each
row above the bottom
row of the design has
one less block. The top
row has one block.

• Identify multiple patterns within a sequence.
• Use patterns to solve problems.
Design 3

1. Describe Design 4, and draw the design.

2. Describe the observable pattern.

You have used patterns to make mathematical connections since you started school. How can
you continue to build on patterns to understand more complex mathematics?
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Answers
1a. 1, 1, 2, 3, 5, 8

GETTING STARTED

1b. Generation 7 5 13 bees

Covered in Bees!

		Generation 8 5 21 bees
		Generation 9 5 34 bees
1c. Students can write
a recursive formula,
which describes the nth
term in the pattern as
the sum of the previous
two terms:
Fn 5 Fn21 1 Fn22.
An explicit formula
for the nth term of the
Fibonacci sequence
is given by
__
__
(1
1 √5 )n 2 (1__ 2 √
 5 )n
___________________
Fn 5     
 .
2n ? √
 5 

You can find patterns everywhere! Sometimes you can describe them in
terms of color, shape, size, or texture. Other times, a pattern’s beauty isn’t
evident until you describe it mathematically.
In every bee hive,
there is one female
queen bee who lays
all the eggs. If an egg
is not fertilized, it will
eventually hatch into a
male bee, called a
drone.

Let’s consider a pattern found in nature—the family tree of a male bee.
Female bees have two parents, a male and a female, whereas male bees
KEY
have just one parent, a female. In this family tree, the parents appear below
Male the original male bee.
Female Generation

Number of Bees

1

1

2

1

3

2

KEY

4

3

Male -

5

5

Female -

6

8

Generation
1
2
3
4
5
6

Number of Bees
1

1. The total number of bees in each generation follows a pattern.
1

a. Describe 2the pattern for the number of bees in
each generation.
3
5
8

b. Determine the number of bees in the next three generations.

c. What is the mathematical rule that describes the pattern of
bees in each generation? Explain your thinking.
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ELL Tip
Read aloud the second sentence in the section, “Sometimes you can describe them in terms of color,
shape, size, or texture.” Assess students’ prior knowledge of the word texture. Define it as the feel,
appearance, or consistency of a surface. Discuss examples of materials in which different textures can be
recognized, such as textures of fabrics of clothing or furniture.
To help students engage more fully in the context, determine whether students are familiar with a
drone bee. If not, explain that a drone bee is a male bee. Drone bees do not have stingers, they do not
gather nectar and pollen, and in general, they are not worker bees like the females.
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Answers
AC T I V I T Y

1.1

Recognizing and
Extending Patterns

Miriam owns a flooring company. Her latest job involves tiling a square
room. Miriam’s customer, Mr. Rivera, requests a tile pattern of alternating
black, white, and gray tiles as shown. Each tile is one square foot.

Design 1

Design 2

Design 3

Think
about:

1. Analyze Miriam’s design of a tile pattern for a square floor.
Describe as many patterns as you can.

What tools can help
you analyze the
situation?
You can . . .
•
•
•
•

2. Sketch the design for a square floor that is 9 feet by 9 feet.

Draw a picture.
Sketch a graph.
Create a table.
Write an equation.

1. The colors alternate with
each new square: black,
white, gray . . ..
The number of tiles
along each edge
increases by two in each
design: 1, 3, 5, . . ..
The number of new tiles
added to each design is
a multiple of 8: 8, 16, . . ..
The total number of
squares is equal to the
number of tiles along
the edge squared: 1, 9,
25, 49, . . ..
2.

Each tile is one
square foot.

LESSON 1: Patterns: They’re Grrrrrowing! • 107

A2_M01_T02_L01_Student Lesson.indd 107

5/25/21 1:21 PM

LESSON 1: Patterns: They’re Grrrrrowing! • 107

A2_M01_T02_L01_TIG.indd 107

5/28/21 1:50 PM

Answers
3. No. This will not occur.
The square dimensions
can be represented by
the expression 2
 n 2 1.
Solving the equation
2n 2 1 5 45results in
n 5 23. So, Design 23
will be 45 3 45.
Using the pattern of
black, white, and gray
tiles, I determined that
the outer edge of Design
23 is white. The center
tile is black, so they do
not match.
4. To ensure that the
outer edge is white, the
center tile must be gray.
I first determined that
a room that is 101 feet
along the outer edge
will be Design 51. Then,
I worked backward
starting at white until I
reached the first square.
The first square must be
gray to ensure the last
square is white.

Think
about:

3. A hotel manager wants Miriam to tile their lobby using the same
design she created for Mr. Rivera. The lobby measures 45 feet
by 45 feet. He wants the outer edge to be the same color as the
center tile. Will this occur? Justify your answer.

How can you work
backwards to get to
this answer efficiently?

Ask
yourself:
How can you predict
what will happen
without doing all of
the calculations?

4. Very picky Paula Perkins requests a tile floor from Miriam.
She also wants the alternating black, white, and gray tile
pattern; however, she wants the outer edge of the tile to match
her wall color. The room is 101 feet by 101 feet and the wall color
is white. What color must the center tile be to ensure the outer
edge is white? Show or explain your work.
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ELL Tip
Read aloud the second to last sentence in Question 4, “What color must
the center tile be to ensure the outer edge is white?” Determine students’
familiarity with the term ensure. Define ensure as to make certain of
something happening. List examples of synonyms of ensure, such as
secure, certify, assure, and guarantee.
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Answer
AC T I V I T Y

1.2

1. The number of seniors
who learn about the
secret doubles each day.
See table below.
A tree diagram can
be used to show the
doubling process.

Reasoning with Patterns

The class president, vice president, and treasurer of a high school count the
ballots for the homecoming king election. The election result is generally
kept a secret until the pep rally, when the winner is announced in front of
the entire senior class.

Assume that no
student is told
the result of the
election twice.

Unfortunately, this year’s ballot counters are not very good at keeping a
secret. The very next day after counting the ballots, each ballot counter tells
two of their friends in the senior class the election result, but makes each
friend vow not to spread the result.

X

X

X

Day 1

XX

XX

XX

Day 2

XX XX

XX XX

XX XX

Day 3

However, each of the ballot counter’s friends cannot keep a secret either.
The following day, each friend of each ballot counter shares the election
result with two of their friends in the senior class. This pattern continues
for the entire week leading up to the pep rally.
1. Create a visual model to represent this problem situation.
Describe the patterns you observe.

LESSON 1: Patterns: They’re Grrrrrowing! • 109

A2_M01_T02_L01_Student Lesson.indd 109

1.

5/25/21 1:21 PM

Day 1

Day 2

Day 3

Day 4

Day 5

Day 6

Day 7

Number of
New
Seniors

3

6

12

24

48

96

192

Total
Number of
Seniors

3

9

21

45

93

189

381

LESSON 1: Patterns: They’re Grrrrrowing! • 109

A2_M01_T02_L01_TIG.indd 109

5/28/21 1:50 PM

Answers
2. How many new seniors will know the winner of the homecoming
king election on the fourth day? Explain your reasoning.

2. The number of new
seniors who know the
secret on the fourth day
is 24. I created a table
that extended to day 4.
3. Every senior will know
the election result.
On day 6, the number
of seniors who know the
election result is
3 1 6 1 12 1 24 1 48
1 96 5 189. On the 7th
day, 192 new people
learn about the election
result and 189 1 192 5
381, so all the seniors
will know the election
result on Sunday when
it is announced at the
pep rally.

3. The total number of students in the senior class is 250. If the
ballot counters knew the election result on Monday, will every
senior already know the winner of the election when the result is
announced at the pep rally 6 days later? Explain your reasoning.
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ELL Tip
Three non-mathematical terms that appear in this section are ballots, pep rally, and vow. Explain
the meaning of each term as they relate to the scenario. Define ballots as votes that are placed in
secret for an election. Define a pep rally as a meeting or celebration with the purpose of encouraging
and inspiring enthusiasm. Define vow in its verb form as to promise to do something specific. In the
context of the scenario, discuss how ballots are used to elect a homecoming king, and the results
of the ballots will be revealed at a pep rally at the school. Note that students who were aware of the
results ahead of time vowed not to reveal the winner to anyone.
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Answers
AC T I V I T Y

1.3

Maximizing with Patterns

Maureen and Matthew are designing their backyard patio. There will be
an entrance and exit off the front and back of the patio. The sequence
shown represents different designs depending on the size of the patio.
Design 1

Design 2

Design 3

Entrance

Each square represents
1 square foot.

Patio

1. Sample answers.
There is always a single
tile representing the
entrance and exit.
The number of rows in
the patio increases by 1;
1, 2, 3, . . ..
The number of squares
in each row of the patio
increases by 1; 3, 4, 5, . . ..
2.

Exit

1. Analyze each design in the sequence. Describe as many
patterns as you can.

2. Sketch Design 6 of the sequence.

3. The largest design
Matthew can make is
Design 12. Design 12 will
use 14 ? 12 tiles for the
patio plus 2 tiles for
the entrance and the
exit. That is a total of
170 tiles.

3. Matthew has 170 tiles he can use for this project. Identify
the largest patio design that he can make. Show or explain
your reasoning.
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Answer
1. Miriam’s Tiles:
For the total number
of tiles, the input can
be the design number
{1, 2, 3, 4, . . .}, and the
output can be the
quantity, 2 times the
design number minus 1,
squared. This can
be represented as
f (n) 5 (2n 2 1)2.
Keep a Secret:
The input can be the
number of days, and
the output can be the
number of seniors who
are told the secret on
that day. Starting with
3 seniors on Day 1, this
can be represented as
f (n) 5 3 ? 2n 2 1.
Backyard Patio:
The input can be the
design number, and
the output can be the
number of tiles used.
With 2 tiles always
for the entrance
and exit, this can be
represented as
f (n) 5 2 1 n(n 1 2)or
f (n) 5 n2 1 2n 1 2.

NOTES

TALK the TALK
Think Back
Consider the three scenarios from this lesson.
1. Explain how the relationship described in each scenario
represents a function.
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Assignment

LESSON 1: Patterns: They’re Grrrrrowing!

Write

Remember

Explain what it means for a pattern to be

Sequences can be used to show observable

a function.

patterns. Patterns can be used to

Assignment
Answers
Write
Sample answer.
A pattern is a function
because each term
number maps to exactly
one term value.

solve problems.

Practice

Practice
1. A jewelry box company offers simple jewelry boxes with decorative tiles.

1a.

The top and bottom of each box are adorned with heart tiles while the sides
consist of diamond tiles. Pictures of the first 3 jewelry box designs and their
corresponding tile layouts are shown.
Design 1

Design 2

1b. Sample answers.
For each consecutive
design, both the length
and the width of the
top and the bottom are
increased by 1 tile.
The sides of
consecutive boxes
increase in width only
by 1 tile.
The height of each box
is always 1 tile.

Design 3

a. Sketch the tile layout for Design 4.
b. Analyze the jewelry box designs. Describe as many patterns as you can.
c. Determine a method you can use to calculate the number of diamond tiles, the number of heart
tiles, and the total number of tiles used for any design.
d. The company has 4 times as many heart tiles as they have diamond tiles in their inventory. The
owner decides to advertise a sale on the box design, which uses 4 times as many heart tiles as
diamond tiles. Determine which design the owner will place on sale.
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1c. The top and bottom will
each have n2 heart tiles,
where n represents the
design number. The
total number of heart
tiles will be 2n2. There
will be n diamond tiles
on each of the 4 sides.
Therefore, there will be
4n diamond tiles on the
jewelry box. The total
number of tiles on the
box will be 2
 n2 1 4n.
1d. There are 4(8) or 32
diamond tiles and 2(82)
or 128 heart tiles used
in Design 8. The owner
will have the sale on
Design 8, because
4(32) 5 128.
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Assignment
Answers
Practice
2a. See diagram below.

2. Susan starts her own telemarketing company by recruiting 3 employees into what she calls
Recruiting Group 1. She requires each employee in Recruiting Group 1 to recruit 3 additional

2b. The number of
employees in the
nth recruiting group
will be 3n.
		 See table below.

employees for Recruiting Group 2. The employees in each successive recruiting group must meet the
same requirement of recruiting 3 additional employees.
a. Create a visual model to represent the number of employees in the company. Only include the
first 3 recruiting groups in your model. Do not include Susan as an employee.
b. Determine a method to calculate the number of employees in any given recruiting group. Use that
method to calculate the number of employees hired in each of the first 6 recruiting groups.

2c. The total number of
employees hired in the
first 5 recruiting groups is
3 1 9 1 27 1 81 1 243,
or 363 employees. If
completed, Recruiting
Group 6 would add
an additional 729
employees for a total
of 1092 employees.
The 800th employee
would be hired during
Recruiting Group 6.
Therefore, Recruiting
Group 6 will be partially
completed when the
recruiting stops.

c. Susan can only afford to hire a total of 800 employees. She tells the employees to halt all recruiting
as soon as the 800th employee is hired. Which recruiting group will be partially completed at that
time? Explain your reasoning.

Stretch
Students in an art class are constructing a tile mural. The students add to the mural each week. The
design of the mural is shown for the first 3 weeks.

Week 1

Week 2

Week 3

Define a function to represent the number of tiles on the mural in any week.

Stretch

Review

The number of tiles in
any given week, n, is defined
by the function
n
f (x) 5 5n 1 5(1 1 n)(__
  2)
 .

1. 3(5x 2 4) 2 2 5 10 2 3x

Solve each equation for the unknown.
2. 26a 2 4(a 2 3) 5 26a 1 15

Review
4

1. x 5 __
  3

3

2. a 5 2 __
4
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x
x

x

x

x
x

x

x

Recruiting Group 1
x

Recruiting Group 2

x x x x x x x x x x x x x x x x x x x x x x x x x x x Recruiting Group 3

2b. Recruiting
Group (n)
Number of
Employees in
Group (3n)

1

2

3

4

31 5 3

32 5 9

33 5 27

34 5 81

5

6

35 5 243 36 5 729
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2
x

The Cat’s Out
of the Bag!

MATERIALS
Graphing technology

Generating Algebraic Expressions
Lesson Overview
This lesson revisits the three scenarios from the previous lesson. Students write equivalent
algebraic expressions for each of the scenarios. They use algebraic properties and graphical
representations to show that the expressions are equivalent. Students describe the similarities and
differences among linear, exponential, and quadratic functions.

Algebra 2
Exponential and Logarithmic Functions and Equations
(5) The student applies mathematical processes to understand that exponential and
logarithmic functions can be used to model situations and solve problems. The student is
expected to:
	(B) formulate exponential and logarithmic equations that model real-world situations,
including exponential relationships written in recursive notation.

Data
(8) The student applies mathematical processes to analyze data, select appropriate
models, write corresponding functions, and make predictions. The student is expected to:
	(A) analyze data to select the appropriate model from among linear, quadratic, and
exponential models.
	(C) predict and make decisions and critical judgments from a given set of data using linear,
quadratic, and exponential models.

ELPS
1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I, 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas
• Two or more algebraic expressions are equivalent if they produce the same output for all
input values.
• You can use the properties of a graph to prove two algebraic expressions are equivalent.
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Lesson Structure and Pacing: 2 Days
Day 1

Engage
Getting Started: Blast from the Very Recent Past
Students revisit the three scenarios from the previous lesson and describe the growth pattern
evident in each scenario. They describe how the quantities in each situation change relative to
one another.
Develop
Activity 2.1: Using Patterns to Build Expressions
Using the Miriam’s Tiles situation from the previous lesson, students write an expression to
represent the number of new tiles that must be added to an n by n square floor design. They
then analyze four equivalent expressions to determine the number of new tiles added to Design
2 to create Design 3. Finally, students show that all algebraic expressions are equivalent using the
Distributive Property and combining like terms.

Day 2
Activity 2.2: Patterns of Growth
Using the Keep a Secret situation from the previous lesson, a visual model is given that depicts
the beginning of the growth pattern. Students complete a table of values, express the growth
pattern in terms of n, graph the increasing function, and identify key characteristics of the graph.
The multiple representations of the scenario are used to answer related questions.
Activity 2.3: Increasing and Decreasing Patterns
Using the Backyard Patio from the previous lesson, students describe the pattern and explain
their reasoning. Two alternate expressions are given, and students relate each expression to
the visual model. They use technology to graph the expressions to determine their equivalence.
Students identify the parts of the graph that represent the problem situation and determine a
design that covers at least 125 square feet.
Demonstrate
Talk the Talk: You Know the Type
Students summarize the similarities and differences among linear, exponential, and quadratic functions.
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Getting Started: B
 last from the Very
Recent Past

ENGAGE

Facilitation Notes
In this activity, students revisit the three scenarios from the previous
lesson and describe the growth pattern evident in each scenario.
They describe how the quantities in each situation change relative to
one another.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
As students work, look for
Different strategies used to describe the growth patterns. Do students
use algebraic expressions? Do students define the variables?
Differentiation strategy
To scaffold support, suggest students complete a table of values for
each situation.
Questions to ask
• Does the total number of Miriam’s tiles start at 1 and double as the
design number increases by 1? Does it triple as the design number
increases by 1?
• Does the number of seniors who know the secret start at 3 and
double as the day number increases by 1?
• Does the total number of tiles used to build the patio start at 5 and
double as the design number increases by 1? Does it triple as the
design number increases by 1?
• As the independent quantity increases in each situation, how
would you describe the effect it has on the dependent quantity?

Summary
Patterns can grow at different rates.
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DEVELOP

Activity 2.1

Using Patterns to Build Expressions

Facilitation Notes
In this activity, using the Miriam’s Tiles situation from the previous lesson,
students write an expression to represent the number of new tiles that
are added to an n 3 n square floor design. They analyze four equivalent
expressions to determine the number of new tiles added to Design 2 to
create Design 3. Finally, students show that all algebraic expressions are
equivalent by using the Distributive Property and combining like terms.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
Misconception
Students may think that they are writing an expression to represent the
total number of tiles instead of the number of new tiles that must be
added to an n 3 n square floor design.
Questions to ask
• How many colors are used in this pattern?
• In what order do the colors alternate in each new square?
• Does the number of new tiles in each new square floor design
increase by the same number of tiles each time?
• Are all values of n odd values? Why?
• Are all values of n positive values? Why?
Differentiation strategies
• To scaffold support, suggest students build a table of values to see
the pattern more quickly.
• To assist all students, as a class, discuss different equivalent
representations of the pattern such as 4
 n 1 4, 2(n 1 2) 1 2n,
2
2
 (n 1 2) 2 4.
(n 1 2) 2 n , n 1 n 1 n 1 n 1 4, and 4
Have students work with a partner or in a group to complete Questions 4
through 6. Share responses as a class.
As students work, look for
Connections made between equivalent expressions. Students may not
recognize equivalent expressions when they are written in different forms
and terms are not combined or factored.
Questions to ask
• In Ramone’s expression, what does n represent? What is n supposed
to represent?
• Does the pattern increase by a constant in this situation?
• If a pattern increases by a constant, what does this tell you about
the pattern?
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• What does n represent in each expression?
• When writing each algebraic expression, did you replace the value
of 3 with the variable n in each situation?
• Which expression requires use of the Distributive Property to rewrite?
• Which expression requires combining like terms to rewrite?
• How do you rewrite the expression (n 1 2)2?
• Using Tamara’s expression, after multiplying the binomial and
combining like terms, is there an n2 term remaining in the expression?
Have students work with a partner or in a group to complete Questions 7
through 10. Share responses as a class.
Questions to ask
• When 135 is substituted for n in each expression, what is the value
of the expression?
• Do all of the expressions produce the same value?
• If all of the expressions result in the same value, what does this imply?
• Is it reasonable to assume all of the expressions are equivalent
because you got the same total for n
 5 135? Why or why not?
• Which expression cannot be rewritten with fewer terms?
• Combining like terms shows which expressions are equivalent?
• Using the Distributive Property and then combining like terms shows
which expressions are equivalent?
• Can you rewrite each expression as the same expression? If so,
what is it?
• Are all expressions equivalent to 4
 n 1 4?

Summary
Different equivalent algebraic expressions can be used to describe the
same growth pattern.

Activity 2.2

Patterns of Growth

Facilitation Notes
In this activity, using the Keep a Secret situation from the previous lesson,
a visual model is given that depicts the beginning of the growth pattern.
Students complete a table of values, express the growth pattern in terms
of n, graph the increasing function, and identify key characteristics of the
graph. The multiple representations of the scenario are used to answer
related questions.

LESSON 2: The Cat’s Out of the Bag! • 115E

A2_M01_T02_L02_Lesson Overview.indd 5

5/28/21 1:56 PM

Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
As students work, look for
Different strategies to determine the number of seniors that were told
the secret on days that are not included in the visual model.
Differentiation strategy
To scaffold support, write the expression for n days as a class.
Questions to ask
• How many seniors know the secret on the first day?
• How did you determine the number of seniors that are told the
secret on day 4?
• Did you need to extend the visual model to determine the number
of seniors that are told the secret on day 4? Why or why not?
• How many seniors are told the secret on day 4?
• Does the number of people sharing the secret double each day?
• What algebraic expression can be used to represent the number of
people sharing the secret on any given day?
• Why does the algebraic expression 3
 ? 2n21 make sense to represent
the number of people sharing the secret on day n?
• How many people are in the senior class?
• How many people know the secret on day 7?
• As the number of days increase by 1, what happens to the number
of seniors sharing the secret?
• What does the expression 2n21 represent?
• Is the data discrete or continuous in this situation?
Have students work with a partner or in a group to complete Questions 3
and 4. Share responses as a class.
Questions to ask
• What are the characteristics of a linear pattern?
• What are the characteristics of a quadratic pattern?
• What are the characteristics of an exponential pattern?
• Is the graph increasing or decreasing?
• Does the x-intercept have any relevance in this problem situation?
• If y 5 0, what does that mean with respect to this problem situation?
• Does the y-intercept have any relevance in this problem situation?
• If x 5 0, what does that mean with respect to this problem situation?
Have students work with a partner or in a group to complete Questions 5
and 6. Share responses as a class.
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Differentiation strategy
To scaffold support, use technology to draw the graph of the function
and use the table to answer Questions 5 and 6.
Questions to ask
• How can you use graphing technology to determine the number of
new seniors that learn about the election results after 8 days?
• After 8 days, how many new seniors learn about the election results?
• After 9 days, how many new seniors learn about the election results?
• Does 6144 seniors seem like a reasonable number of seniors in one
high school? Why or why not?

Summary
Growth patterns can be expressed using multiple representations, such as
tables, equations, and graphs. Those representations can then be used to
answer questions related to the situation.

Activity 2.3

Increasing and Decreasing Patterns

Facilitation Notes
In this activity, using the Backyard Patio situation from the previous lesson,
students describe the pattern and explain their reasoning. Two alternate
expressions are given, and students relate each expression to the visual
model. They use technology to graph the expressions to determine their
equivalence. Students identify the parts of the graph that represent
the problem situation and determine a design that covers at least 125
square feet.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Questions to ask
• How many squares, rows, and columns are in Design 1? Design 2?
Design 3?
• When comparing the total number of squares in each design, is the
difference constant?
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• Is there more than one way to write this expression?
• How many different ways can this expression be written?
• If Maureen visualized the entire design as a completed square, what
expression could represent the top and side of the square pattern?
• What algebraic expression would represent the number of tiles that
need to be subtracted when completing the square?
Have students work with a partner or in a group to complete Questions 3
and 4. Share responses as a class.
Differentiation strategy
To scaffold support, discuss a reasonable viewing window to show the
graph of the expressions.
Misconception
Students confuse the graph of the problem situation with the graph of
the function. The problem situation adds constraints to the function.
Questions to ask
• How can you use graphing technology to verify the equivalence of
the two expressions?
• Is the graph of Matthew’s expression the same as the graph of
Maureen’s expression? What does this imply about the expressions?
• Are the data in this situation discrete or continuous? Why?
• Do negative values make sense in this situation? Explain.
• The graph of this situation lies in which quadrant of the
coordinate plane?
• What expression can be used to determine if the patio area is at
least 125 square feet?
• Why are you able to use only the first two terms of the expression
n2 1 2n 1 2to determine the area of the patio?
• To determine the number of tiles in Design 10, what value is
substituted into the expression?
• To determine the number of tiles in Design 11, what value is
substituted into the expression?

Summary
Growth patterns can be expressed using multiple representations, such as
equations and graphs. Equivalent expressions can be verified graphically
and the graph can be used to answer questions related to the situation.
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Talk the Talk: You Know the Type

DEMONSTRATE

Facilitation Notes
In this activity, students summarize the similarities and differences among
linear, exponential, and quadratic functions.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
Misconception
Students confuse quadratic functions with exponential functions.
Because the leading term in a quadratic has an exponent of 2, they may
think that a quadratic function is an exponential function.
Differentiation strategy
To scaffold support, remind students of first differences and second
differences and how they apply to the situations in this lesson.
Questions to ask
• What is the difference between an exponential function and a
quadratic function?
• Which type of function has a constant first difference?
• Which type of function has a constant second difference?
• Which type of function increases over the entire domain?
Differentiation strategy
To extend the activity, have students create informational posters for the
classroom for each type of function. The posters can display an example
of the function using multiple representations, such as an equation, a
table of values, and a graph. They could also list key characteristics of the
graph of each type of function.

Summary
Linear, quadratic, and exponential functions are used to describe
growth patterns.
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Warm Up Answers

2

The Cat’s Out
of the Bag!

1. The bottom row of the
block design contains
four blocks, and the
leftmost column
contains four blocks.

2. As the design number
increases by one, the
number of blocks in the
bottom row increases by
one, and the number of
blocks in the column on
the left increases by one.

Generating Algebraic Expressions

Warm Up

Consider the block designs.

Design 1

Design 2

Design 3

Learning Goals
•
•
•
•

Generate algebraic expressions using geometric patterns.
Represent algebraic expressions in different forms.
Determine whether expressions are equivalent.
Identify patterns as linear, exponential, or quadratic
using a visual model, a table of values, or a graph.

1. Describe and then draw Design 4.

2. Describe the observable pattern.

You have described geometric patterns using words. How can you write an algebraic expression
to represent a pattern? And how do you know whether two expressions are equivalent?
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Answers
1. Miriam’s tiles:
The total number of
tiles grows at 2 times
the design number
minus 1, squared.
Secret:
The number of new
seniors who know the
secret starts at 3 and
doubles each day.
Backyard patio:
With 2 tiles always for
the entrance and exit,
the total number of tiles
grows as the design
number squared,
plus twice the design
number, plus two.
2. For each scenario, given
positive quantities,
as each independent
quantity increases, the
dependent quantity
increases.

GETTING STARTED

Blast from the Very Recent Past
Miriam owns a flooring company. Her latest job involves tiling a
square room in a pattern of alternating black, white, and gray tiles
as shown.
Design 1

Design 2

Design 3

Consider the scenarios from the
previous lesson.
1. Describe the growth
pattern for each scenario.

The class president, vice president, and treasurer of a high school
count the ballots for the homecoming king election. The day after
the ballot counting, each ballot counter tells two of their friends in
the senior class the election result. The following day, each of the
ballot counter’s friends shares the election result with two of their
friends in the senior class. This pattern continues for the entire
week leading up to the pep rally.
Day 1 Day 2 Day 3 Day 4 Day 5 Day 6 Day 7
3
6
12
24
48
96
192
Maureen and Matthew are designing their backyard patio. There
will be an entrance and exit off the front and back of the patio. The
sequence shown represents different designs depending on the
size of the patio.
Design 1

Design 2

2. Describe how the quantities
change relative to one
another.

Design 3

Entrance
Patio
Exit
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Answers
AC T I V I T Y

2.1

1. The number of new tiles
in each new square floor
design increases by 8
each time. The pattern
is linear. I know the
pattern is linear because
the pattern is increasing
by a constant.

Using Patterns to
Build Expressions

Miriam’s flooring business is booming! She decides to hire several
employees to help lay out her tile designs. It will be necessary for Miriam
to describe her tile designs in a clear manner so that all of the employees
can create them correctly. Miriam’s square floor design uses alternating
black, white, and gray tiles.
Design 1

Design 2

2. Sample answers.
4n 1 4
2(n 1 2) 1 2n
(n 1 2)2 2 n2
n 1 n 1 n 1 n 1 4
4(n 1 2) 2 4

Design 3

1. Describe the pattern of new tiles that are added to each
design. Is the pattern linear, quadratic, or exponential?
Explain your reasoning.

2. Write an expression to represent the number of new tiles that
must be added to an n × n square floor design to build the next
design. Let n represent the number of tiles along each edge of
the square.

Think
about:
Describe the pattern
in terms of the
number of new tiles
that must be added
to each new square
floor design.

3. Positive odd values for
n make sense in this
problem situation.

3. Describe which values for n make sense in this
problem situation.
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ELL Tip
Read aloud the first sentence in the activity, “Miriam’s flooring business is booming!”
Assess students’ familiarity with the term booming in the context of the sentence.
Explain that the term booming as an adjective has multiple meanings. In relation to
Miriam’s flooring business, define booming as a business that is experiencing a period of
great economic growth, or one that is doing well financially. Note the other meaning of
booming, which is a description of a very loud sound.
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Answers
4. Ramone’s expression
is incorrect because
he used the design
number (1, 2, 3, . . .) for
the Designs 1, 2, 3, . . . as
n instead of the number
of squares along
each edge.

4. Ramone determined an expression to represent this pattern. His
expression and explanation are shown. Explain why Ramone’s
expression is incorrect.

Ramone

5. Wilma: 4n 1 4
Howard: 2(n 1 2) 1 2n
Tyler: n 1 n 1 n 1 n 1 4
Tamara: (n 1 2)2 2 n2

Design

1

2

3

New Tiles

0

8

16

The expression 8(n 2 1) represents Miriam’s square
floor pattern. I noticed that the number of new tiles is
increasing by 8 in each new design.

Miriam asks her employees to determine the number of new tiles added to
Design 2 to create Design 3. Each employee describes a unique method to
determine the number of additional tiles needed to create Design 3.
5. Represent each of her employee’s explanations with an algebraic
expression that describes how many new tiles must be added to
an n 3 n square to build the next design.

Wilma

3
1

1

1

1

3

3

3

I must add 3 tiles to each of the four sides of the white
square, which is 4 ? 3 tiles. Then I must add 1 tile at each
corner. So the number of additional tiles added to the
Design 2 square floor design is 4 ? 3 1 4 .
Expression:
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ELL Tip
Determine whether students are familiar with the term unique. Define unique as the
only one of its kind. Create a list of synonyms for unique, such as exclusive, distinct, lone,
and individual. Read aloud the sentence, “Each employee describes a unique method to
determine the number of additional tiles needed to create Design 3.” Ensure students’
understanding of unique in the context of the sentence, explaining that each employee
has a method that is not like any other person’s method.
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Answer
6. Sample answer.
Miriam should use
Wilma’s method
because it requires the
fewest calculations.

3+2=5

Howard
I must add 5 tiles to two of the sides and 3 tiles to the
other two sides. The number of additional tiles added
to the Design 2 square floor design is 2(3 1 2) 1 2 ? 3.

3

3

Expression:

3+2=5

Tyler

I need to add 3 tiles four times and then add the four
corner tiles. The number of additional tiles added to the
Design 2 square floor design is 3 1 3 1 3 1 3 1 4 .

1

3

1

1
3

3
3

1

Expression:

Tamara

The way I look at it, I really have two squares. The
original square for Design 2 has 3 ? 3 tiles. The

newly formed Design 3 square has 5 ? 5 tiles. So,

the number of additional tiles added to the Design 2

3+2

3

square floor design is 5 ? 5 2 3 ? 3.
Expression:

6. Which expression do you think Miriam should use?
Explain your reasoning.

Think
about:
Does the expression
you determined match
one of the expressions
Miriam’s employees
determined?
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Answers
7. Louise is correct. The
expression is linear.
Even though the given
expression contains
two squared terms,
these terms add to zero
when the expression is
simplified, which results
in a linear expression.
(n 1 2)2 2 n2
5 n2 1 4n 1 4 2 n2
5 4n 1 4

7. Michael and Louise analyze the expressions they wrote for
each employee. They both determined that the expression
to represent Tamara’s method is (n 1 2)2 2 n2 . Michael claims
that this expression is quadratic because of the n2 term. Louise
disagrees and says the expression is linear because the pattern
grows by a constant amount. Who is correct? Explain your
reasoning.

8. Check students’ work.
Each expression results
in 544 tiles.

8. Use each expression you determined in Question 5 to calculate
the number of tiles that must be added to squares with side
lengths of 135 tiles to create the next design.
Wilma’s expression:

Howard’s expression:

Tyler’s expression:

Tamara’s expression:
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Answers
9. Miriam is correct. The
employees cannot
state that the methods
are all correct based
on one additional
design. The employees
must know that the
expressions are equal
for all designs.

9. Wilma tells Miriam that since all of the expressions
resulted in the same solution, any of the expressions
can be used to determine the number of additional tiles
needed to make more n 3 n designs. Miriam thinks that
the employees need to use more values in the expressions
than just one to make this conclusion. Who is correct?
Explain your reasoning.

10. Sample answer.
I can combine like
terms to show that
Tyler’s expression is
equivalent to Wilma’s
expression.
n 1 n 1 n 1 n 1 4
5 4n 1 4
I can use the
Distributive Property,
and then combine like
terms to show that
Howard’s expression is
equivalent to Wilma’s
expression.
2(n 1 2) 1 2n
5 2n 1 4 1 2n
	
5 4n 1 4
I can square the
binomial, and then
combine like terms to
show that Tamara’s
expression is
equivalent to Wilma’s
expression.
(n 1 2)2 2 n2 
5 n2 1 4n 1 4 2 n2
5 4n 1 4

Recall that two or more algebraic expressions are equivalent if they
produce the same output for all input values. You can verify that two
expressions are equivalent by using properties to rewrite the two
expressions as the same expression.
10. Use algebraic properties to show that Wilma, Howard,
Tyler, and Tamara’s expressions are equivalent. Justify your
reasoning.
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Answers
1a.

AC T I V I T Y

1

3

2

6

3

12

4

24

5

48

6

96

n

3 ? 2n21

2.2

Day 1
Day 2
Day 3

1. Analyze the pattern.

Number of Days
That Pass

a. Complete the table to summarize the number
of seniors who learn about the election
result each day. Then write an expression
to represent the number of seniors who
learn about the election result on the nth
day. Finally, describe how each part of your
expression relates to the visual model.

Number of
Seniors Who
Hear the Results
That Day

1
2

The 3 represents
the initial number of
seniors who counted
the ballots. The base is
2 because the number
of seniors who hear the
results doubles each
day. The expression 
2n21 represents the
additional number of
seniors that each senior
from the previous day
tells about the election
result.
1b.
y
Number of Seniors Who Hear
the Election Results That Day

Patterns of Growth

The visual model shown represents the number of new seniors who learn
about the homecoming election result each day that passes.

3
4
b. Create a graph of the data from your table
on the coordinate plane shown. Then draw
a smooth curve to model the relationship
between the number of days that pass and
the number of seniors who hear the senior
election results that day.

5
6
n

y

Number of Seniors Who Hear
the Election Results That Day

Number
of Days
That
Pass

Number of
Seniors
Who Hear
the Results
That Day

80

2. Do all the points on the smooth curve make
sense in terms of this problem situation?
Why or why not?

60
40
20
0

2
4
6
8
Number of Days

x
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2. All the points on the
smooth curve do
not make sense in
terms of this problem
situation because
the number of days
represents discrete
data values. Only
integers greater than
or equal to 1 make
sense in terms of this
problem situation.

122 • TOPIC 2: Exploring and Analyzing Patterns

A2_M01_T02_L02_TIG.indd 122

5/28/21 1:56 PM

Answers
3. Describe this pattern as linear, exponential, or quadratic.
Then write the corresponding equation. How does each
representation support your answer?

When you model
a relationship on a
coordinate plane
with a smooth curve,
it is up to you to
consider the situation
and interpret the
meaning of the data
values shown.

4. Describe the key characteristics of your graph. Explain
each characteristic algebraically and in terms of this
problem situation.

5. After how many days will 500 new seniors learn about the
election results?

6. Determine the number of seniors who hear the election results
on the 12th day. Does your answer make sense in the context of
this problem situation? Explain your reasoning.
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because the number of
seniors who learn of the
election results starts
growing slowly then
increases more quickly.

5. After 9 days, 500 new
seniors will learn about
the election results.
6. There will be 6144 new
seniors who will hear
the secret on this day.

	
3 ? 211 5 6144
This does not make
sense in the context
of this problem. The
value is far too large.
At some point in this
problem, there are no
new seniors to hear the
secret.
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3. The pattern is
exponential: y 5 3 ? 2n 2 1.
I can determine from
the graph that this
pattern is exponential
because of the smooth,
sharply increasing curve.
I can determine from
the table of values
that the pattern is
exponential because the
y-value is multiplied by 2
each time.
I can determine that the
pattern is exponential
from the context
because the number
of people hearing the
secret doubles each day.
4. The x-intercept is where
the graph crosses
the x-axis. There is
no x-intercept for this
situation because the
graph approaches the
x-axis, but never crosses
it. Contextually, the
x-intercept represents
the day when no
student knew the
election results. This
doesn’t make sense in
this problem situation.
The y-intercept is (0, 1.5).
Graphically, this
represents the point
where the graph crosses
the y-axis. Contextually,
the point represents
the number of seniors
learning the election
result on Day 0. This
doesn’t make sense in
this problem situation.
The shape of the graph
is a smooth curve that
increases. Graphically,
this occurs because the
values are increasing.
The values increase
slowly at first, then more
quickly. Contextually,
this shape occurs
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Answers
1. The pattern is
quadratic.

AC T I V I T Y

2. Maureen visualized
each term of the
pattern as a square.
The top of the square
and the side of
the square are both
represented as n 1 2,
so (n 1 2)2 represents
the entire square.
She then subtracted
the removed tiles
that complete the
square because they
are not part of the
given pattern. Each
set of those tiles is
represented as
n 1 1. Because there
are two sets, 2
 (n 1 1)
represents both sets
of removed tiles. When
she subtracts these,
the difference is the
number of tiles in
the figure.
Top of square:
n+2

2.3

Increasing and
Decreasing Patterns

The model shown represents the first three designs Maureen and
Matthew could use. Each square represents 1 square foot.
Design 1

Design 2

Design 3

Entrance
Patio
Exit

1. Describe the pattern as linear, exponential, or quadratic.
Explain your reasoning.

Maureen and Matthew each write different expressions to represent the
patio designs.

Think
about:

2. Describe how each term in Maureen’s expression represents
the visual model.

How can Maureen
use subtraction
when the number of
tiles in each term is
increasing?

Maureen
(n 1 2)2 2 2(n 1 1)

Side of
square:
n+2
Removed tiles:
n+1
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Answers
3. Consider Matthew’s expression.

3a. The graphs of the two
expressions are the
same. Therefore, they
are equivalent.

Matthew
n2 1 2n 1 2

3b. Only positive integer
values make sense in
this problem because
they are using a whole
number of tiles. Only
the data values in
Quadrant I make sense
in terms of the pattern
because there cannot
be a negative number
of tiles.

a. Use technology to verify graphically the equivalence of the
two expressions.

b. Identify the parts of the graph that represent this
problem situation.

c. Verify the equivalence of the two expressions algebraically.

3c. (n 1 2)2 2 2(n 1 1) 
5 n2 1 4n 1 4 2 2n 2 2
	
5 n2 1 2n 1 2
4. To accommodate outdoor furniture, a grill, and a shed, the patio
must have an area of at least 125 square feet (not including the
walkways). What is the smallest design Matthew can build and
still have enough space for these items?

Ask
yourself:
How is the number
of tiles in each design
related to the one that
came before it?
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4. Matthew will have to
use the 11th design to
ensure he has enough
space for all the items.
I used the expression 
n2 1 2n 1 2to
determine this answer.
First, I looked only
at the n
 2 1 2npart
of the expression
because the constant
represents the
walkways.
Then I determined
that for Design 11,
112 1 2(11) 5 143,
which is enough space.
I also determined that
for Design 10,
102 1 2(10) 5 120,
which is not enough
space. So he must use
the 11th design.

ELL Tip
Read aloud the first sentence in Question 4, “To accommodate outdoor furniture,
a grill, and a shed, the patio must have an area of at least 125 square feet.” Assess
students’ knowledge of the term accommodate. In the context of the sentence, define
accommodate as to provide sufficient space for something. Explain that the furniture, the
grill, and the shed must fit in the space allotted to the patio.

LESSON 2: The Cat’s Out of the Bag! • 125

A2_M01_T02_L02_TIG.indd 125

5/28/21 1:57 PM

Answer
1. For positive numbers,
linear, exponential, and
quadratic functions
are increasing over
their domains. Linear
functions have constant
growth, with constant
first differences.
Quadratic functions
have constant second
differences. Exponential
functions grow by a
constant ratio.

NOTES

TALK the TALK
You Know the Type
In this activity, you examined three different patterns and wrote a
function to describe each.
1. Describe the similarities and differences among linear,
exponential, and quadratic functions.
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Assignment

Assignment
Answers

LESSON 2: The Cat’s Out of the Bag!

Write
Sample answers.

Write

Remember

Write three functions: one linear,

A visual model, a table of values, and a graph are used to

one exponential, and one quadratic.

identify patterns as linear, exponential, or quadratic.

Describe the differences between

Two or more algebraic expressions are equivalent if they

the functions.

produce the same output for all input values.

Linear:
y 5 3x 2 2
Exponential:
y 5 3 ? 2x
Quadratic:
y 5 x2 1 2x 2 1

Practice
1. Hyatt Home Improvement uses H-shaped tile designs on their buildings,

Linear functions have
a constant increase or
decrease, with constant
first differences. Quadratic
functions have second
differences that are
constant. Exponential
functions grow by a
constant ratio.

advertisements, and vehicles. The designs they use follow a specific pattern.
The first three designs are shown.
a. Describe the pattern in the designs.
b. Write two different expressions to represent the number of tiles used
in Design n. Use algebraic properties to prove
the two expressions are equivalent.

Design 1

Design 2

Design 3

c. Explain how you could use technology to
prove the two expressions in part (b)
are equivalent.
d. Create a table that displays the number of
tiles used in each of the first 6 designs.
e. Create a graph of the data points in your table on

Practice

the coordinate plane shown. Draw a smooth curve to
connect the points.

1a. Sample answer.
Each design has a
square-shaped pattern
in the center that is n
tiles wide and n tiles long
for Design n. There are
vertical stacks of tiles to
the left and right of the
square-shaped pattern
that are each 1 tile wide
and extend 1 tile above
and 1 tile below the
square-shaped pattern.

f. Do all of the points on the smooth curve make sense
in terms of the problem situation? Explain your
reasoning.
g. Describe the pattern as linear, exponential, quadratic,
or none of these. Explain your reasoning.
h. The owner of Hyatt Home Improvement wants to put
one of their designs on an empty rectangular sign in
front of their headquarters. The empty sign is 10 feet
tall and 12 feet wide. If he uses square tiles measuring
1 foot by 1 foot, what is the number of the largest
design that will fit on the sign? How many tiles will that
design require?
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1c. I would start by
1d.
graphing the equation 
Design
y 5 (n 1 2)2 2 2n.
1
2
3
4
5
6
Number
Then, I would graph
the equation
Number
7 12 19 28 39 52
y 5 n(n 1 2) 1 4. If the
of Tiles
graph of the second
equation lies on top of
1e–1h. See answers at the end
the graph of the first
of the lesson.
equation, then I know
the expressions are
equivalent.

6/3/21 8:15 PM

1b. Sample answer.
One expression that
represents the number
of tiles in Design n is
(n 1 2)2 2 2n.
Another expression
that represents the
number of tiles in
Design n is n(n 1 2) 1 4.
	
(n 1 2)2 2 2n
≟ n(n 1 2) 1 4
	
n2 1 4n 1 4 2 2n
≟ n2 1 2n 1 4
n2 1 2n 1 4
5 n2 1 2n 1 4
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Assignment
Answers
Stretch
1. Answers will vary.
One expression that
represents the number
of tiles in Design n is
n(n 1 4).
2. Another expression
that represents the
number of tiles in
Design n is (n 1 2)2 2 4.
n(n 1 4) ≟ (n 1 2)2 2 4
n2 1 4n ≟
n2 1 4n 1 4 2 4
n 1 4n 5 n 1 4n
2

2

Stretch
The figures shown represent a visual pattern of tiles.

Figure 1

Figure 2

Figure 3

Figure 4

1. Write two different expressions to represent the number of tiles used in Figure n.
2. Use algebraic properties to prove the two expressions are equivalent.

Review
1. Taye recruits two people to be election campaign volunteers. The next week he ask each of those
volunteers to recruit two more campaign volunteers. He wants all new volunteers each week to
recruit two more volunteers.

Review

a. Determine a method to calculate the number of volunteers in any given week. Use that method to

1a. The number of
volunteers in the nth
week will be 2n.

b. Taye wants to recruit 150 volunteers by election day. During which week can some of the

calculate the number of volunteers recruited for each of the first 5 weeks.

Week(n)

Number of
Volunteers
(2n)

1

21 5 2

2

22 5 4

3

23 5 8

4

24 5 16

5

25 5 32

1b. The total number of
volunteers recruited in
the first 5 weeks is
2 1 4 1 8 1 16 1 32,
or 62 volunteers.
During week 6,
an additional 64
volunteers will be
added, for a total of
126 volunteers. If all
volunteers recruited
two more volunteers
during week 7, there
would be an additional
128 volunteers, for a
total of 254 volunteers.
So in week 7, not
all volunteers have
to recruit 2 more

volunteers stop recruiting new volunteers? Explain your reasoning.
2. Solve each equation for the unknown value.
a. 2 x 1 2 5 32

b. 27 5 (__
3)
1

x
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volunteers for there
to be 150 volunteers
total.
2a. x 5 3
2b. x 5 23
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Assignment Answers
Practice
1e.

1g. The pattern is quadratic because the equation is in
the form y 5 ax2 1 bx 1 c.

Number of Tiles

y

1h. Each design is n
 1 2tiles tall and n
 1 2tiles wide.
The largest design that will fit on the sign is Design
8, which is 10 tiles tall and 10 tiles wide. Use the
pattern expression to calculate the number of
tiles needed:

100
80
60
40

n(n 1 2) 1 4 5

20
0

2

4

6

8

10

x

Design Number

1f. All of the points on the smooth curve do not make
sense in terms of this problem because the design
numbers and the number of tiles in each design are
natural numbers. Therefore, the data are discrete
rather than continuous.

8(8 1 2) 1 4 =
8
 (10) 1 4 5
80 1 4 5 84
Design 8 will require 84 tiles.
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Samesies

3
x

MATERIALS
Scissors

Comparing Multiple Representations
of Functions

Lesson Overview
Students compare the graphic, verbal, numeric, and algebraic representations of a function.
They group equivalent representations of functions and then identify their function families.
Students analyze a tile pattern and use a table to represent the sequence and recognize patterns.
They then create expressions that represent different aspects of the design. Within this same
context, students show that different expressions are algebraically equivalent.

Algebra 2
Data
(8) The student applies mathematical processes to analyze data, select appropriate
models, write corresponding functions, and make predictions. The student is expected to:
	(A) analyze data to select the appropriate model from among linear, quadratic, and
exponential models.

ELPS
1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I, 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas
• A relation is a mapping between a set of input values and a set of output values.
• A function is a relation such that for each element of the domain there exists exactly one
element in the range.
• Function notation is a way to represent functions algebraically. The function f (x)is read as
“f of x” and indicates that x is the input and f (x)is the output.
• Tables, graphs, and equations are used to model function and non-function situations.
• Equivalent expressions can be determined algebraically and graphically.
• Graphing technology can be used to verify equivalent function representations.
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Lesson Structure and Pacing: 1 Day
Engage

Getting Started: Odd One Out
Students analyze relationships that are expressed using different representations. They identify a
relationship that does not belong with the others and justify their choice.
Develop
Activity 3.1: Equivalent Representations
Students cut out 24 different functions, represented as graphs, tables, equations, or contexts.
They analyze the representations and sort them into groups of equivalent relations. Students
explain the strategies they used to sort the representations into groups and how they decided
if a relation is or is not a function. They also describe each function family associated with the
various groupings.
Activity 3.2: Equivalent Functions
Students analyze the first designs in a tiling pattern, describe patterns, and organize the patterns
in a table. Through this organization, other patterns emerge. They then answer several questions
related to the situation and create algebraic expressions to represent the number of various
colors in any given design. Students show that two different expressions are equivalent and
conclude that the function is quadratic. Finally, they prove that the number of white tiles is always
an even number and the total number of tiles is always an odd number.
Demonstrate
Talk the Talk: Equal to the Task
Students complete statements about the equivalence of functions. Next, they analyze a table of
values to determine whether it represents a function and, if so, with which function family it is
associated. Finally, students analyze pairs of functions to determine whether they are equivalent.
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Getting Started: Odd One Out

ENGAGE

Facilitation Notes
In this activity, students analyze relationships that are expressed using
different representations. They identify a relationship that does not
belong with the others and justify their choice.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
Differentiation strategy
To scaffold support, suggest students use multiple representations for
each relationship for the purposes of comparison.
Misconception
Students may assume there is only one correct answer to this activity.
Look for and encourage a variety of responses.
Questions to ask
• Which relationships are functions?
• Which relationships have a constant first difference?
• Which relationships have a constant second difference?
• Which relationships are linear functions?
• Which relationships increase over the entire domain?
• Which relationships are continuous?
• Which relationships are discrete?
• Which relationships have graphs that are symmetric? Identify
the symmetry.

Summary
Relationships between quantities can be represented in graphs, tables,
equations, and contexts.

Activity 3.1

Equivalent Representations	

DEVELOP

Facilitation Notes
In this activity, students cut out 24 different functions, represented as
graphs, tables, equations, or contexts. They analyze the representations
and sort them into groups of equivalent relations. Students explain the
strategies they used to sort the representations into groups and how
they decided if a relation is or is not a function. They also describe each
function family associated with the various groupings.
LESSON 3: Samesies • 129C
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Have students work with a partner or in a group to complete Questions 1
through 4. Share responses as a class.
As students work, look for
Different strategies used to sort the representations. The depth of the
sort reveals the level of student understanding. If students sort the
representations into groups that contain only graphs, only equations,
only tables, and only contexts, encourage them to use a strategy that
incorporates different forms of equivalent representations in each group.
Differentiation strategy
To scaffold support, encourage students to compare representations
when they are viewed in a similar form. For example, it may be easier to
identify equivalent representations if all the representations are viewed
graphically.
Questions to ask
• What does equivalent relations mean?
• How can a table of values, an equation, a context, and a graph be
considered equivalent?
• What is an example of a relation that is not a function?
• What is the difference between a relation that is a function and a
relation that is a not a function?
• How many groups did you use to sort the twenty-four representations?
• Do any of the representations fit into more than one group?
Which ones?
• Did you graph all of the representations?
• Did you use the y-intercepts to make any decisions?
• Did you use the function families?
• Which function families are represented in this activity?
• What is the Vertical Line Test?
• Do all of the graphs pass the Vertical Line Test?
• Do the tables show only one y-value for each x-value?
• Do the equations produce only one output value for each input value?
• What is the difference between a linear function and a
quadratic function?
• What is the difference between a quadratic function and an
exponential function?

Summary
Equivalent relationships may be represented in different forms.
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Activity 3.2

Equivalent Functions

Facilitation Notes
In this activity, students analyze the first designs in a tiling pattern, describe
patterns, and organize the patterns in a table. Through this organization,
other patterns emerge. They then answer several questions related to
the situation and create algebraic expressions to represent the number
of various colors in any given design. Students show that two different
expressions are equivalent and conclude that the function is quadratic.
Finally, they prove that the number of white tiles is always an
even number and the total number of tiles is always an odd number.
Have students work with a partner or in a group to complete Questions 1
through 5. Share responses as a class.
As students work, look for
Whether students notice that the design number skips from 4 to 7. They
may calculate Design 5 and 6 instead of Design 7 and 10.
Questions to ask
• How many tile colors are involved in this pattern?
• Why is the total number of tiles always a square number?
• How does the number of gray tiles compare to the number of
white tiles?
• Is the sum of the white tiles and the gray tiles the same as the total
number of tiles?
• Why is the number of white tiles always an even number?
• Why is the number of gray tiles always an odd number?
• Why is the total number of tiles always an odd number?
• How many white rectangles are in each pattern design?
• How many gray squares are in each pattern design?
• Did you need to create a visual model for Design 4?
• How did you determine the number of white tiles in Design 4?
The number of gray tiles?
• How did you determine the number of white tiles in Design 7?
The number of gray tiles?
• How did you determine the number of white tiles in Design 10?
The number of gray tiles?
• How many tiles are used in Design 11?
• Can the hotel afford Design 11 on their budget? Why or why not?
Have students work with a partner or in a group to complete Questions 6
and 7. Share responses as a class.
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As students work, look for
Common errors when using the Distributive Property.
Differentiation strategies
• To scaffold support, suggest students use technology to graph the
expressions to verify their equivalence.
• To assist all students, rather than just reviewing the Worked
Example, construct the argument for the equivalent relationship
between w (n) 1 g(n)and t (n)as a class.
Questions to ask
• How did you determine the expression for the number of white tiles
in the pattern? The number of gray tiles?
• How does your expression compare to your classmates’ expression?
• How did you determine the expression for the total number of tiles
in the pattern?
• What algebraic properties are used to rewrite Tonya’s expression?
• How can you rewrite Tonya’s expression with fewer terms?
• What algebraic properties are used to rewrite Alex’s expression?
• How can you rewrite Alex’s expression with fewer terms?
• How can you use a graph to verify the equivalence of
the expressions?
• Do both expressions result in the same graph? What does this imply?
Ask a student to read the information that follows Question 7 aloud.
Analyze the Worked Example and complete Question 8 as a class.
Have students work with a partner or in a group to complete Questions 9
and 10. Share responses as a class.
Questions to ask
• What expression represents w
 (n) 1 1?
• What expression represents g
 (n)?
• Are the white tiles always arranged in rectangles?
• Does multiplying by four always result in an even number?
• Is the product of two odd numbers always an odd number?
• If an even number is represented by 2n, what expression represents
an odd number?
• What is (2n 1 1)(2n 1 1)?
• Why does (2n 1 1)(2n 1 1)always result in an odd number?

Summary
A function can be structured in more than one way. Two functions are
equivalent if their algebraic or graphical representations are the same.
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Talk the Talk: Equal to the Task

DEMONSTRATE

Facilitation Notes
In this activity, students complete statements about the equivalence
of functions. Next they analyze a table of values to determine whether
it represents a function and, if so, with which function family it is
associated. Finally, students analyze pairs of functions to determine
whether they are equivalent.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
As students work, look for
Different strategies to determine equivalent functions. Do all strategies
involve graphing? Do some strategies compare table values? Do some
strategies involve algebraic manipulations?
Differentiation strategy
To scaffold support, encourage students to use technology to verify
equivalent expressions.
Misconception
Students may confuse the table values of a function and a non-function.
If the same x-value maps onto multiple y-values, the relation described
by the table of values is not a function. If multiple x-values map onto the
same y-value, the relation may be a function.
Questions to ask
• How can graphs be used to verify the equivalence of two functions?
• If the equations that describe two functions produce the same
graph, are the functions equivalent?
• Can a function map multiple x-values onto the same y-values?
• Can a function map the same x-value onto multiple y-values?
• Which function family is associated with a table of values with
constant first differences? With constant second differences?

Summary
Two functions are equivalent if their algebraic and graphical representations
are the same.
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NOTES
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Warm Up Answers

3

Samesies

1. 21n2 1 7n
2. (x 1 5)(x 2 5)
3. 16w 2 1 16w 1 4

Comparing Multiple Representations of Functions

Warm Up

Rewrite each expression as
a different equivalent expression.
1. 7n(3n 1 1)
2. x2 2 25
3. (4w 1 2)2

Learning Goals

• Identify equivalent forms of functions in
various representations.
• Model situations using tables, graphs, and equations.
• Use functions to make predictions.
• Determine whether two forms of a function
are equivalent.

Key Terms

• relation
• function
• function notation
You have explored different representations of linear, exponential, and quadratic functions, either
as a table, graph, equation, or scenario. How can you determine when different representations
describe the same function?
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Answers
1. Sample answers.
Relationship A is the
only relationship that is
not also a function.
Relationship B is the
only relationship that
has a constant second
difference and an axis
of symmetry.
Relationship C is the
only relationship whose
graph is a line and is
decreasing over the
entire domain.
Relationship D is the
only relationship
increasing over the
entire domain and
the only relationship
whose graph is known
to be discrete since
there cannot be parts
of an app.

GETTING STARTED

Odd One Out
Consider the relationships shown by each of the given representations.
Relationship A
5

−5

Relationship B

y

0

5x

x

y

26

5

24

23

22

23

0

5

2

21

−5

Relationship C
3
y 5 2__
4x 1 8

Relationship D
Zeke has one app on his phone
when he buys it. He downloads
a different number of apps each
week. The total number of apps
on his phone doubles each
week until he has no more
storage space.

1. Choose the relationship that does not belong with the others
and justify your choice.
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Answer
AC T I V I T Y

3.1

1. Equivalent relations are:
B, E, and L;
O, V, and X;
C, G, S, and U;
A, F, I, J, and M;
K, N, R, and Q;
D, H, P, T, and W.
Rationales will vary.

Equivalent Representations

Understanding patterns not only gives insight into the world around
you, but also provides you with a powerful tool for predicting the future.
Pictures, words, graphs, tables, and equations can describe the exact
same pattern, but in different ways.
In the previous lesson, you used a visual model, graph, table, and context
to describe the relation between the number of days that had passed and
the total number of seniors that learned the results of the homecoming
king election. In relations such as this one, there is only one output for
each input. This type of relation is called a function. Functions can be
represented algebraically using function notation.
1. Cut out the relations provided at the end of the lesson. Analyze
each relation and then create groups of equivalent relations.
All relations have at least one match.

A relation is a
mapping between a
set of input values
and a set of output
values. A function is
a relation such that
for each element of
the domain there
exists exactly one
element in the range.
In function notation,
the function f(x)
is read as “f of x” and
indicates that x is the
input and f(x) is the
output.

Provide a brief rationale for how you grouped each set
of relations.
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ELL Tip
Read aloud the first sentence in the activity. Assess students’ prior knowledge of the term insight.
Define insight as a deep understanding of a person or a thing. Create a list of synonyms for insight,
such as intuition, perception, awareness, and comprehension.
Ensure that students understand the term rationale. If not, explain that a rationale is a set of
reasons, or a detailed explanation about a specific topic. Note some common synonyms for rationale
with which students may be more familiar, such as explanation, reasoning, argument, logic, and
justification.
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Answers
2. Sample answer.
I graphed each
representation to
determine which ones
were the same.
3. Sample answers.
Each function shows
only one output for each
input. This means that
the graph passes the
Vertical Line Test.
The table shows only one
y-value for each x-value.
The equation produces
only one output value
for each input value.
The relations that are
non-functions have
more than one output
for a given input.
4. The function families are
linear, quadratic, and
exponential.
B, E, L: quadratic
O, V, X: non-function
C, G, S, U: linear
A, F, I, J, M: quadratic
K, N, R, Q: exponential
D, H, P, T, W: quadratic
A linear function has a
constant rate of change,
can be written in the
form y 5 ax 1 b, and its
graph is a straight line.
A quadratic function
has constant second
differences, is shaped
like a parabola, and has
degree-2.
An exponential function
can be written in
the form y 5 abx. The
y-values in the table and
graph increase by a
common ratio.

Remember:

2. What strategies did you use to sort the representations
into groups?

Equations can be
written in different
forms and still be
equivalent.

3. How do you know which relations are functions and which are
not functions? Explain your reasoning in terms of the graph,
table, and equation.

Think
about:

4. Identify the function family associated with each grouping.
How can you determine the function family from the graph,
table, context, and the equation?

Is there more than
one way to show
that different
representations are
equivalent?
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ELL Tip
Read aloud the scenario given in Graph Cutout K. Assess students’
prior knowledge of the term rumor. Define a rumor as a story or report
whose truthfulness is uncertain or unconfirmed. Discuss the possible
issues that can arise when rumors are spread amongst a group of
people. Remind students that a rumor is unconfirmed and cannot be
trusted, in contrast to a fact.
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Answers
AC T I V I T Y

1. Sample answer.
The center gray square
has dimensions that are
an odd number.

Equivalent Functions

3.2

2. See table below.

A ceramic tile company creates a new line of decorative kitchen and
bathroom tiles. The company sells designs that are created from
combinations of small gray and white square tiles. The designs follow the
pattern shown.
Design 1

Design 2

3. Sample answer.
The number of white
tiles is 1 less than the
number of gray tiles.

Design 3

1. Analyze the tile designs. Describe all of the various patterns
that you notice.

2. Numerically organize the pattern.
Design Number

1

2

3

4

7

10

Don’t worry about the
last column for now.
You will determine an
expression for each
type of tile later.

Number of White
Tiles, w(n)
Number of Gray
Tiles, g(n)
Total Number of
Tiles, t(n)
3. What new patterns do you notice?
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Design Number

1

2

3

4

7

10

n

Number of
White Tiles, w(n)

12

40

84

144

420

840

4n(2n 1 1)

Number of
Gray Tiles, g(n)

13

41

85

145

421

841

(2n 1 1)2 1 4n2

Total Number of
Tiles, t(n)

25

81

169

289

841 1681

(4n 1 1)2
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Answers
4. How many total tiles are in Design 7? How many of the tiles are
white? How many are gray? Explain your reasoning.

4. The number of total tiles
is 841.
The number of white
tiles is 420 and the
number of gray tiles
is 421.
To determine these
values, I continued the
pattern.

5. A hotel would like to order the largest design possible. They have
enough money in their budget to order a design made up of 1700
total gray and white tiles. Which design can they afford? How
many tiles in the design will be white? How many will be gray?
Explain your reasoning.

5. The hotel can afford the
10th design. This design
has 1681 tiles.
I extended the pattern
in the table until I
reached 1700 total tiles.
I knew it could not be
Design 11 because that
would be greater than
1700 tiles, which is the
most tiles the hotel
can purchase within
the budget.
The number of white
tiles in the design is 840
and the number of gray
tiles is 841 since the
number of gray tiles is
always one more than
the number of
white tiles.

6. Complete the last column of the table in Question 2 by writing an
expression to describe the number of white tiles, gray tiles, and
total tiles for Design n.

7. Tonya and Alex came up with different expressions to represent
the number of gray tiles in each pattern. Their expressions
are shown.
Alex

4n 1 (2n 1 1)(2n 1 1)

(4n 1 1) 2 4n (2n 1 1)
2

Tonya claims that they are the same expression written different
ways. Alex says, “One expression has addition and the other has
subtraction. There is no way they are equivalent!”
Who is correct? Justify your reasoning using algebraic and
graphical representations.

6. See table on previous
page.
7. Tonya is correct.
Tonya’s expression:
4n2 1 (2n 1 1)(2n 1 1)
4n2 1 4n2 1 4n 1 1
8n2 1 4n 1 1
	 Alex’s expression:
(4n 1 1)2 2 4n(2n 1 1)
16n2 1 8n 1 1 2 8n2 − 4n
8n2 1 4n 1 1
Both expressions
are equivalent to
8n2 1 4n 1 1.
When I graph both
expressions as
equations, they produce
the same graph, which
guarantees equivalence.

Tonya
2
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ELL Tip
Ask students whether they have a budget, or they are aware of family
members or friends who have a budget. Define a budget as an estimate
of income and expenses for a specific time period. Discuss how budgets
are commonly used in households and businesses for financial
planning purposes, as they can be designated as weekly, monthly, or
yearly. Also discuss practical everyday scenarios in which budgets are
used, such as the hotel scenario in Question 5.
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Answers
8a. The function that
represents the white
tiles is quadratic.
The algebraic
representation is in the
form ax2 1 bx 1 c.

You may have noticed several patterns in this sequence. An obvious
pattern is that the sum of the white tiles and gray tiles is equal to the total
number of tiles. This pattern is clear when analyzing the values in the table.
However, adding w(n) and g(n) creates a brand new function that looks very
different from the function t(n).

Worked Example

8b. The function that
represents the gray
tiles is quadratic.
The algebraic
representation is in the
form ax2 1 bx 1 c.

To prove that the sum of the white tiles and gray tiles is
equal to the total number of tiles, you must show that the
expressions are equivalent.
w(n) 1 g(n)

t(n)

4n(2n 1 1) 1 (2n 1 1)2 1 4n2

(4n 1 1)2

(8n2 1 4n) 1 (4n2 1 4n 1 1) 1 4n2

(4n 1 1)(4n 1 1)

16n2 1 8n 1 1

16n2 1 8n 1 1

8c. Yes. Adding the two
quadratic functions
creates a new quadratic
function.
The algebraic
representation is also in
the form a
 x2 1 bx 1 c.

8. Analyze the context, table, and expressions in this problem.
a. Identify the function family that describes the pattern for the
number of white tiles. Explain your reasoning.

b. Identify the function family that describes the pattern for the
number of gray tiles. Explain your reasoning.

c. When you add the functions that represent the number of
white tiles and gray tiles, does the new function belong to the
same function family? Explain your reasoning.
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Answers
9. T
 he number of white
tiles plus one is equal
to the number of gray
tiles.
See table below.

There are many ways to prove something. Mathematical proofs consist
of equations, written arguments, pictures, and flow charts. You should
always use precise terminology to describe mathematically why you know
something is true.
9. Describe the relationship between the number of white
tiles and gray tiles in each design. Prove that this
relationship exists.

10a. Sample answer.
The white tiles are
arranged in
rectangles. Multiplying
by four results in an
even number, since
four is a multiple
of two.

10. Analyze the tile patterns.

10b. T
 he total number of
tiles is determined
by squaring an odd
number, such as 3, 5,
or 7.
The product of
two odd numbers
is always an odd
number. Since an
even number is
represented by 2n, an
odd number is 2
 n 1 1.
(2n 1 1)(2n 1 1)
5 4n2 1 4n 1 1
The first two terms
will be even because
they are multiples
of 2, so their sum
will also be a multiple
of 2. Adding 1 to the
expression results in
an odd number.

a. Prove that the number of white tiles is always an
even number.

b. Prove that the total number of tiles is always an
odd number.
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w(n) 1 1

g(n)

4n (2n 1 1) 1 1

(2n 1 1)2 1 4n2

8n2 1 4n 1 1

(4n2 1 4n 1 1) 1 4n2
8n2 1 4n 1 1
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Answers

TALK the TALK

1a. always

NOTES

1b. sometimes
1c. always

Equal to the Task
1. Use always, sometimes, or never to complete each statement.
Explain your reasoning.
equivalent if their
a. Two functions are
algebraic representations are the same.

equivalent if they
b. Two functions are
produce the same output for a specific input value.

equivalent if their
c. Two functions are
graphical representations are the same.
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Answers
2a. The table of values is a
linear function.

NOTES

2b. The table of values is a
quadratic function.

2. Determine whether each table of values is a function. If so,
identify its function family.
b.

a.

2c. The table of values is
not a function.
3a. The functions are
equivalent.
3b. The functions are not
equivalent.

x

y

x

y

25

213

22

22

24

212

0

0

0

28

1

4

1

27

3

18

5

23

5

40

x

y

4

1

4

2

4

3

4

4

4

5

c.

3. Determine whether the functions in each pair are equivalent.
a. f(x) 5 (x 1 4)2 1 6
f(x) 5 x2 1 8x 1 22

b. f(x) 5 (x 1 1)2 1 2x2
f(x) 5 (2x 1 1)2 2 2x(x 1 1)

138 • TOPIC 2: Exploring and Analyzing Patterns

A2_M01_T02_L03_Student Lesson.indd 138

5/25/21 1:22 PM

138 • TOPIC 2: Exploring and Analyzing Patterns

A2_M01_T02_L03_TIG.indd 138

5/28/21 2:08 PM

10
5

f(x) 5 2x

8
4

–4

–2

2

4

6

–4

E.

–6

A.

0

y

–12

–8

–2

–4

2

0

y

x

x

F.

B.

2

2

f(x) 5 x 1 2x 1 5

f(x) 5 2(x 1 6x 1 9)

C.

G.

6
3

4

2
1

2

y
x

D.

H.

f(x) 5 x2 1 6x 1 5

f(x) 5 (x 1 5)(x 1 1)

Graph Cutouts
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M.

I.

29

21

22

0

0

23

24

21

24

21

y

x

f(x) 5 2(x 1 3)(x 1 3)

N.
y52
x

A parabola with a line of
symmetry at x 5 23, a
vertex that is a maximum
value, and a graph that
opens down.

J.

O.

–4

–2
–4

–2

2

4

0

y

2

4

x

Louise heard a rumor.
She tells the rumor to two
people the next day. The
two people that she told
then tell two more people
the following day, who
each then go on to tell
two more new people the
rumor the following day.

K.

P.

L.

8
5
4
5
8

23
22
21
0
1

y 5 (x 1 3)2 2 4

y

x
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y
1
2
4
8
16

x
0
1
2
3
4

Erika is worried that her
secret got out. On the
first day, she and her
best friend were the only
people who knew about
the secret. But each day,
two new people hear
about the secret.

U.

Q.

V.

0

4

8

12

16

R.
y

2

2

2

3

x 1y 54

1
4

x
0

W.

0

2

4

6

8
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y

23
5
12
21

24
0
1
2

y

–2

1.73
21.73

1

22

2

y

0

21.73

1.73
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2

4

1

0

0

21

21
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0

x
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4

x

3
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2
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x
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Assignment

Assignment
Answers

LESSON 3: Samesies

Write

Write

Remember

Define each term in your own words.

Relationships between quantities can be

1. relation

represented in graphs, tables, equations,

2. function

and contexts. Two functions are equivalent if

3. function notation

their algebraic or graphical representations

1. A relation is a mapping
between a set of input
values and a set of
output values.
2. A function is a type of
relation for which each
input has one and only
one output.

are the same.

Practice
1. Consider the three scenarios given. Match each with the corresponding

3. Function notation is
a way to represent
functions algebraically.
The function f (x)is read
as “f of x” and indicates
that x is the input and 
f(x)is the output.

function, graph, and table.
a. Juanita is driving home from her vacation spot at a constant rate. Which
function, graph, and table represent her distance from home as a function
of the number of hours she has traveled? Explain your reasoning.
b. A mechanic drops a wrench from a flying helicopter. Which function, graph, and table represent
the height of the wrench above the ground as a function of the time since it was dropped? Explain
your reasoning.
c. Scientists watch as a single cell divides into 4 cells over the course of an hour. During the next
hour, each of the 4 new cells divides into 4 cells and the process continues. Which function, graph,

Practice

and table represent the total number of cells as a function of time? Explain your reasoning.

f(x) 5 216x2 1 1900

g(x) 5 4 x

Graph 1

h(x) 5 250x 1 450

Graph 2

1000

500

2000

800

400

1600

600

300

1200

400

200

800

200

100

400

0

1

2

3

4

5

x

0

1a. The function
h(x) 5 250x 1 450
represents this
situation because
Juanita’s distance from
home decreases at a
constant rate, which
means the function
must be linear.
Graph 2 represents this
situation because it is
the only linear graph.
Table 3 represents this
situation because the
dependent values are
changing at a constant
rate.

Graph 3
y

y

y

4

2

Table 1

6

8

10

x

0

2

4

Table 2

6

8

10

x

Table 3

x

y

x

y

x

y

0

1

0

1900

0

450

1

4

2

1836

2

350

2

16

4

1644

4

250

3

64

6

1324

6

150

4

256

8

876

8

50
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Table 2 represents
this situation because
the dependent values
decrease at a variable
rate.
1c. The function
g(x) 5 4x represents
this situation because
the number of cells
is growing at an
exponential rate.
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Graph 1 represents
this situation
because the
function is increasing
exponentially over
time.
Table 1 represents
this situation because
the dependent values
are increasing by a
constant ratio.

1b. The function
f (x) 5 216x2 1 1900
represents this
situation because the
height of the wrench
is a positive value at
the time it is dropped
(when x 5 0) and
decreases at a rate that
is not constant.
Graph 3 represents this
situation because the
function is decreasing
and shaped like a
parabola.
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Assignment
Answers
Practice
2a. Sample answer.
The rectangular area
of picture blocks is n
blocks wide and n
 1 1
blocks long.
The picture blocks are
surrounded by a single
layer of border blocks,
making the width of the
entire quilt n 1 2blocks
and the length of the
entire quilt n 1 3blocks.
For each consecutive
design, both the length
and width of the
rectangular picture
block area are increased
by 1 block and both
the length and width
of the entire quilt are
increased by 1 block.
2b. The number of picture
blocks in Design n
can be represented
by the function
p(n) 5 n(n 1 1).
2c. The number of border
blocks in Design n
can be represented
by the function
b(n) 5 2n 1 2(n 1 1) 1 4.
2d.	t (n) ≟ p(n) 1 b(n)
(n 1 2)(n 1 3) ≟
n(n 1 1) 1 2n 1
2(n 1 1) 1 4
	
n2 1 3n 1 2n 1 6 ≟
n2 1 n 1 2n 1 2n 1 2
1 4
	
n2 1 5n 1 6 5 n2 1 5n
1 6
2e. The art museum
chooses Design 9
because the
number of picture
blocks in Design 9
is 90.
p
 (9) 5 9(9 1 1)
5 90

2. Ingrid makes quilts in designs that follow a specific pattern. The first three designs are shown. In
the designs, the white blocks represent blocks containing pictures while the gray blocks represent
border blocks of a single color.
Design 1

Design 2

Design 3

a. Analyze the quilt designs. Describe as many patterns as you can.
b. Write the function p(n) to represent the number of picture blocks in Design n.
c. Write the function b(n) to represent the number of border blocks in Design n.
d. The total number of blocks in Design n can be represented by the function t(n) 5 (n 1 2)(n 1 3).
Use the functions you wrote to show that t(n) 5 p(n) 1 b(n).
e. An art museum hires Ingrid to make one of her quilt designs to display pictures of each of their
90 paintings in 90 individual picture blocks. Which design does the art museum choose? How
many total blocks are in the design?

Stretch
1. The figures shown represent a visual pattern of tiles.

Figure 1

Figure 2

Figure 3

a. Write the function b(n) to represent the number of black blocks in Figure n.
b. Write the function w(n) to represent the number of white blocks in Figure n.
c. Write the function s(n) to represent the number of striped blocks in Figure n.

___
d. The total number of blocks in Design n can be represented by the function t(n) 5 (n 1 __
2) 2 4 .
Use the functions you wrote to show that t(n) 5 b(n) + w(n) 1 s(n).
5

2

17
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The total number of blocks
in Design 9 is 132.
t (9) 5 (9 1 2)(9 1 3)
5 132

1c. The number of striped blocks in
Figure n can be represented by the
function s(n) 5 n2.
1d.	t (n) ≟ b(n) 1 w(n) 1 s(n)

5 2
17
 n 1 __
  2) 2 ___
  4  ≟ n 1 2 1 4n 1 n2
(

Stretch
1a. The number of black blocks in
Figure n can be represented
by the function b
 (n) 5 n 1 2.

5/25/21 1:22 PM

5

5

25

17

___
2
	
n2 1 __
  2n 1 __
  2n 1  ___
4  2   4  ≟ n 1 5n 1 2

n
 2 1 5n 1 2 5 n2 1 5n 1 2

1b.	The number of white blocks in
Figure n can be represented
by the function w
 (n) 5 4n.
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Assignment
Answers
Review
Review

1a. See table below.

1. A video game consists of a figure made of squares

1b. The pattern is linear
because there is a
constant increase of
2 squares for each
new figure.

that resembles a snake. The figure gets longer in
each minute of the game. The first three figures
are shown.

Figure 1

Figure 2

Figure 3

a. Create a table to display the number of squares in each of the first 6 figures.
b. Describe the pattern as linear, exponential, quadratic, or none of these. Explain your reasoning.
2. The figures shown represent a visual pattern of tiles.

2a. See table below.

a. Create a table to display the number of squares in

2b.

each of the first 6 figures.
b. Create a graph of the data points in your table on a
coordinate plane. Draw a smooth curve to connect the
points.

y

Figure 1

Figure 2

Figure 3

1

Number of Tiles

c. Describe the pattern as linear, exponential, quadratic, or none of these. Explain your reasoning.
1

__
3. Solve the equation 25__
2 1 12y 5 2 (7 2 8y).

100
80
60
40
20
0

2

4

6

8

10

x

Figure Number

2c. The pattern is
quadratic because the
curve is a parabola and
the second difference
is constant.
9

3.	
y 5 ___
  16
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Figure
Number

1

2

3

4

5

6

Number
of Squares

5

7

9

11

13

15

Figure
Number

1

2

3

4

5

6

Number
of Tiles

5

8

13

20

29

40
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True to Form
Forms of Quadratic Functions

4
x

MATERIALS
Tape or glue
Scissors

Lesson Overview
Students match quadratic equations with their graphs using key characteristics. The standard form,
the factored form, and the vertex form of a quadratic equation are reviewed as is the concavity of a
parabola. Students then sort each of the equations with their graphs according to the form in which
the equation is written, identifying key characteristics of each function. Next, students analyze graphs
of parabolas on numberless axes and choose possible functions that could model the graph. A
Worked Example shows that a unique quadratic function is determined when the vertex and a point
on the parabola are known, or the roots and a point on the parabola are known. Students are given
information about a function and use it to determine the most efficient form to write the function.
They then use the key characteristics of a graph and reference points to write a quadratic function,
if possible. Finally, students analyze a Worked Example that demonstrates how to write and solve a
system of equations to determine the unique quadratic function given three points on the graph. They
then use this method to determine the quadratic function that models a problem situation and use it
to answer a question about the situation.

Algebra 2
Systems of Equations and Inequalities
(3) The student applies mathematical processes to formulate systems of equations and
inequalities, use a variety of methods to solve, and analyze reasonableness of solutions.
The student is expected to:
	(A) formulate systems of equations, including systems consisting of three linear equations
in three variables and systems consisting of two equations, the first linear and the second
quadratic.
	(B) solve systems of three linear equations in three variables by using Gaussian elimination,
technology with matrices, and substitution.
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Quadratic and Square Root Functions, Equations, and Inequalities
(4) The student applies mathematical processes to understand that quadratic and square
root functions, equations, and quadratic inequalities can be used to model situations, solve
problems, and make predictions. The student is expected to:
	(A) write the quadratic function given three specified points in the plane.
	(D) transform a quadratic function f (x) 5 ax2 1 bx 1 cto the form f (x) 5 a(x 2 h)2 + kto identify
the different attributes of f (x).

Systems of Equations and Inequalities
(7) Number and algebraic methods. The student applies mathematical processes to
simplify and perform operations on expressions and to solve equations. The student is
expected to:
	(B) add, subtract, and multiply polynomials.

ELPS
1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I, 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas
• The standard form of a quadratic function is written as f (x) 5 ax2 1 bx 1 c, where a does not equal 0.
• The factored form of a quadratic function is written as f (x) 5 a(x 2 r1)(x 2 r2), where a does
not equal 0.
• The vertex form of a quadratic function is written as f (x) 5 a(x 2 h)2 1 k, where a does not equal 0.
• The concavity of a parabola describes whether a parabola opens up or opens down. A parabola is
concave down if it opens downward, and is concave up if it opens upward.
• A graphical method to determine a unique quadratic function involves using key points and the
vertical distance between each point in comparison to the points on the basic function.
• An algebraic method to determine a unique quadratic function involves writing and solving a
system of equations, given three reference points.
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Lesson Structure and Pacing: 2 Days
Day 1
Engage
Getting Started: Be My One and Only
Students answer questions related to the number of points that determine a unique line and the
number of points that determine a unique parabola.
Develop
Activity 4.1: Forms of Quadratic Functions
The standard form, factored form, and vertex form of a quadratic equation are reviewed,
as well as the concavity of a parabola, and students identify the key characteristics that can
be determined from a quadratic equation written in each form. Next, they match quadratic
equations with their appropriate graphs using the vertex, x-intercepts, y-intercept, and a-value,
depending on the form of the quadratic function. Students then sort each function and its graph
according to the form in which the equation is written, and describe methods to identify key
characteristics of the function given its form.
Activity 4.2: Modeling a Quadratic Graph
Given numberless graphs of parabolas, students identify possible equations that could model
each graph. They then rewrite the equations for functions in different forms.

Day 2
Activity 4.3: Writing a Unique Quadratic Function
Students consider why you cannot create a unique quadratic function if you know only the vertex of
the function. Worked Examples show that a unique quadratic equation can be determined when the
vertex and a point on the parabola are known or when the roots and a point on the parabola are
known. Students are given information about a function and use it to determine the most efficient
form to write the function. They then write equations using given points, when possible.
Activity 4.4: Using Algebra to Write a Quadratic Equation
A Worked Example demonstrates how to write a unique quadratic equation given three non-linear
points by writing and solving a system of equations. Linear combinations and substitution are
used to determine the a-, b-, and c-values of the quadratic equation. Students solve similar realworld and mathematical problems.
Demonstrate
Talk the Talk: Fantastic Feats of Function
Students write quadratic equations to represent different situations. They identify three points
on a parabola that models the situation and use those points to write a quadratic function.
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ENGAGE

Getting Started: Be My One and Only
Facilitation Notes
In this activity, students answer questions related to the number of points
that determine a unique line and the number of points that determine a
unique parabola.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
Misconception
Students may draw lines through any two of the three non-collinear
points. The question is asking whether a line can be drawn through
all 3 points.
Questions to ask
• What are collinear points?
• Are all points collinear?
• What is an example of non-collinear points?
• Are any two points collinear?
• Are points A, B, and C collinear or non-collinear?
• How many lines are determined by 3 collinear points?
• How many lines are determined by 3 non-collinear points?
• How many parabolas can you draw through 2 points if one point is
the vertex?
• Are all parabolas symmetric about some line?

Summary
A unique parabola can be drawn through three non-linear points.

DEVELOP

Activity 4.1

Forms of Quadratic Functions



Facilitation Notes
In this activity, the standard form, factored form, and vertex form of a
quadratic equation are reviewed, as well as the concavity of a parabola,
and students identify the key characteristics that can be determined from
a quadratic equation written in each form. Next, they match quadratic
equations with their appropriate graphs using the vertex, x-intercepts,
y-intercept, and a-value, depending on the form of the quadratic function.
Students then sort each function and its graph according to the form

149D • TOPIC 2: Exploring and Analyzing Patterns

A2_M01_T02_L04_Lesson Overview.indd 4

5/28/21 2:19 PM

in which the equation is written, and describe methods to identify key
characteristics of the function given its form.
Ask a student to read the introduction and definitions aloud. Discuss
as a class.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Misconception
Students may reverse the concavity associated with the sign of a-values
in the equation of the functions. Upward concavity is associated with
positive a-values in the equation, and downward concavity is associated
with negative a-values in the equation.
Questions to ask
• When a quadratic equation is written in standard form, what does
the sign of the a-value indicate?
• Which feature of the quadratic equation determines whether the
parabola has a maximum or minimum?
• When a quadratic equation is written in standard form, what is the
significance of the c-value?
• When a quadratic equation is written in factored form, what does
the sign of the a-value indicate?
• When a quadratic equation is written in factored form, what do the
r1 and r2 values represent?
• When a quadratic equation is written in vertex form, what is the
significance of (h, k)?
• When a quadratic function is written in vertex form, what does
x 5 h indicate?
• How can you determine whether a parabola passes through the origin?
• Christine’s equation is written in which form?
• What information does Christine know from the form of her
quadratic equation?
• Kate’s equation is written in which form?
• What information does Kate know from the form of her
quadratic equation?
• Which method required the use of the axis of symmetry
and substitution?
b
• Who uses x 5 2 ___
2a to determine the axis of symmetry?
r1 1 r2

• Who uses x 5 ______
  2  to determine the axis of symmetry?

Have students work with a partner or in a group to complete Questions 3
and 4. Share responses as a class.
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As students work, look for
Different methods to sort the equations and graphs before determining
each corresponding set of equations and graphs. Is concavity considered?
Are intercepts used?
Differentiation strategy
To scaffold support, suggest students refer to the answers to Question 1
to complete the second half of each table located at the end of the activity.
Misconception
When the equation is written in factored form, students may use an
incorrect sign for the x-intercepts. For example, if one factor is (x 2 2),
students may use an x-value of 22 for the intercept rather than 2.
Questions to ask
• Did you sort the equations into separate piles before you taped them
to the appropriate graph? If so, what determined those piles?
• Did you sort the graphs into two or more piles first? If so, what defined
those piles?
• Did you separate the graphs by the orientation of the parabola?
• Did you identify all of the parabolas with a negative a-value and
all of the parabolas with a positive a-value, then match them to
the graphs?
• Did you use the y-intercepts to decide the most appropriate equation
for the graph? Or did you use the y-intercepts to decide the most
appropriate graph for the equation?
• In which form of the equation is the y-intercept most apparent?
• Did you use technology to help match the equation to the graph?
• Are x-intercepts helpful in some instances? What form was the
equation written in?

Summary
The form of a quadratic function—standard, factored, or vertex—reveals
different key characteristics, such as the x-intercept(s), y-intercept, vertex,
axis of symmetry, and concavity up or down. For a quadratic function in
any form, the a-value determines whether the parabola is concave up or
down. When a quadratic function is in standard form, you can determine
the y-intercept. When a quadratic function is in factored form, you can
determine the x-intercepts. When a quadratic function is in vertex form,
you can determine the coordinates of the vertex.
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Activity 4.2

Modeling a Quadratic Graph



Facilitation Notes
In this activity, given numberless graphs of parabolas, students identify
possible equations that could model each graph. They then rewrite the
equations for functions in different forms.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
Misconception
Students may try to eliminate all but one equation, or attempt to choose
the single most appropriate equation. Each graph can be described by
more than one given equation.
Differentiation strategy
To scaffold support, suggest students use graphing technology to verify
their choices.
Questions to ask
• Are the zeros of the quadratic function real or imaginary?
• What graphic characteristic suggests real zeros? Imaginary zeros?
• Are the zeros of the quadratic function negative, positive, or both?
What characteristic of the equation for the function gives you this
information? What characteristics of the graph for the function gives
you this information?
• Is the a-value of the quadratic function negative or positive? What
graphic implications does this have?
Have students work with a partner or in a group to complete Question 2.
Share responses as a class.
Questions to ask
• What characteristic indicates the form in which the given function
is written?
• What algebraic properties are used to rewrite the quadratic function
from factored form to standard form?
• What algebraic properties are used to rewrite the quadratic function
from factored form to vertex form?
• What algebraic properties are used to rewrite the quadratic function
from vertex form to standard form?
• Under what circumstances is completing the square a
necessary process?
• Under what circumstances can the quadratic function not be written
in factored form?
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Summary
Key characteristics of a quadratic function—concavity, x-intercepts,
y-intercept, and location of the vertex—can be identified using the equation.
Rewriting the quadratic equation in a different form may be necessary.

Activity 4.3

Writing a Unique Quadratic Function

Facilitation Notes
In this activity, students consider why you cannot create a unique quadratic
function if you know only the vertex of the function. Worked Examples show
that a unique quadratic equation can be determined when the vertex and
a point on the parabola are known or when the roots and a point on the
parabola are known. Students are given information about a function, which
they use to determine the most efficient form to write the function. They
then write equations using given points, when possible.
Have students work with a partner or in a group to complete Question 1.
Share the responses as a class.
As students work, look for
The use of vertex form of a quadratic equation and substitution of h
 5 4
and k 5 8. Ask students how they determined the a-value for their equation.
Differentiation strategy
To scaffold support, write the different forms of a quadratic equation on
the board for reference.
Misconception
Students may assume Pat’s equation is correct and George’s equation is
1
incorrect because no a-value is specified. The a-value of 2 __
2  is obvious
in George’s equation, but because Pat chose an a-value of 1, it is not
obvious in her equation.
Questions to ask
• George wrote his quadratic equation in which form?
• Pat wrote her quadratic equation in which form?
• Are George and Pat’s equations equivalent?
• What a-value did George use?
• What a-value did Pat use?
• Do both quadratic equations have a vertex at (4, 8)?
• How many parabolas could have a vertex at (4, 8)?
Analyze and discuss the two Worked Examples as a class.
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Questions to ask
• Is it possible that two or more quadratic functions have the same
two roots?
• Does a specific vertex and two specified roots describe a unique
function or many functions?
• Does the vertex and the a-value describe a unique function or
many functions?
• Does a vertex and a point on the function determine one or many
quadratic functions?
• If you are given the roots and a point on the function, is the
function unique?
• Do the roots and the a-value describe a unique quadratic function?
Have students work with a partner or in a group to complete Question 2.
Share the responses as a class.
As students work, look for
Connections made between the maximum or minimum point of a
parabola and the vertex.
Questions to ask
• Is the minimum or maximum point of a quadratic function also the
vertex of the function?
• If the y-values of two points are 0, are the points x- or y-intercepts?
• Under what circumstances is it easier to write the function in
vertex form?
• If you know three points on the quadratic function, is it always easier
to write the function in factored form?
• Under what circumstances is it easier to write the function in
factored form?
• Under what circumstances is it easier to write the function in
standard form?
• Is the maximum height of Max’s baseball the location of the vertex of
the parabola?
Have students work with a partner or in a group to complete Questions 3
and 4. Share the responses as a class.
Questions to ask
• How can the a-value be determined when writing a function for
part (a)?
• What is the vertical distance between the vertex and a point on the
basic function?
• How do you know the concavity of the parabola?
• Under what circumstances is the a-value negative?
• How can the a-value be determined when writing a function for
part (b)?
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• Is the a-value positive if the parabola opens upward?
• Why can’t the axis of symmetry be determined in part (c)?
• How many points are needed to determine a unique
quadratic function?
Differentiation strategy
To extend the activity, have students write each form of a quadratic
function and summarize the minimum amount of information needed to
write the equation in each form.

Summary
You can write a unique quadratic function given a vertex and the a-value or a
point on the parabola. You can write a unique quadratic function given the roots
and the a-value or a point on the parabola. The information you have about the
parabola determines the most efficient form to use to write the function.

Activity 4.4

Using Algebra to Write a Quadratic Equation

Facilitation Notes
In this activity, a Worked Example demonstrates how to write a unique
quadratic equation given three non-linear points by writing and solving a
system of equations. Linear combinations and substitution are processes
used to determine the a-, b-, and c-values of the quadratic equation.
Students solve similar real-world and mathematical problems.
Ask a student to read the introduction aloud. Analyze and discuss the
Worked Examples as a class.
Questions to ask
• How is Equation A determined?
• What point is used to write Equation B?
• What information is used to write Equation C?
• When Equation B is subtracted from Equation A, how do the signs
of the terms in Equation B change? Do these same changes in signs
occur when Equation B is subtracted from Equation C?
• What value is solved for first? Why do you suppose this was
the case?
• Could another value be solved for first? Does it change the answer?
Have students work with a partner or in a group to complete Question 1.
Share the responses as a class.
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Questions to ask
• What is the first step in creating the system of equations?
• What is the quadratic equation written in standard form?
• How is the point (21, 5) used to create the first equation?
• How is the point (0, 3) used to determine the second equation?
• What equation is written using the point (3, 9)?
• Did you substitute Equation 2 into Equation 1, or Equation 3? Does
it make a difference?
• What variable did you solve for first?
• How is the value for c determined?
• What value is determined last?
• Is there more than one way to arrive at the correct quadratic function?
If so, explain.
Have students work with a partner or in a group to read the scenario and
complete Question 2. Share the responses as a class.
As students work, look for
The correct coordinates for the points to be (5, 3), (8, 5), and (10, 6). If
students begin this problem by using incorrect points, the parts that
follow will also be incorrect.
Differentiation strategy
To scaffold support, discuss a reasonable viewing window to graph the
function equation h
 (d) 5 20.033x2 1 1.1x 2 1.66, Together, locate the
point on the graph that represents the minimum length of the 9-footdepth section of the pool.
Questions to ask
• What three points are used to create the system of equations?
• What are the coordinates of the point that represents the location of
the diver on the diving board?
• What are the coordinates of the point at which the diver is 5 ft in the
air and 8 ft from the edge of the pool?
• What are the coordinates of the point at which the diver is 6 ft in the
air and 10 ft from the edge of the pool?
• How is the point (5, 3) used to create the first equation?
• How is the point (8, 5) used to determine the second equation?
• What equation is written using the point (10, 6)?
• What variable did you solve for first?
• What value is determined last?
• Is there more than one way to arrive at the correct
quadratic function?
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• What standard equation can be written using the values of a, b, and c?
• Did you use technology to graph the equation?
• Which point on the graph represents the minimum length of the
9-foot-depth section of the pool?

Summary
You can set up and solve systems of equations to determine the unique
quadratic equation that models a parabola if you know three points on
the parabola.

DEMONSTRATE

Talk the Talk: Fantastic Feats of Function
Facilitation Notes
In this activity, students write quadratic equations to represent
different situations. They identify three points on a parabola that models
the situation and use those points to write a quadratic function.
Have students work with a partner or in a group to complete Questions 1
through 3. Share the responses as a class.
As students work, look for
The use of the correct form of the quadratic equation in combination with
the appropriate reference points.
Differentiation strategy
To scaffold support, suggest students sketch a diagram of each scenario
and label key points.
Questions to ask
• Which key characteristic is associated with the given information?
• If Amazing Larry reaches a maximum height of 30 feet, will this be
the vertex of the graph?
• In which form did you write your quadratic function?
• If the cannon is 10 feet above the ground, is this associated with the
y-intercept of the graph?
• What is the concavity of the parabola? How do you know?
• Is the a-value of the function a positive number or a negative number?
• What distance does Crazy Cornelius travel before he leaves
the ground?
• What distance does Crazy Cornelius travel as he lands back on
the ground?
• Are the points or distances at which Crazy Cornelius lifts off the
ground and lands back down on the ground associated with the
roots of the function, or x-intercepts?
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• What distance does Crazy Cornelius travel when he reaches a
height of 3.5 feet?
• If Harsh Knarsh begins on a ramp 30 feet high, is this associated with
the y-intercept of the graph?
• What function or equation is associated with vertical motion?
• Is the equation for vertical motion written in standard form?
• What is the initial height in this situation?
• What is the initial velocity in this situation?
Have students work with a partner or in a group to complete Question 4.
Share the responses as a class.
Questions to ask
• Is this a vertical motion situation?
• How can you write the function for the height of the ball in terms of
its horizontal distance?
• What reference points are used in this situation?
• How can graphing technology be used to determine the total
distance the ball traveled?
• What is the height of the ball when it hits the ground?
• If Van’s ball traveled a total of 430.4 feet, did he succeed?
• Where on the graph is the maximum height of the baseball?
• How can graphing technology be used to determine the maximum
height of Van’s baseball?

Summary
If you can determine key points on a parabola that models a real-world context,
you can use algebra or graphing technology to write the quadratic function that
models the situation.
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Warm Up Answers

4

True to Form

1.	
x 5 3
2.	x 5 1

3

3.	x 5 2 __
4 

Forms of Quadratic Functions

Warm Up

Identify the axis of symmetry
of each quadratic function.
1. f(x) 5 24(x 2 3)2 1 2
2. g(x) 5 2(x 1 5)(x 2 7)
3. h(x) 5 4x2 1 6x 1 1

Learning Goals

• Determine how many points are necessary to create a
unique quadratic equation.
• Match a quadratic function with its corresponding graph.
• Identify key characteristics of quadratic functions based on
the form of the function.
• Analyze the different forms of quadratic functions.
• Use key characteristics of specific forms of quadratic
functions to write equations.
• Derive a quadratic equation given three points using a
system of equations.
• Write quadratic functions to represent problem situations.

Key Terms
•
•
•
•

standard form of a quadratic function
factored form of a quadratic function
vertex form of a quadratic function
concavity of a parabola

You have explored the key characteristics of different forms of quadratic functions. How can you
use these characteristics to write a quadratic equation to model the graph of a parabola, even if
you only know certain points on the graph?
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Answers
1a. I can draw an infinite
number of lines
through point A.

GETTING STARTED

Be My One and Only

1b. I can draw exactly one
line through points A
and B.

Consider the family of linear functions.
1. Use the given point(s) to sketch possible solutions.

1c. I cannot draw any lines
through all points A, B,
and C.

a. How many lines can you draw through point A?

2. I need two points to
draw a unique line.

A

b. How many lines can you draw through both points A and B?

B
A

c. How many lines can you draw through all points A, B, and C?

B
C
A

2. What is the minimum number of points you need to draw a
unique line?

150 • TOPIC 2: Exploring and Analyzing Patterns

A2_M01_T02_L04_Student Lesson.indd 150

5/25/21 1:29 PM

150 • TOPIC 2: Exploring and Analyzing Patterns

A2_M01_T02_L04_TIG.indd 150

5/28/21 2:19 PM

Answer
3a. I can draw an infinite
number of parabolas
through point A.

Consider the family of quadratic functions.
3. Use the given point(s) to sketch possible solutions.

a. How many parabolas can you draw through point A?

3b. I can draw an infinite
number of parabolas
through points A and B.
3c. I can draw one
parabola through
points A, B, and C.

A

b. How many parabolas can you draw through both points
A and B?

B
A

c. How many parabolas can you draw through all points
A, B, and C?

B
A
C

LESSON 4: True to Form • 151

A2_M01_T02_L04_Student Lesson.indd 151

5/25/21 1:29 PM

LESSON 4: True to Form • 151

A2_M01_T02_L04_TIG.indd 151

5/28/21 2:19 PM

Answer
1a. Standard form:
I can determine
the y-intercept and
whether the parabola
is concave up or
concave down when
the quadratic function
is in standard form.

NOTES

AC T I V I T Y

x.x
4.1
1.1

What’s of
activity_H1
Forms
the
Quadratic
Dependency?
Functions

Recall that quadratic functions can be written in different forms.
Standard form: f(x) 5 ax2 1 bx 1 c, where a does not equal 0
Factored form: f(x) 5 a(x 2 r1)(x 2 r2), where a does not equal 0
Vertex form: f(x) 5 a(x 2 h)2 1 k , where a does not equal 0

1b. Factored form:
I can determine the
x-intercepts and
whether the parabola is
concave up or concave
down when the
quadratic function is in
factored form.

The graphs of quadratic functions can be described using key
characteristics: x-intercept(s), y-intercept, vertex, axis of symmetry,
and concavity.
Concavity of a parabola describes whether a parabola opens up or
opens down. A parabola is concave up if it opens upward; a parabola is
concave down if it opens downward.
1. The form of a quadratic function reveals different key
characteristics. State the characteristics you can determine
from each form.

1c. Vertex form:
I can determine the
vertex, whether the
parabola is concave up
or concave down, and
the axis of symmetry
when the quadratic
function is in vertex
form.

a. Standard form

b. Factored form

C. Vertex form

152 • TOPIC 2: Exploring and Analyzing Patterns

A2_M01_T02_L04_Student Lesson.indd 152

5/25/21 1:29 PM

152 • TOPIC 2: Exploring and Analyzing Patterns

A2_M01_T02_L04_TIG.indd 152

5/28/21 2:19 PM

Answers
2a. Both methods require
that you determine
the axis of symmetry,
and then substitute
that value into the
function to determine
the y-coordinate of the
vertex. The methods
are different in the way
the axis of symmetry is
determined. Christine
b
used x 5 2 ___
2a  and Kate

2. Christine and Kate were asked to determine the vertex of two
different quadratic functions, each written in a different form.
Analyze their calculations.

Christine

f(x) = 2x2 + 12x + 10
The quadratic function is in
standard form. So I know the
−b
axis of symmetry is x = ___
2a .

x

−12
= ___
2(2)

= −3

Kate

1

g (x) = _
(x + 3)(x − 7)
2

The form of the function tells

me the x-intercepts are −3 and 7.
I also know the x-coordinate

of the vertex is directly in the
middle of the x -intercepts. So,

Now that I know the axis of
symmetry, I can substitute
that value into the function to
determine the y-coordinate of
the vertex.

all I have to do is calculate their

f (−3) = 2(−3)2 + 12(−3) + 10

Now that I know the

= 2(9) − 36 + 10
= 18 − 36 + 10
= −8
Therefore, the vertex is (−3, −8).

average.

(r1 1 r2)

used x 5 ________
  2 .

−3 + 7
2
4
=_
=
2
2

x =

2b. Kate knows the a-value
from the form of her
quadratic equation.
She must multiply the
factors together and
combine like terms.
She would then have
a quadratic function in
standard form and can
determine the b-value.

x -coordinate of the vertex, I
can substitute that value into
the function to determine the
y -coordinate.
1
g (2) = _
(2 + 3)(2 − 7)
2
1

=_
(5)(− 5)
2
= −12.5

Therefore, the vertex is
(2, −12.5).

2c. Christine must factor
the quadratic function
or use the Quadratic
Formula to determine
the x-intercepts. Once
she determines the
x-intercepts, she can
use the same method
as Kate.

a. How are these methods similar? How are they different?

b. What must Kate do to use Christine’s method?

c. What must Christine do to use Kate’s method?
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Answers
3a. Graph A, Equation b
Graph B, Equation a
Graph C, Equation h
Graph D, Equation f
Graph E, Equation c
Graph F, Equation e
Graph G, Equation i
Graph H, Equation g
Graph I, Equation d

Do not use technology
for this activity. Instead,
use the information
you can determine
by analyzing each
equation and each
graph to determine
a match.

3b. Answers will vary.
Students may identify
the graphs by their
vertex, x-intercept(s),
y-intercept, and a-value
depending on the
form of the quadratic
function. They may
also substitute values
of points into the
functions or make
a table.

3. Cut out each quadratic equation and graph located at the end
of the lesson.
a. Tape each quadratic equation to its corresponding graph.

b. Explain the method(s) you used to match each equation with
its graph.

4. Analyze the three tables located at the end of the lesson. Tape
each function and its corresponding graph from Question 3 in
the “Graphs and Their Functions” section of the appropriate
table. Then, explain how you can determine each key
characteristic based on the form of the given function.

4. See tables located at the
end of the lesson.
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Answers
AC T I V I T Y

4.2

1a. The function f1 is a
possibility because
it has a negative
a-value and 2 negative
x-intercepts.
The function f2 is a
possibility because
it has a negative
a-value and a negative
y-intercept.
The function f8 is a
possibility because
it has a negative
a-value and a vertex in
Quadrant II.

Modeling a Quadratic Graph

1. Analyze each graph. Then, circle the function(s) which could
model the graph. Describe the reasoning you used to either
eliminate or choose each function.
a.

y
x

1

Think
about:
What information is
given by each function
and the relative
position of its graph?

2
f2(x) = −__
3 x − 3x − 6

f3(x) = 2(x + 1)(x + 4)

f4 (x) = 2x2 − 8 .9

f5(x) = 2(x − 1)(x − 4)

f6(x) = −(x − 6)2 + 3

f7 (x) = −3(x + 2)(x − 3)

f8(x) = −(x + 6)2 + 3

f1(x) = −2(x + 1)(x + 4)
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Answers
1b. The function f1 is a
possibility because
it has a positive
a-value and a vertex in
Quadrant IV.
The function f3 is a
possibility because
it has a positive
a-value and a positive
y-intercept.

b.

y

x

f1(x) = 2(x − 75)2 − 92

f2(x) = (x − 8) (x + 2)

f3(x) = 8x2 − 88x + 240

f4 (x) = −3(x − 1)(x − 5)

f5(x) = −2(x − 75)2 − 92

f6(x) = x2 + 6x − 2

f7(x) = 2(x + 4)2 − 2

f8(x) = (x + 1)(x + 3)
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Answers
c.

1c. The function f3 is a
possibility because
it has a positive
a-value and a positive
y-intercept.
The function f5 is a
possibility because
it has a positive
a-value and a vertex in
Quadrant I.

y

x

f1(x) = 3(x + 1)(x − 5)

f4 (x) = 3(x + 1)(x + 5)

f2(x) = 2(x + 6)2 − 5

f5(x) = 2(x − 6)2 + 5

f3(x) = 4x2 − 400x + 10,010

2a. The function is given in
factored form.
standard form:

f6(x) = x2 + 2x − 5

	
f1(x) 5 22(x2 1 5x 1 4)
	
5 22x2 2 10x 2 8
vertex form:
	f1(x) 5 22(x2 1 5x 1 4)

  4 ) 1 __
  2
5 22(x2 1 5x 1 ___
25

52
 2(x 1 __
  2) 1 __
  2
2b. The function is given in
vertex form.
standard form:
5

2. Consider the two functions shown from Question 1. Identify the
form of the function given, and then write the function in the
other two forms, if possible. If it is not possible, explain why.
a. f1(x) = −2(x + 1)(x + 4)

9

b. f5(x) = 2(x − 6)2 + 5

2

9

	
f5(x) 5
2(x2 2 12x 1 36) 1 5
	
5 2x2 2 24x 1 72 1 5
	
5 2x2 2 24x 1 77
factored form:
Sample answer.
The function does
not cross the x-axis,
therefore it does not
have real number
x-intercepts. I cannot
factor this function.
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Answer
1. Both George and Pat
are correct.
George and Pat each
used the vertex form
of a quadratic equation
and substituted h
 5 4
and k 5 8. George

AC T I V I T Y

4.3

Writing a Unique
Quadratic Function

You have used properties of linear functions to write linear equations. In
this activity, you will use properties of quadratic functions to write quadratic
equations in various forms.

1

chose a
 5 2 __
2 , and Pat

1. George and Pat each wrote a quadratic equation with a vertex
of (4, 8). Analyze each student’s work. Describe the similarities
and differences in their equations and determine who is
correct.

chose a
 5 1.
There was not enough
information given
to create a unique
quadratic equation,
therefore, both
equations represent
a quadratic equation
with the vertex (4, 8).

George

Pat

y = a(x − h)2 + k

y = a(x − h)2 + k

y = a(x − 4)2 + 8

y = a(x − 4)2 + 8

1
y = −_
(x − 4)2 + 8
2

y = (x − 4)2 + 8

You can write a unique quadratic function given a vertex and a point on
the parabola.

Worked Example
Write the quadratic function given the vertex (5, 2) and the point (4, 9).
Substitute the given values into
the vertex form of the function.
Then solve for a.

Finally, substitute the a-value
into the function.

f(x) 5 a(x 2 h)2 1 k
9 5 a(4 2 5)2 1 2
9 5 a(21)2 1 2
9 5 1a 1 2
7 5 1a
75a
f(x) 5 7(x 2 5)2 1 2
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Answer
You can write a unique quadratic function given the roots and a point on
the parabola.

2a. vertex form
2b. factored form

Worked Example

2c. standard form

Write a quadratic function given the roots (22, 0) and (4, 0), and the
point (1, 6).
Substitute the given values into
the factored form of the function.

f(x) 5 a(x 2 r1)(x 2 r2)
6 5 a(1 2 (22))(1 2 4)

Then solve for a.

6 5 a(1 1 2)(1 2 4)
6 5 a(3)(23)
6 5 29a
2
2__
35a

Finally, substitute the a-value
into the function.

f(x) 5 2__
3 (x 1 2)(x 2 4)

2d. none
2e. factored form
2f. factored form
2g. vertex form

2

2. Determine which form of a quadratic function would be most
efficient to write the function using the given information.
Write standard form, factored form, vertex form, or none in the
space provided.
a. minimum point (6, 275)
y-intercept (0, 15)
b. points (2, 0), (8, 0), and (4, 6)
c. points (100, 75), (450, 75),
and (150, 95)
d. points (3, 3), (4, 3), and (5, 3)
e. x-intercepts (7.9, 0) and (27.9, 0)
point (24, 24)
f. roots (3, 0) and (12, 0)
point (10, 2)
g. Max hits a baseball off a tee that
is 3 feet high. The ball reaches a
maximum height of 20 feet when
it is 15 feet from the tee.
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Answer
3a.	f (x) 5 23(x 1 3)2 1 4
Point (24, 1) is one
unit from the axis of
symmetry. The vertical
distance between the
vertex and (24, 1) is 3.
I know the parabola
opens down, therefore
the a-value must be 23.
3b.	f (x) 5 2(x 2 3) 2 2
Point (4, 0) is one
unit from the axis of
symmetry. The vertical
distance between the
vertex and (4, 0) is 2,
therefore the a-value
must be 2.

3. Write a quadratic function that includes the given points. If it is not possible to write a
function, state why not.
a. Given: vertex (23, 4); point (24, 1)

f(x) 5

f(x) 5
y
(–3, 4)

2

3c. I cannot determine
the equation of the
unique parabola using
the given points. I do
not know the axis of
symmetry; therefore, I
cannot determine the
relationship between
the points plotted and
the reference points
on the basic function.

b. Given: vertex (3, 22); one of two
x-intercepts (4, 0)

(–4, 1)
–6

–4

y

4

4

2

2
(4, 0)

–2

0
–2

2

x

–4

–2

–4

0
–2

4

x

(3, –2)

–4

c. Given: points (2, 1), (21, 22), (3, 210)

2

y

f(x) 5

8
4
–8

–4 0
(–1, –2)
–4

(2, 1)
4

8

x

–8
(3, –10)

4. Wilhemina says that she can write a unique quadratic
function given only two points. Is she correct?
Explain your reasoning.

4. Wilhemina is correct
only if it is given that
one of the two points is
the vertex. Otherwise,
you would need a
minimum of three
points to write a unique
quadratic function.
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AC T I V I T Y

4.4

Using Algebra to Write a
Quadratic Equation

In the previous activity, there were times when you could not determine
a quadratic equation using known strategies. You know how to use
technology to determine the equation, but what if you don’t have
technology?
You know that you need a minimum of 3 non-linear points to create a
unique parabola. To create an equation to represent the parabola, you
can use a system of equations.

Worked Example
Consider the three points given in Question 3 part (c) in the previous
activity: A (2, 1), B (21, 22), and C (3, 210).
To write an equation in standard form to represent a parabola that
passes through three given points, begin by substituting the x- and
y-values of each point into y 5 ax2 1 bx 1 c.
Point A: 1 5 a(2)2 1 b(2) 1 c
1 5 4a 1 2b 1 c

Equation A:

1 5 4a 1 2b 1 c

Point B: 22 5 a(21) 1 b(21) 1 c
Equation B: 22 5 a 2 b 1 c
22 5 a 2 b 1 c
2

Point C: 210 5 a(3)2 1 b(3) 1 c
210 5 9a 1 3b 1 c

Equation C: 210 5 9a 1 3b 1 c

Now, use linear combinations and substitution to solve for a, b, and c.
STEP 1: Subtract Equation B from A:

1 5 4a 1 2b 1 c
2(22 5 a 2 b 1 c)
3 5 3a 1 3b

STEP 2: Subtract Equation B from C:

210 5 9a 1 3b 1 c
2(22 5 a 2 b 1 c)
28 5 8a 1 4b

STEP 3: Solve the equation from Step 1
in terms of a.

3 5 3a 1 3b
3 2 3b 5 3a
12b5a
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Answers
1. Write the equation in
standard form for each
point that you know.

STEP 4: Substitute the value for a into
the equation from Step 2.

Equation 1:
5 5 a 2 b 1 c

STEP 5: Substitute the value for b into
the equation from Step 3.

Equation 2: 3 5 c
Equation 3:
9 5 9a 1 3b 1 c

	2 5 a 2 b
	a 5 b 1 2
Substitute the value for
a in terms of b and your
value for c into
Equation 3.

a 5 1 2 (4)
a 5 23

STEP 6: Substitute the values for a and b
into Equation A.

1 5 4a 1 2b 1 c
1 5 4(23) 1 2(4) 1 c
1 5 212 1 8 1 c
1 5 24 1 c
55c

STEP 7: Substitute the values for a, b,
and c into the standard form of
a quadratic.

y 5 23x2 1 4x 1 5

Substitute Equation
2 into Equation 1 and
solve for a.
	5 5 a 2 b 1 3

28 5 8(1 2 b) 1 4b
28 5 8 2 4b
16 5 4b
45b

1. Use the Worked Example to write a quadratic equation that passes
through the points (21, 5), (0, 3), and (3, 9).

9 5 9(b 1 2) 1 3b 1 3
9
 5 9b 1 18 1 3b 1 3
9 5 12b 1 21
2
 12 5 12b
2
 1 5 b
Substitute the values for
b and c into Equation 1.
	5 5 a 2 (21) 1 3
	5 5 a 1 4
	
a 5 1
Substitute the values
of a, b, and c into a
quadratic equation in
standard form.
	
f (x) 5 x2 2 x 1 3
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Answers
Happy Homes Development Company has hired Splish Splash Pools to
create the community pool for their new development of homes. The
rectangular pool is to have one section with a 4-foot depth, and another
section with a 9-foot depth. The pool will also have a diving board. By law,
the regulation depth of water necessary to have a diving board is 9 feet.
Happy Homes would like to have the majority of the pool have a 4-foot
depth in order to accommodate a large number of young children.

2.
(8, 5)

(10, 6)

5 ft
3 ft
4 ft

9 ft

* Figure Not Drawn
to Scale

The diving board will be 3 feet above the edge of the pool’s surface and
extend 5 feet into the pool. After doing some research, Splish Splash
Pools determined that the average diver would be 5 feet in the air when
they are 8 feet from the edge of the pool, and 6 feet in the air when they
are 10 feet from the edge of the pool.

Equation 1:
3 5 25a 1 5b 1 c

2. Use the dive model shown to write an equation, and then
determine the minimum length of the 9-foot-depth section of
the pool. Explain your reasoning.

Equation 3:
6 5 100a 1 10b 1 c

Equation 2:
5 5 64a 1 8b 1 c

Subtract Equation 2
from Equation 1 to get 
22 5 239a 2 3b.

9 ft

Subtract Equation 3
from Equation 2 to get 
21 5 236a 2 2b.

4 ft

Solve the equation
21 5 236a 2 2b in
terms of b:
b 5 218a 1 0.5

* Figure Not Drawn to Scale

Substitute the value of
b into the equation you
found in the first step.
	
22 5 239a 2
3(218a 1 0.5)
¯
	
a 5 20.033
  
Substitute the value of
a into the equation you
found when solving
for b.
¯) 1 0.5
	
b 5 218(20.0 33
	
b 5 1.1
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section of the pool is
31.41 feet. I graphed h(d)
using technology and
determined the
x-intercepts.
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Substitute the values of
a and b into any of the
original equations and
solve for c.
¯) 1
	6 5 100(20.0 33
10(1.1) 1 c
¯
	
c 5 21. 66
Substitute the values
of a, b, and c into a
quadratic equation in
standard form.
¯x2 1
	
h(d) 5 20.0 33
¯
1.1x 2 1. 66
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Answers
1. Let h(d) represent
Amazing Larry’s height
in terms of the
distance, d.
	
h(d) 5 a(d 2 40)2 1 30

NOTES
Remember:

1
 0 5 a(0 2 40)2 1 30
10 5 1600a 1 30
1

	   2  ___
80  5 a
	
h(d) 5
1

2
2 ___
80  (d 2 40) 1 30

2. Let h(d) represent
Crazy Cornelius’s
height in terms of the
distance, d.

The general equation
to represent height
over time is
h(t) 5 216t2 1 v0 t 1 h0
where v0 is the initial
velocity in feet per
second and h0 is the
initial height in feet.

TALK the TALK
Fantastic Feats of Function
The Amazing Larry is a human cannonball. He would like to reach a
maximum height of 30 feet during his next launch. Based on Amazing
Larry’s previous launches, his assistant DaJuan has estimated that this
will occur when Larry is 40 feet from the cannon. When Amazing Larry
is shot from the cannon, he is 10 feet above the ground.
1. Write a quadratic equation to represent Amazing Larry’s
height in terms of his distance.

	
h(d) 5 a(d 2 r1)(d 2 r2)
3
 .5 5 a(13 2 10)(13 2 17)

Crazy Cornelius is a fire jumper. He is attempting to run and jump
through a ring of fire. He runs for 10 feet. Then, he begins his jump just
4 feet from the fire and lands on the other side 3 feet from the fire ring.
When Cornelius was 1 foot from the fire ring at the beginning of his
jump, he was 3.5 feet in the air.

3.5 5 a(3)(24)
3.5 5 212a
20.29 5 a
	
h(d) 5
20.29(d 2 10)(d 2 17)

2. Write a quadratic equation to represent Crazy Cornelius’
height in terms of his distance. Round to the
nearest hundredth.
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ELL Tip
Read aloud the title of the activity “Fantastic Feats of Function.”
Assess students’ prior knowledge of the term feat. Define a feat as an
achievement that requires great skill, courage, or strength. In the context
of the section title, discuss how a “function feat” could refer to the
specific characteristics of a quadratic function for each scenario in the
activity. Create a list of synonyms for feat, such as accomplishment,
attainment, and triumph.
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Answers
3. Let h(t) represent Harsh
Knarsh’s height in
terms of the time, t.

NOTES

Harsh Knarsh is attempting to jump across an alligator filled swamp.
She takes off from a ramp 30 feet high with a speed of 95 feet
per second.

	
h(t) 5 216t2 1 v0t 1 h0
	
h(t) 5 216t2 1 95t 1 30

3. Write a quadratic equation to represent Harsh Knarsh’s
height in terms of time.

4a. Van did succeed.
Van’s ball went
430.4 feet.
Sample answer.
I determined the
function for the height
of the ball in terms of
its horizontal distance
to be h
 (d) 5 20.0015d2
1 0.634d 1 5. I used
graphing technology
to graph the function
and then determined
the distance of his ball
when the height was 0.

Van McSlugger needs one more home run to advance to the next
round of the home run derby. On the last pitch, he takes a swing and
makes contact. Initially, he hits the ball at 5 feet above the ground. At
32 feet from home plate, his ball was 23.7 feet in the air, and at 220 feet
from home plate, his ball was 70 feet in the air.
4. Consider the function that represents the relationship
between the height of the ball and its distance from
home plate.
a. If Van’s ball needs to travel a distance of 399 feet in
order to get the home run, did he succeed?
Explain why or why not.

4b. The maximum height
of Van’s ball was about
72 feet.

b. What was the maximum height of Van’s baseball?
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ELL Tip
Determine whether students are familiar with the term home run
derby. If not, define a derby as a race or contest open to a specific
category of contestants. In the context of Question 4, a home run derby
is a contest to see which person can hit the most number of home runs in a
specified amount of time. Read aloud Question 4 and clarify any further
misunderstandings students may have about the term home run derby.
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Quadratic Equations Cutouts

1

a. f(x) 5 2(x 1 1)(x 1 5)

2
b. f(x) 5 __
3 x 1 πx 1 6.4

c. f(x) 5 22.5(x 2 3)(x 2 3)

d. f(x) 5 (x 2 1) 2

e. f(x) 5 2(x 2 1)(x 2 5)

f. f(x) 5 x 2 1 12x 2 1

g. f(x) 5 2(x 1 4) 2 2 2

h. f(x) 5 25x2 2 x 1 21

i. f(x) 5 2(x 1 2)2 2 4
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Why is this page blank?
So you can cut out the equations on the other side.
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Graph Cutouts
B.

y

A.
8

–5 –4 –3 –2 –1 0
–4

2
x

G.

–8

–20

–16

–30

–24

–40

–32

0 4

x

–2 –1 0 1
–10

F.
4

6

8

x

x

6

x

y

4
4

–8

I.

y
–8 –6 –4 –2

2

8

–2 0 2
–4

H.
8

x

y
–2 0 2
–8

x

y
–8 –4

20
10

–8

E.

y
–15 –10 –5 0 5
–10

30

4

4

D.

y

8

6

–10 –8 –6 –4 –2 0

C.

y

–2

0

x

y
16
12

–16

–4

8

–24

–6

4

–32

–8

–4 –2

0 2

4

6

x
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Why is this page blank?
So you can cut out the graphs on the other side.
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Answers
4. Standard Form

Standard Form
f(x) = ax2 + bx + c, where a ∙ 0

Graphs:
A.

Graphs and Their Functions

y
8
6
4
2
–10 –8 –6 –4 –2 0

x

1

b.	
f (x) 5 __
  3 x2 1 px 1 6.4
C.

y

Methods to Determine Key Characteristics
Axis of Symmetry

x-intercept(s)

30

Concavity

20
10
–2 –1 0 1
–10

2

x

h.	
f (x) 5 25x2 2 x 1 21
Vertex

D.

y-intercept

y
–15 –10 –5 0 5
–10

x

–20
–30
–40
LESSON 4: True to Form • 171

f.	
f (x) 5 x2 1 12x 2 1
A2_M01_T02_L04_Student Lesson.indd 171

Concave down when
a , 0.
(2b)

Vertex: Use _____
  2a  to
determine the
x-coordinate of the
vertex. Then substitute
that value into the
equation and solve
for y.
y-intercept: c-value

5/25/21 1:29 PM

Axis of symmetry:
b

x 5 2 ___
2a 

x-intercept(s):
Substitute 0 for y, and
then solve for x using
the Quadratic Formula,
factoring, or graphing
technology.
Concavity: Concave up
when a . 0.
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Answers
Factored Form

Factored Form
f(x) = a(x − r1)(x − r2), where a ∙ 0

Graphs:
B.

Graphs and Their Functions

y

8
4
–5 –4 –3 –2 –1 0
–4

x

–8

a.	
f (x) 5 2(x 1 1)(x 1 5)
E.
y

Methods to Determine Key Characteristics

–2 0 2
–8

6

4

8

x

Axis of Symmetry

x-intercept(s)

Concavity

–16
–24
–32

c.	
f (x) 5 22.5(x 2 3)(x 2 3)
F.

Vertex

y-intercept

y
8
4
–2 0 2
–4

4

6

x

–8
172 • TOPIC 2: Exploring and Analyzing Patterns

e.	
f (x) 5 2(x 2 1)(x 2 5)
Axis of symmetry:
(r1 1 r2)
x 5 ________
  2 

x-intercept(s):
(r1, 0), (r2, 0)
Concavity: Concave up
when a . 0.
Concave down when
a , 0.
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(r1 1 r2)

Vertex: Use ________
  2  to
determine the
x-coordinate of the
vertex. Then substitute
that value into the
equation and solve
for y.
y-intercept: Substitute
0 for x, and then solve
for y.
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Answers
Vertex Form

Vertex Form
f(x) = a(x − h)2 + k, where a ∙ 0

Graphs:
G.

Graphs and Their Functions

y

–8 –4

–8

0 4

x

8

–16
–24
–32

i.	
f (x) 5 2(x 1 2)2 2 4
H.
y

Methods to Determine Key Characteristics
Axis of Symmetry

x-intercept(s)

–8 –6 –4 –2

Concavity

–2

0

x

–4
–6
–8

Vertex

g.	
f (x) 5 2(x 1 4)2 2 2

y-intercept

I.
y
16
12
8
4
–4 –2
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0 2

4

6

x

d.	
f (x) 5 (x 2 1)2
Axis of symmetry: x 5 h
x-intercept(s):
Substitute 0 for y, and
then solve for x using
the Quadratic Formula,
factoring, or graphing
technology.
Concavity: Concave up
when a . 0.
Concave down when
a , 0.
Vertex: (h, k)
y-intercept: Substitute
0 for x, and then solve
for y.
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Assignment

Assignment
Answers

LESSON 4: True to Form

Write

Write

1a. Example: f (x) 5 4x2 1
8x 1 3; Standard form
helps determine the
y-intercept.

1. Write a quadratic function for each form and state whether the form helps determine the
x-intercepts, the y-intercept, or the vertex of the graph.
a. Standard form
b. Factored form

1b. Example: f (x) 5 (2x 1 1)
(2x 1 3); Factored form
helps determine the
x-intercepts.

c. Vertex form
2. Describe how to determine the concavity of a parabola.

Remember
The form of a quadratic function—standard, factored, or vertex—reveals different key characteristics,

1c. Example: f (x) 5 4(x 2 1)2
1 1; Vertex form helps
determine the vertex.

such as the x-intercept(s), y-intercept, vertex, axis of symmetry, and concavity up or down.
Given three points, you can determine a unique quadratic function algebraically by writing and solving
a system of equations.

2. A parabola is concave
down, or opens
downward, when the
a-value of a quadratic
function is negative. It
is concave up, or opens
upward, when the
a-value is positive.

Practice
1. Write a quadratic equation for the parabola that passes through the
point (2, 23) with roots (26, 0) and (4, 0).
2. Mitzu shoots an arrow from an initial height of 2 meters. The arrow reaches
its maximum height of 20 meters after it has flown a distance of 60 meters.
a. Write a quadratic function to represent the height of the arrow as a function
of its distance.
b. Determine the height of the arrow after it has flown a distance of 100 meters.

Practice

3. Use your knowledge of reference points to write an equation for the quadratic function that has a
vertex at (4, 23) and passes through (6, 21).

3

4. Write a quadratic equation that passes through the points (22, 8), (1, 14), and (0, 10).

1.	
f (x) 5  ___
16 (x 1 6)(x 2 4)
1

Stretch

2
2a.	H(d) 5 2 ____
200  (d 2 60)
1 20

___
__
__
Use algebra to write a quadratic equation that passes through the points (__
2 , 16 ), (1, 2 ), and (21, 2 ).
1 9

9

11

2b. The height of the arrow
is 12 meters after it has
flown a distance of 100
meters.
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	14 5 a 1 b 1 10
	4 2 b 5 a
Substitute this value
for a and the value
for c from equation (3)
into equation (1) and
solve for b:
	8 5 4(4 2 b) 2 2b 1 10
	3 5 b

Substitute the values
for b and c into
equation (2) and solve
for a:
	14 5 a 1 3 1 10
1
 5 a
The quadratic function
is
f (x) 5 x2 1 3x 1 10.

Stretch

6/3/21 8:20 PM

3. Point B is 2 units from
the axis of symmetry.
The vertical distance
between the vertex
and (6, 21) is 2. I know
the parabola opens up.
Therefore, the value of
1
a is  __
2.
The quadratic function
1
2
is f (x) 5  __
2(x 2 4) 2 3.

The quadratic
function is
67
1
7
f (x) 5 ___
 12x2 2 __
 2 x 2 ___
 12.

4. Equation (1):
8 5 4a 2 2b 1 c
Equation (2):
14 5 a 1 b 1 c

Equation (3): 10 5 c
Substitute equation (3)
into equation (2) and
solve for a:
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Assignment
Answers
Review

2a. The number of white
blocks in Figure n can
be represented by
the function
w(n) 5 2(n 1 2) 1 2n.

Review
1. Anita is on a competitive rowing team. After 2 minutes, the team rows at a constant speed of 4
meters per second. Which function represents the distance the boat travels as a function of the
number of seconds they have rowed after the first 2 minutes? Explain your reasoning.
f1(x) 5 4x2 1 2

f2(x) 5 4x

f3(x) 5 4 x

2. The figures shown represent a visual pattern of tiles.
a. Write the function w(n) to represent the number of
white blocks in Figure n.
b. Write the function b(n) to represent the number of
black blocks in Figure n.

Figure 1

Figure 2

Figure 3

c. The total number of blocks in Figure n can be
represented by the function t(n) 5 (n 1 2)(n 1 2).
Use the functions you wrote to show that t(n) 5 w(n) 1 b(n).
3. Determine the volume of each figure. Round your answer to the nearest hundredth.
a. Cylinder

b. Cone

10 cm

12 cm

2b. The number of black
blocks in Figure n can
be represented by the
function b(n) 5 n2.

11 ft

1. Function f2 represents
this situation because
the rowing teams’
distance after the first
2 minutes is increasing
at a constant rate,
which means the
function is linear.
Function f2 is the only
linear function.

14 ft

2c.	t (n) 5 w(n) 1 b(n)
(n 1 2)(n 1 2) ≟
2(n 1 2) 1 2n 1 n2 
	
n2 1 2n 1 2n 1 4 ≟
2n 1 4 1 2n 1 n2 
	
n2 1 4n 1 4
5 n2 1 4n 1 4
3a. Volume 5 942.48 cm3
3b. Volume 5 564.44 ft3
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The Root of the
Problem

5
x

MATERIALS
None

Solving Quadratic Equations
Lesson Overview
Students solve quadratic equations of the form y 5 ax2 1 bx 1 c. They first factor trinomials and use
the Zero Product Property. Students then complete the square to determine the roots of a quadratic
equation that cannot be factored. Finally, students use the Quadratic Formula to solve problems in and
out of context.

Algebra 2
Quadratic and Square Root Functions, Equations, and Inequalities
(4) The student applies mathematical processes to understand that quadratic and square
root functions, equations, and quadratic inequalities can be used to model situations, solve
problems, and make predictions. The student is expected to:
	(F) solve quadratic and square root equations.

ELPS
1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I, 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas
• One method of solving quadratic equations in the form 0 5 ax2 1 bx 1 c is to factor the trinomial
expression and use the Zero Product Property.
• When a quadratic equation in the form 0 5 ax2 1 bx 1 c is not factorable, completing the square
is an alternative method of solving of the equation.
_________

2b6√ b224ac 
  
, can be used to solve to any quadratic equation written
• The Quadratic Formula, x 5 ______________
 
2a

in general form, 0
 5 ax2 1 bx 1 c, where a, b, and c represent real numbers and a
 Þ 0.
• A system of equations containing two quadratic equations can be solved algebraically
and graphically.
• The Quadratic Formula, substitution, and factoring are used to algebraically solve systems of equations.
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Lesson Structure and Pacing: 2 Days
Day 1
Engage
Getting Started: Grassroots
Students use the Properties of Equality to solve quadratic equations written in specific forms.
They analyze a strategy for solving an equation in the form y 5 x2 1 dthat uses factoring.
Develop
Activity 5.1: Solving Quadratic Equations by Factoring
A Worked Example shows how to use factoring and the Zero Product Property to determine the
roots of a given quadratic equation. Students then practice solving quadratic equations by factoring.
Activity 5.2: Completing the Square to Determine Roots
Students analyze a Worked Example that demonstrates how to complete the square to determine
the zeros of the quadratic function that is unfactorable. Students then complete the square to
determine the roots of other quadratic equations both in and out of context.

Day 2
Activity 5.3: Using the Quadratic Formula
Students review the Quadratic Formula as a method to calculate the roots of any quadratic equation
written in general form. They analyze a Worked Example demonstrating how to use the Quadratic
Formula to calculate the roots of a quadratic equation. They then use the formula to solve a problem
in context. Students identify and correct a common error that occurs when using the Quadratic
Formula and then use the Quadratic Formula to calculate the zeros of other functions.
Demonstrate
Talk the Talk: Show Me the Ways
Students determine the roots of a quadratic equation using four methods: factoring, completing
the square, using the Quadratic Formula, and graphing.

177B • TOPIC 2: Exploring and Analyzing Patterns

A2_M01_T02_L05_Lesson Overview.indd 2

5/28/21 2:34 PM

Getting Started: Grassroots

ENGAGE

Facilitation Notes
In this activity, students use the Properties of Equality to solve quadratic
equations written in specific forms. They analyze a strategy for solving an
equation in the form y 5 x2 1 dthat uses factoring.
Have students complete Questions 1 and 2 with a partner or in groups.
Share responses as a class.
Questions to ask
• What operation or operations can you perform to isolate
the variable?
• Which Property of Equality is associated with each operation?
• When do you need to take the square root before isolating
the variable?
• How does the solution process of isolating a variable and then
taking a square root compare to the solution process of taking a
square root and then isolating the variable?
• How did setting one side of the equation equal to 0 factor into
Oscar's solution strategy?
• Which property or properties did Oscar use in his strategy?

Summary
You can use Properties of Equality to solve quadratic equations in the form
y 5 x2 1 d, y 5 (x 2 c)2, y 5 a(x 2 c)2, or y 5 a(x 2 c)2 1 d.

Activity 5.1

DEVELOP

Solving Quadratic Equations by Factoring

Facilitation Notes
In this activity, a Worked Example shows how to use factoring and the
Zero Product Property to determine the roots of a given quadratic
equation. Students then practice solving quadratic equations by factoring.
Ask a student to read the introduction aloud. Analyze the Worked
Example and complete Question 1 as a class.
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Differentiation strategies
• To scaffold support, have students number the steps in the
Worked Example.
• To extend the activity, discuss the relationship between the Worked
Example and the roots in factored form, y 5 a(x 2 r1)(x 2 r2).
Misconception
Students can use technology to identify the values of x that make the
equation true by graphing the parabola x 2 2 4xand the horizontal line
y 5 23. In this case, the solutions are the points of intersection between
the two graphs. When solving the equation algebraically, students must
set the quadratic expression equal to zero, factor the quadratic, and then
use the Zero Product Property. In this case, they are actually determining
the roots, or x-intercepts. The graphical representation of this solution is
the intersection of the parabola and the horizontal line y 5 0.
Have students complete Question 2 with a partner or in groups and share
responses as a class.
Questions to ask
• How are the errors in each student’s work similar?
• What strategy did you use to correctly solve the equation?
• What do the solutions mean in terms of the given equations?
Have students work with a partner or in a group to complete Questions 3
and 4. Share responses as a class.
As students work, look for
• Products that are correct, but do not lead to the correct sum for the
middle term.
• Sign errors.
• Problems factoring the polynomial in Question 3 part (c) because
of the fractional coefficients. Remind students that they can
multiply both sides of the equation by 6 to make the coefficients
whole numbers.
• The realization that the f (x) 5 x2 1 10x 1 12cannot be factored.
Questions to ask
• What are the different ways the constant can be expressed as a
product of two numbers?
• Is the middle term the sum of the two numbers? How do you know?
• Why does a factor ( x 2 c)lead to a root x 5 c?
• How can you check that your answer is correct?
• How can you rewrite an equation without fractions?
• What do the solutions mean in terms of the given equation?
• Do you think an equation that cannot be factored can still have
roots? Explain.
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Differentiation strategy
To extend the activity, have students use technology to verify the
solutions graphically.

Summary
One method to solve a quadratic trinomial of the form a
 x2 1 bx 1 c 5 dis
to use the Properties of Equality so that the quadratic expression equals zero,
factor the quadratic expression, and then determine the roots using the Zero
Product Property.

Activity 5.2

Completing the Square to Determine Roots

Facilitation Notes
In this activity, students analyze a Worked Example that demonstrates how
to complete the square to determine the zeros of the quadratic function
that is unfactorable. Students then complete the square to determine the
roots of other quadratic equations both in and out of context.
Ask a student to read the introduction aloud. Analyze the Worked Example
as a class.
Questions to ask
• How is this Worked Example different than the work you did in the
previous activity?
• Why is the algebraic expression set equal to zero?
• What is the first step in the Worked Example?
• Why is the c-value equal to 25?
• Why is it necessary to add 25 to the right side of the equation?
• Once the trinomial is rewritten as a perfect square trinomial, how
are the steps familiar?
• What do the solutions mean in terms of the given equation?
• Revisit the graph of this function in the previous activity. How can
you interpret the solutions in terms of the graph?
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
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Questions to ask
• What value is substituted for y?
• What term is moved to the other side of the equation?
• What constant is added to both sides of the equation to complete
the square?
• What is the trinomial in factored form?
• How do you solve the remainder of the problem to get both roots?
Have students work with a partner or in a group to complete Questions 2
and 3. Share responses as a class.
Misconception
Students may think that because they used one method to start on the
solution path that they cannot use a different method at any point. For
example, when a quadratic equation is written in general form, the zeros
may be easiest to identify using graphing technology. Encourage students
to try different solution paths.
Questions to ask
• How can you use technology to determine the maximum height of
the ball?
• What intervals can you use to show a complete graph?
• How would you describe the shape of the graph?
• How is the vertex related to the maximum point on the parabola?
• Is the height of the ball related to the x- or y-coordinate of the
maximum point?
• How could you solve this problem using the completing the
square method?
• How did you label the two parallel sides of the rectangular plot that
both have fencing?
• How did you label the side of the plot that is parallel to the house?
• What does your equation represent?
• What does the vertex of the parabola represent in this
problem situation?
• What is another way to determine the dimensions that create the
rectangular plot with the greatest area?

Summary
You can complete the square to determine the roots of a quadratic equation.
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Activity 5.3
Using the Quadratic Formula

Facilitation Notes
In this activity, students review the Quadratic Formula as a method to
calculate the roots of any quadratic equation written in general form.
They analyze a Worked Example demonstrating how to use the Quadratic
Formula to calculate the roots of a quadratic equation. They then use the
formula to solve a problem in context. Students identify and correct a
common error that occurs when using the Quadratic Formula and then use
the Quadratic Formula to calculate the zeros of other functions.
Analyze the Worked Example as a class.
Differentiation strategies
To assist all students,
• Suggest that they use parentheses when substituting in values.
This helps students avoid errors, particularly when the b-value
is negative.
• Advise that they complete the problem in stages, rather than
entering the entire expression in the calculator at one time.
Questions to ask
• Why must the quadratic equation appear in standard form to use
the Quadratic Formula?
• Why do you have to separate your work into two equations?
• How can you check your solutions?
• What would you get if you substituted either x 5 25.5or x 5 24.5
into the quadratic equation?
• How can you use a graph to check your solutions?
Have students work with a partner or in a group to read the scenario and
complete Questions 1 and 2. Share responses as a class.
Questions to ask
• Draw a sketch to represent this problem situation.
• In which form is the quadratic function describing the launched
T-shirts written?
• What are the values of a, b, and c?
• Do both roots make sense in the problem situation? Why or why not?
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Differentiation strategies
To extend the activity,
• Have students solve this problem using graphing technology.
• Have students research how to program the Quadratic Formula into a
graphing calculator.
Have students work with a partner or in a group to complete Questions 3
and 4. Share responses as a class.
Questions to ask
• Did Meredith use the correct values for a, b, and c?
• How is the form in which Meredith's equation is written different
than the form of the equations you solved in the previous
two questions?
• Is Meredith's equation set equal to 0?
• How can you rewrite Meredith's equation so it is equal to 0?
• What are the values for a, b, and c?
• What value appears under the radical after all operations
are performed?
• What value appears in the denominator?

Summary

_________

2b6√ b224ac 
The Quadratic Formula, x 5 ______________
  
 
2a , is a tool to calculate the roots to

any quadratic equation written in standard form, a
 x2 1 bx 1 c 5 0.

DEMONSTRATE

Talk the Talk: Show Me the Ways
Facilitation Notes
In this activity, students determine the roots of a quadratic equation
using four methods: factoring, completing the square, using the Quadratic
Formula, and graphing.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
As students work, look for
The same results using the four different methods. All methods should
result in identifying the same two roots, x 5 23and x 5 1.
Questions to ask
• Which method did you complete first? Why?
• Did all methods result in the same two roots?
• Based on the form of this quadratic equation, which method do you
prefer? Why?
• Did you use technology? If so, how?
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Differentiation strategy
To extend the activity, discuss the four methods used to determine the
real roots of the quadratic equation in Question 1. Have students explain
circumstances in which each method might be preferable over the others.
Then, have students create equations that would be most efficiently
solved using each method.

Summary
Factoring, completing the square, using the Quadratic Formula, and
graphing are all methods used to solve for the roots of quadratic equations.
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Warm Up Answers

The Root of
the Problem

5

1. x 2 1 3x 1 2
2. x 2 2 x 2 20
3. 2 x2 2 11x 1 12
4. x 2 1 4x 1 4

Solving Quadratic Equations

Warm Up

Use the Distributive Property
to determine each product.
1. (x 1 1)(x 1 2)
2. (x 1 4)(x 2 5)
3. (2x 2 3)(x 2 4)
4. (x 1 2)2

Learning Goals

• Factor quadratic trinomials to determine the roots of
quadratic equations and to rewrite quadratic functions in
forms that reveal different key characteristics.
• Complete the square to determine the roots of quadratic
equations of the form ax2 1 bx 1 c.
• Use the Quadratic Formula to determine roots and zeros.

Key Term

• Quadratic Formula

You have analyzed the different structures of quadratic equations. How can the structure of a
quadratic equation help you determine a solution strategy? Is there a single strategy that works to
solve any quadratic equation?
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Answers
1. Sample answers.

GETTING STARTED

1a.	27 5 x 2 9
2

Grassroots

	
27 1 9 5 x2 2 9 1 9
Addition Property of
Equality
___

You know how to use the Properties of Equality to solve equations in the
forms shown.
y 5 x2 1 d
y 5 (x 2 c)2
y 5 a(x 2 c)2
y 5 a(x 2 c)2 1 d

___

	√36  5 √
 x2 
Square Root Property
	6 6 5 x
1b.	(x 1 3)2 5 121
_________

_____

1. Use Properties of Equality to solve each equation. State the
property used in each step of your solution.

	√ (x 1 3)2  5 √
 121 
Square Root Property
	
x 1 3 2 3 5 23 6 11
Subtraction Property
of Equality
	
x 5 8, 214
1c.	48 5 3(x 2 1)2

a. 27 5 x2 2 9

b. (x 1 3)2 5 121

c. 48 5 3(x 2 1)2

1
d. __
(x 1 5)2 2 18 5 0
2

3(x 2 1)2

48

________
	  ___
3 5  
3 

Division Property
of Equality
___

2. Describe the strategy Oscar used to solve part (a) in Question 1.

_________

	√16  5 √ (x 2 1)  
Square Root Property
	
1 6 4 5 x 2 1 1 1
Addition Property
of Equality
2

Oscar

27 5 x2 2 9

27 2 27 5 x2 2 9 2 27
0 5 x2 2 36

0 5 (x 2 6)(x 1 6)

	
x 5 5, 23
1

2
1d.	 __
2  (x 1 5) 2 18 5 0

(x 2 6) 5 0
x 5 6

1
2
	 __
2  (x 1 5) 2 18 1 18

and

and

(x 1 6) 5 0

x 5 26

5 0 1 18
Addition Property
of Equality
1

	
2 ? __
  2 (x 1 5)2 5 2 ? 18

Multiplication Property
of Equality
_________

___

	√ (x 1 5)2  5 √
 36  
Square Root Property
	
x 1 5 2 5 5 25 6 6
Subtraction Property
of Equality
	
x 5 1, 2 11
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Answers
AC T I V I T Y

5.1

1. To keep both sides of
the equation balanced,
you must perform
the same operation
on both sides of the
equals sign.

Solving Quadratic Equations
by Factoring

Let’s consider strategies to solve quadratics in the form y 5 ax2 1 bx 1 c
using the factoring strategies you have learned.

Worked Example
You can use factoring to calculate the roots for the quadratic equation
x2 2 4x 5 23.
x2 2 4x 5 23
x2 2 4x 1 3 5 23 1 3
x2 2 4x 1 3 5 0
(x 2 3)(x 2 1) 5 0
(x 2 3) 5 0
x23135013
x53

and
and
and

(x 2 1) 5 0
x 2 1 1 15 0 1 1
x51

Remember:

The Zero Product
Property states that
if the product of two
or more factors is
equal to zero, then at
least one factor must
be equal to zero.

2. Sample answer.
Neither student set the
equation equal to zero
before factoring. You
can only use the Zero
Product Property if the
product of the factors
is equal to zero.
Angela’s equation
x 2 1 6x 2 7 5 0
	
(x 1 7)(x 2 1) 5 0

1. Why is 3 added to both sides in the first step of the
Worked Example?

	
x 5 27and x 5 1

Think
about:

2. Determine each student’s error and then solve each
equation correctly.

Angela

Dwight

x(x 1 6) 5 7

(x 1 2)(x 1 3) 5 6

x2 1 6x 5 7

What is the connection
between the Worked
Example and
determining the roots
from factored form,
y 5 a(x 2 r1)(x 2 r2)?

Dwight’s equation
x 2 1 5x 5 0
	
x(x 1 5) 5 0
	
x 5 0and x 5 25

x2 1 5x 1 6 5 6

x 5 7 and x 1 6 5 7
x 5 1

x 1 2 5 6 and x 1 3 5 6
x 5 4 and

x 5 3
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Answers
3a.	x 5 6and x 5 2

3. Use factoring to solve each quadratic equation, if possible.

3b.	x 5 27and x 5 21

a. x2 2 8x 1 12 5 0

b. x2 1 8x 5 27

5
2 2
__
c. __
3x 2 6x 5 0

d. f(x) 5 x2 1 10x 1 12

5

3c.	x 5 0and x 5 __
  4 

3d. cannot be factored
4. Jim used the Properties
of Equality because
the quadratic equation
only had one variable
term. Pam factored
the quadratic equation
using the difference of
two squares and then
used the Zero Product
Property to determine
the two solutions.

Think
about:
What efficiency
strategies did you
use to solve linear
equations with
fractional coefficients?

4. Describe the different strategies and reasoning that Jim and Pam
used to solve 4x2 2 25 5 0.

Jim

Pam

4x2 2 25 5 0

4x2 5 25
25
x2 5 ____
4

√

__

25
x 5 6 ____
4
5
x 5 6__
2

4x2 2 25 5 0
(2x 2 5)(2x 1 5) 5 0
2x 2 5 5 0 and 2x 1 55 0
2x 5 5
2x 5 25
x 5 __52 and x 5 2__52
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AC T I V I T Y

5.2

Completing the Square to
Determine Roots

You can use the completing the square method to determine the roots of
a quadratic equation that cannot be factored.

Worked Example
Complete the square to determine the roots of the equation
x2 1 10x 1 12 5 0.
Isolate x2 1 10x.
Determine the constant
term that would complete
the square. Add this term to
both sides of the equation.
Rewrite the left side as a
perfect square.
Take the square root of each
side of the equation.

x2 1 10x 1 12 2 12 5 0 2 12
x2 1 10x 5 212
5 212 1
x2 1 10x 1
x2 1 10x 1 25 5 212 1 25
x2 1 10x 1 25 5 13

Ask
yourself:

(x 1 5)2 5 13
_________

How was equality
of the equation
maintained through
the completing the
square process?

____

13
√ (x 1 5)2 5 6√____
x 1 5 5 6√ 13

____

____

Set the factor of the
x 1 5 5 √ 13
and x 1 5 5 2√ 13
____
____
perfect square trinomial
x 5 25 1 √ 13 and x 5 25 2 √ 13
equal to each square root
x ø 21.39
and x ø 28.61
of the constant. Then solve
for x.
The roots are approximately 21.39 and 28.61.

LESSON 5: The Root of the Problem • 181

A2_M01_T02_L05_Student Lesson.indd 181

5/25/21 1:22 PM

LESSON 5: The Root of the Problem • 181

A2_M01_T02_L05_TIG.indd 181

5/28/21 2:34 PM

Answer
__

1a.	x 5 3 6 √
 5 

1. Complete the square to determine the roots of each equation.

___

1b.	x 5 6 6 √
 30 

a. x2 2 6x 1 4 5 0

2. The maximum height of
the ball is 20 feet.
3. The dimensions of the
rectangular plot with
the maximum area are
15 feet for the width
and 30 feet for the
length parallel to the
house. The maximum
area is 450 square feet.

b. x2 2 12x 1 6 5 0

house
x

2. A ball is thrown straight up from 4 feet above the ground with
a velocity of 32 feet per second. The height of the ball over time
can be modeled with the function h(t) 5 216t2 1 32t 1 4. What is
the maximum height of the ball?

x
60 − 2x

3. Jessie is fencing in a rectangular plot outside of her back door so
that she can let her dogs out to play. She has 60 feet of fencing
and only needs to place it on three sides of the rectangular
plot because the fourth side will be bound by her house. What
dimensions should Jesse use for the plot so that the maximum
area is enclosed? What is the maximum area? Draw a diagram to
support your work.
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AC T I V I T Y

5.3

Using the Quadratic Formula
__________

2b 6 √ b2 2 4ac
The Quadratic Formula, x 5 ________________
, can be used to calculate the
2a
solutions to any quadratic equation of the form ax2 1 bx 1 c 5 0, where a,
b, and c represent real numbers and a Þ 0.

Worked Example
You can use the Quadratic Formula to determine the zeros of the
function f(x) 5 24x2 2 40x 2 99.
Rewrite the function as an
equation to be solved for x
when y 5 0.
Determine the values of
a, b, and c.
Substitute the values into
the Quadratic Formula.
Perform operations to
rewrite the expression.

24x2 2 40x 2 99 5 0
a 5 24, b 5 240, c 5 299
_______________________

2(240) 6 √ (240) 2 4(24)(299)
x 5 _____________________
2(24)
2

_______________

40 6 √ 1600 2 1584
x 5 ____________________
28
____

40 6 √ 16
x 5 __________
28
40 6 4

x 5 _______
28
40 1 4
x 5 _______
28
44
x 5 ____
28

40 2 4

and

x 5 _______
28

and

x 5 ____
28

36

x 5 25.5
and x 5 24.5
The zeros of the function f(x) 5 24x2 2 40x 2 99 are
x 5 25.5 and x 5 24.5.

The Seaside Serpents baseball team has a new promotional activity to
encourage fans to attend games: launching free T-shirts! They can
launch a T-shirt in the air with an initial velocity of 91 feet per second
1
from 5__
2 feet off the ground (the height of the team mascot).
A T-shirt’s height can be modeled with the quadratic function
h(t) 5 216t2 1 91t 1 5.5, where t is the time in seconds and h(t) is the
height of the launched T-shirt in feet. They want to know how long it will
take for a T-shirt to land back on the ground after being launched (if no fans
grab it before then!).

Ask
yourself:
What would a sketch
showing the height of
the T-shirt over time
look like?
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Answers
1. It makes sense to
use the Quadratic
Formula because the
quadratic equation
is not factorable and
completing the square
would be difficult
with the values of
the coefficients.
2.

__________________
291 6  
 912 24(216)(5.5) 
_________________________

√   
x 5   
 
2(216)

______

291 6 √
 8633 
	
5  ______________

232

1. Why does it make sense to use the Quadratic Formula to solve
this problem?

Ask

2. Use the Quadratic Formula to determine how long it will take for
a T-shirt to land back on the ground after being launched.

yourself:
Do you think an
exact solution or
approximate solution
is more appropriate
for this context?

3. Meredith is solving the quadratic equation x2 2 7x 2 8 5 3.
Her work is shown.
a. Identify Meredith's error.

Meredith
x2 2 7x 2 8 5 3

	
x < 20.0598 and
x < 5.747

a 5 1, b 5 27, c 5 28

___________

√
x 5 ____________________________
2(27) 6 (27)2 2 4(1)(28)

The T-shirt will take
about 5.75 seconds
to land back on the
ground after being
launched.

2(1)

______

b. Determine the solution
to Meredith's quadratic
equation.

7 6 √ 49 1 32
x 5 ________________
2
__

√
x 5 _________
2
7 6

81

7 6 9
x 5 _______
2

7 1 9
7 2 9
or x 5 _______
x 5 _______
2
2

3a. Meredith determined
the roots of the
equation y 5 x2 2 7x 2 8,
not of the equation
y 5 x2 2 7x 2 11. To
determine the roots of
a quadratic equation
using the Quadratic
Formula, the equation
must be set equal to 0.

22
__ 5 8 or x 5 ___
x 5 16
5 21
2
2
The roots are 8 and 21.

4. Use the Quadratic Formula to determine the zeros for each
function. Round the solutions to the nearest hundredth.
a. f(x) 5 2x2 1 10x 2 1.02

b. h(x) 5 3x2 1 11x 2 2

___

76√
 93 
3b.	x 5  _________

2
x < 8.32and x < 21.32

4a.	x 5 25.10and
x 5 20.10
4b. x < 23.84and x < 0.17
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Answers
1.	
y 5 2x2 1 4x 2 6

NOTES

TALK the TALK

	2x2 1 4x 2 6 5 0
Factoring:

Show Me the Ways

	2(x 1 3)(x 2 1) 5 0
	x 5 23, x 5 1

1. Determine the real roots of the quadratic equation
y 5 2x2 1 4x 2 6 using each method.

Completing the Square:
2
 x2 1 4x 5 6

Completing
the Square

Factoring

2
 (x2 1 2x) 5 6
x 2 1 2x 5 3
	x2 1 2x 1 1 5 4 
( x 1 1)2 5 4
x 5 21 6 2
	x 5 23, x 5 1
Quadratic Formula:
	
a 5 2, b 5 4, c 5 26

_______________

24 6  
√ 42 24(2)(26) 
  
	
x 5  ___________________
2(2)

y 5 2x2 1 4x 2 6

___

24 6 √
 64 
	x 5   __________

4
24 6 8
	x 5 ________
  4 


	x 5 23, x 5 1
Graphing:
y
8
Using the
Quadratic
Formula

4
(–3, 0)

Graphing

−8

(1, 0)
0

−4

4

8

x

−4
−8
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Assignment

Assignment
Answers

LESSON 5: The Root of the Problem

Write
Write

Remember

Describe when you would use each

You can solve quadratic equations using factoring,

method to solve a quadratic equation.

completing the square, the Quadratic Formula, and

1. Factoring

graphing.

1. Sample answer.
I would use factoring
to solve a quadratic
equation if it is easily
factored or it is already
in factored form.

2. Complete the square
3. Quadratic Formula

2. Sample answer.
I would complete
the square to solve a
quadratic equation if
the equation cannot
be factored but
completing the square
can be done easily.

Practice
1. Solve each equation.
a. 0 = x2 − 7x − 18

b. x2 + 10x = 39

c. 0 = x2 − 10x + 12

d. 2x2 + 4x = 0

e. 3x2 − 22x + 7 = 0
2. Determine the roots of each equation. Check your solutions.
a. y = x2 + 9x + 3

b. y = 3x2 + 24x − 6

3. Kian is driving 48 miles per hour and is speeding up to merge onto the highway. He gradually
1

2
accelerates at a rate of 7 miles per hour for several seconds. The formula s = ut + __
2 at can be used

to calculate the distance, s, an object travels in t seconds. In this formula, u represents the initial
velocity, and a represents a constant acceleration.

a. Substitute the initial velocity and constant acceleration into the formula to write an equation to
represent the distance Kian travels.
b. Use the Quadratic Formula to determine the roots of the equation. What do the roots represent in
the context of the problem situation? Explain your reasoning.

Stretch
The function g is defined by g(x) = x2 − 3x − 10. If g(x + 3) = x2 + bx − c, what are the values of b
and c? Show your work and justify your answer.

3. Sample answer.
The quadratic
formula can be
used to solve any
quadratic equation in
standard form. I would
use the quadratic
formula to solve a
quadratic equation
if the equation is
not factorable or if
completing the square
is difficult.

Practice
1a.	x 5 9and x 5 22
1b.	x 5 213and x 5 3
___

1c.	
x 5 5 6 √ 13 
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96
3b.	t 5 0and t 5 2  ___
7 

The roots represent
the time it takes to
travel a distance of 0
miles. The root t 5 0
is reasonable, because
the car will travel
0 miles in 0 hours.
96

1d.	x 5 0and x 5 22
1

1e.	x 5 __
  3 and x 5___
7
√ 69 
2a.	x 5 24.5 6  _____
2 

Stretch

	x < 28.653 and
x < 20.347

g(x 1 3) 5 (x 1 3)2 2 3(x 1 3) 2 10
5 x2 1 6x 1 9 2 3x 2 9 2 10
5 x2 1 3x 2 10

2b.	x 5 24 6 3√ 2 

So, b 5 3and c 5 10.

__

	x < 28.243 and
x < 0.243
1

3a.	s 5 (48)t 1 __
  2 (7)(t2)
7

	
s 5 __
  2 t2 1 48t

The root t 5 2 ___
7  is not
reasonable, because
time cannot have a
negative value.
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Assignment
Answers
Review
1a. factored form

3
1
1b. Zeros: x 5 2 __
 5 __
  4
2  or x
1
Axis of symmetry: x 5
 __
 8 

2.	
y 5 4(x 1 5)(x 1 3)

3a.	x 5 214and x 5 11
17

3b.	x 5 2 ___
 5 5
3  and x

Review

1

3

__
1. Consider the function f(x) 5 (x 1 __
2 )(x 2 4 ).

a. Identify the form of the function as factored, general, or vertex.
b. Identify the zeros and axis of symmetry of the function.

2. Write a quadratic equation for the parabola that passes through the point (22, 12) with roots (25, 0)
and (23, 0).
3. Solve each equation for the unknown value.
a. |2x 1 3| 5 25

b. 9 5 |23x 2 1| 2 7
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i Want to Believe

MATERIAL
None

Imaginary and Complex Numbers

Lesson Overview
Students are introduced to imaginary numbers to calculate the square root of a negative number,
and imaginary numbers are placed within the complex number system. They apply the Commutative
Property, the Associative Property, and the Distributive Property to add, subtract, and multiply
complex numbers. Students use the structure of quadratic equations in the form y 5 ax2 1 c, vertex
form, and in standard form, as well as the discriminant and the graph to determine whether the roots
of an equation are real or imaginary. They solve quadratic equations that have imaginary roots. They
apply the Fundamental Theorem of Algebra to make sense of the fact that a quadratic equation can
have two unique real number solutions, two equal real number solutions, or two imaginary solutions.

Algebra 2
Quadratic and Square Root Functions, Equations, and Inequalities
(4) The student applies mathematical processes to understand that quadratic and square
root functions, equations, and quadratic inequalities can be used to model situations, solve
problems, and make predictions. The student is expected to:
	(F) solve quadratic and square root equations.

Number and Algebraic Methods
(7) The student applies mathematical processes to simplify and perform operations on
expressions and to solve equations. The student is expected to:
	(A) add, subtract, and multiply complex numbers.

ELPS

1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I, 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas
• Equations with no solution in one number system may have solutions in a larger number system.
• The number i is a number such that i2 5 21.
• The set of complex numbers is the set of all numbers written in the form a
 1 bi, where a and b are
real numbers and b is not equal to 0.
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• The Commutative Property, the Associative Property, and the Distributive Property apply to
complex numbers.
• Functions that do not intersect the x-axis have imaginary zeros.
• When the discriminant of a quadratic equation is a negative number, the equation has two
imaginary roots.
• The Fundamental Theorem of Algebra states that any polynomial equation of degree n must have n
complex roots or solutions.
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Lesson Structure and Pacing: 2 Days
Day 1
Engage
Getting Started: Did I Cross the Line?
Students compare and contrast three quadratic functions graphed on the coordinate plane by
identifying the number of roots, the x-intercepts, the y-intercept, the axis of symmetry, and the
vertex of each graph. They realize that all quadratic functions have one y-intercept, however they
may have zero, one, or two x-intercepts or real zeros.
Develop
Activity 6.1: The Number i
Students further analyze the function p
 (x) 5 x2 1 1 from the Getting Started. They analyze
____
the algebra involved to calculate the zeros of this quadratic function and determine that x 5 √ 21  .
After the number i is defined, students write the zeros of the function in terms of i. They realize
that they can determine whether a quadratic function has imaginary zeros from its graph;
however, it is not possible to determine the actual values of the imaginary zeros graphically.
Activity 6.2: The Complex Number System
The set of imaginary numbers and the set of complex numbers are defined, and a diagram
illustrates the relationships among different sets of numbers. Students interpret the diagram
through the completion of always, sometimes, or never statements and categorization of
given complex numbers. They analyze a Worked Example that demonstrates how to simplify
expressions involving negative roots by using i and then rewrite expressions using i.
Activity 6.3: Add, Subtract, and Multiply Complex Numbers
Students use the complex plane to visualize complex numbers. After they analyze a diagram that
illustrates how to add complex numbers using the complex plane, students add and subtract
complex numbers on the coordinate plane and realize that the Commutative Property and the
Associative Property apply to complex numbers. Students then analyze a diagram that illustrates
multiplication of complex numbers by real numbers as a dilation of a point on the complex plane,
and realize that the Distributive Property also applies to complex numbers. Students use the
properties to apply operations on complex numbers without using the complex plane.

Day 2
Activity 6.4: Operations with Complex Numbers
Students add, subtract, and multiply complex numbers. They also explore the special product
(a 1 bi)(a 2 bi)algebraically and the product i(a 1 bi) graphically.
Activity 6.5: Solving Quadratics with Imaginary Zeros
Students sketch the graphs of three quadratic functions to determine that none of them have
real roots. They then use the structure of each function (in the form f (x) 5 ax2 1 c, vertex form,
or standard form) and/or its discriminant to determine the type of zeros it will have. Students use
equation solving, factoring, and/or the Quadratic Formula to solve for the zeros of functions. They
analyze a Worked Example that demonstrates the equivalency of factored and standard form of a
quadratic relationship and repeat the algebraic process to verify a response.
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Demonstrate
Talk the Talk: Beyond Imagination
Students are introduced to the Fundamental Theorem of Algebra. They organize quadratic
functions according to their real and imaginary solutions. Students classify the unique real
solutions, equal solutions, and imaginary solutions of a general quadratic function. Students
explain why it is not possible for a quadratic function to have a double imaginary root.
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Getting Started: Did I Cross the Line?

ENGAGE

Facilitation Notes
In this activity, students compare and contrast three quadratic functions
graphed on the coordinate plane by identifying the number of roots,
the x-intercepts, the y-intercept, the axis of symmetry, and the vertex of
each graph. They realize that all quadratic functions have one y-intercept,
however they may have zero, one, or two x-intercepts or real zeros.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
Questions to ask
• How can you tell from the equation of the function whether it opens
upward or downward?
• How did you determine the y-intercept of the function when it wasn’t
visible on the graph?
• How many y-intercepts does a quadratic function have? Why is that
the case?
• How many x-intercepts does a quadratic function have? Explain.
• How many zeros does a quadratic function have? Explain.
• How are the zeros of a quadratic function related to the x-intercepts
of a quadratic function?
• How do you determine the axis of symmetry of the
quadratic function?
• What is the relationship between the axis of symmetry and the
vertex of a function?
• What is the relationship between the axis of symmetry and the
x-intercepts of a function?
Differentiation strategy
To extend the activity, have students explore the relationship between
the vertex of a quadratic function and whether it opens upward or
downward to determine whether it will cross the x-axis.

Summary
The graph of a quadratic function can have one, two, or no x-intercepts.
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DEVELOP

Activity 6.1
The Number i

Facilitation Notes
In this activity, students further analyze the function p
 (x) 5 x2 1 1from the
Getting Started. They analyze the algebra involved to calculate the zeros of
____
this quadratic function and determine that x 5 √ 21 . After the number i is
defined, students write the zeros of the function in terms of i. They realize
that they can determine whether a quadratic function has imaginary zeros
from its graph; however, it is not possible to determine the actual values of
the imaginary zeros graphically.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Differentiation strategy
To scaffold support, have students write an additional ___
step demonstrating
____
 21 , in Elena’s
taking the square root of both sides of the equation, √
 x2  5 √
and Mark’s work.
Questions to ask
• Why did Elena and Mark set the function equal to zero?
• Did Elena take the square root of both sides to determine the value
of x?
• Did Elena determine the square root of 1 or the square root of 21?
• Did Mark take the square root of both sides to determine the value
of x?
• Did Mark determine the square root of 1 or the square root of 21?
• Why can’t you calculate the square root of a negative number?
• What does it mean to “fall within the real number system”?
• Is there any real number that when multiplied to itself results in a
negative product?
Ask a student to read the information and definition following Question 2
aloud. Complete Questions 3 through 6 as a class.
Questions to ask
• Why do you suppose these numbers are called imaginary numbers?
• Are imaginary numbers
part of the real number system?
__
____
2
 21  ?
• If i 5 − 1, does i 5 2√ 1 or does i 5 √
• What problem does having imaginary numbers solve?
• Why do you need to set the function equal to zero?
• If x 2 1 1 5 0, what is the value of x?
• Did you solve the equation the same way as Elena? If not, what
method did you use?
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• How could Elena rewrite her solution?
• What is the relationship between the zeros of a function and its
x-intercepts?
• Can a function without x-intercepts have solutions? What type of
numbers are its solutions?
• Why don’t you think a graph is useful in determining
imaginary solutions?
• What are the methods of determining the zeros of a quadratic
function? Do you think those methods will work when the solutions
are imaginary numbers?
Differentiation strategies
• To scaffold support, suggest students expand i2 as i 3 i. Then
compare the relationships: 1 3 1 5 1, 21 3 21 5 1, and i 3 i 5 21.
• To extend the activity,
s Discuss closure in the context of the first sentence, “In order to
calculate the square of any real number, there must be some way
to calculate the square root of a negative number.”
s Have students explore the pattern in computing. In other words,
calculate i, i2, i3, i4, ….
s Have students demonstrate methods of solving the quadratic
equation x 2 1 1 5 0that differ from Elena’s method.
By factoring:
Using the Quadratic Formula:
2
a 5 1
b 5 0
c 5 1
	x 1 1 5 0	
____________

____

206√ 0224(1)(1)  ______
6√ −4 
	(x 1 i)(x 2 i) 5 0	x 5 ________________
 
  
 5   2 
2(1)

	x 5 2i, 1 i	
5 ____
  2  5 6 i
62i

Summary
A quadratic function with no x-intercepts has imaginary solutions that can
____
be calculated using the number i, which is equal to √
 21 .

Activity 6.2

The Complex Number System

Facilitation Notes
In this activity, the set of imaginary numbers and the set of complex numbers
are defined, and a diagram illustrates the relationships among different
sets of numbers. Students interpret the diagram through the completion
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of always, sometimes, or never statements and categorization of given
complex numbers. They analyze a Worked Example that demonstrates how
to simplify expressions involving negative roots by using i and then rewrite
expressions using i.
Ask a student to read the introduction aloud. Discuss the introduction and
diagram as a class.
Differentiation strategy
To assist all students, have them write examples of numbers included in
each number set in the diagram provided.
Questions to ask
• What is the difference between the set of imaginary numbers and
the set of complex numbers?
• Are all real numbers included in the set of complex numbers?
Explain.
• What is an example of an integer? Which number sets include
integers?
• What is an example of an imaginary number? Which number sets
include imaginary numbers?
• Explain how the diagram is set up to support the understanding of
subsets.
• What is an example of a complex number that has both a real and
imaginary component?
• What is an example of a complex number that has only a real
component? What other number sets include that value?
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Questions to ask
• How can you use the diagram to support your response?
• Provide an example to support your response.
• How can 3 be written as a complex number?
• Are all numbers
written under radical symbols irrational numbers?
__
What about √
 9 ?
• How can you spot an imaginary number?
• Are all fractions rational numbers? What about those that include
an i?
• Why are all these numbers included in the complex
number system?
Have students work with a partner or in a group to analyze the Worked
Example and complete Question 3. Share responses as a class.
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As students work, look for
• The correct placement of i in an expression. The convention is to write
i following the radical rather than before the radical. For example,
__
__
 1 3i √
 7  does not.
2 1 3 √
 7 ifollows the convention whereas 2
• Carelessness where i appears under the radical expression.
Misconception
____
6 2 √ 28 
• Students may make an error when rewriting the expression ________
  2 
by dividing each expression in the numerator by 2 with the result 
____
that the 2 they thought they divided from the 8
32√
 24 . Explain
__
was really
√ 2 . Then demonstrate the correct method:
__
__
6 2 2√ 2
 
 ________
 
5
3
2

2 i.
√
2
• Students may divide only the first term of the numerator by 2. If that
is the case, compare the process of rewriting this expression to a
step in the process when converting a linear equation from general
form to slope-intercept form.
__

6 2 2√  i
2
4x 2 8
________
	
y 5  ______
2 	 
2 __

 	y 5 2x 2 4	3 2 √ 2 i
Questions
to ask
______
 i 3 5i 5 225. Explain how this makes sense.
• If √
 225  5 5i, then 5
• How can you tell that your answers will include an i ?
• Explain your steps to rewrite the expression.
• Is there a more efficient way to rewrite the expression?
• Should the i be inside or outside of the radical symbol? How do
you know?
• Can you add the real number 5 and the imaginary number? Explain
why not.
__
6 2 2√  i
2
________
• How did you deal with the 2 in the denominator of   2 ?

Differentiation strategy
To scaffold support, provide additional practice using expressions similar
to Question 3, part (d). Students encounter expressions in this form when
they use the Quadratic Formula.

Summary
The set of complex numbers is the set of all numbers written in the
____
form a 1 bi, where a and b are real numbers, and i is defined as √
 21 .
All real numbers and imaginary numbers are included in the set of
complex numbers.
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Activity 6.3

Add, Subtract, and Multiply Complex Numbers

Facilitation Notes
In this activity, students use the complex plane to visualize complex
numbers. After they analyze a diagram that illustrates how to add complex
numbers using the complex plane, students add and subtract complex
numbers on the coordinate plane and realize that the Commutative
Property and the Associative Property apply to complex numbers. Students
then analyze a diagram that illustrates multiplication of complex numbers
by real numbers as a dilation of a point on the complex plane, and realize
that the Distributive Property also applies to complex numbers. Students
use the properties to apply operations on complex numbers without using
the complex plane.
Have students work with a partner or in a group to read the introduction
and complete Questions 1 and 2. Share responses as a class.
As students work, look for
• Difficulty graphing numbers that lie on an axis. If so, have students
write the values as a complex number with both a real and imaginary
component. For example, 26i can be rewritten as 0
 2 6i and 27 can
be written as 27 1 0i.
• Difficulty graphing i. Compare rewriting x as 1x; i can be rewritten as
1i or 0 1 1i.
Questions to ask
• How are the axes labels on a complex plane different than the labels
on a Cartesian coordinate plane?
• Why aren’t the numbers written as ordered pairs?
• What effect do the negative signs have on how you plot the
complex number?
• Explain how to graph a real number that does not have an
imaginary component.
• Explain how to graph an imaginary number that does not have
a real component.
• How did you rewrite this complex number prior to graphing it?
Have students work with a partner or in a group to read the information
following Question 2 and complete Questions 3 through 6. Share responses
as a class.
Differentiation strategy
To scaffold support, have students recall the Commutative, Associative,
and Distributive Properties prior to completing the questions. Discuss
how the meanings of the verbs commute, associate, and distribute relate to
the properties.
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As students work, look for
Methods to deal with the additional negative sign in the expression
(23 1 4i) 2 (25 1 i), such as referring to it as doing the opposite
operation or applying the Distributive Property.
Questions to ask about the given diagram
• Explain how the diagram represents (2 1 3i) 1 (25 1 i).
• What does the horizontal arrow in the diagram represent?
• Why is the horizontal arrow facing to the left?
• What does the vertical arrow in the diagram represent?
• Why is the vertical arrow facing up?
• What coefficient could be placed in front of the i?
Questions to ask about Questions 3 through 6
• How do you know what point to plot first?
• How do you know whether to draw a vertical or horizontal arrow?
• How do you know what direction to place the arrow?
• What is the Commutative Property of Addition?
• What do the diagram and your answer to Question 3 demonstrate
about the Commutative Property?
• How can you add two complex numbers without using a
complex plane?
• How did the negative sign in front of the second complex number
affect the directions of your arrows on the graph?
• What is the Associative Property?
• What does your work from Question 6 demonstrate about the
Associative Property?
Differentiation strategy
To extend the activity, have students demonstrate how the Commutative
Property does not apply to subtraction.
Have students work with a partner or in a group to read the information
following Question 6 and complete Questions 7 and 8. Share responses as
a class.
Differentiation strategy
To scaffold support, suggest students use colored pencils to distinguish
between the two examples on the complex plane.
Questions to ask
• What multiplication problem does the arrow in the first
quadrant demonstrate?
• What multiplication problem does the arrow in the fourth
quadrant demonstrate?
• Do both the real and imaginary components of the complex number
get multiplied by the value?
• What is the Distributive Property?
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• Explain how the Distributive Property can be applied to
complex numbers.
• How did you determine the multiplier when it was not a
whole number?

Summary
The Commutative Property, the Associative Property, and the Distributive
Property can be used to add, subtract, and multiply complex numbers both
on and off the complex plane.

Activity 6.4

Operations with Complex Numbers

Facilitation Notes
In this activity, students add, subtract, and multiply complex numbers.
They also explore the special product (a 1 bi)(a 2 bi) algebraically and the
product i(a 1 bi) graphically.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
As students work, look for
• Different strategies used to multiply the two complex numbers, such
as applying the Distributive Property twice or using the area model.
• Language that relates multiplying two complex numbers to
multiplying two binomials.
• Rewriting expressions that contain i2 by using i2 5 21.
Differentiation strategy
To scaffold support, demonstrate use of the area model to multiply the
two complex numbers in Question 1, part (d).
5

1 3i

2

10

6i

23i

215i

2 9i2 5 29(21) 5 9

10 1 6i 2 15i 1 9 5 19 2 9i

Questions to ask
• Explain how you rewrote the expression.
• What properties did you use?
• How did you distribute 5i?
• Explain how you rewrote 210i2.
• How is Question 1, part (d) different than part (c)?
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• How did you use what you know to multiply the two
complex numbers?
• When you multiply two complex numbers, is the product a complex
number? Explain.
• How is the process of multiplying two complex numbers similar to
multiplying binomials?
Have students work with a partner or in a group to complete Questions 2
and 3. Share responses as a class.
Differentiation strategy
To assist all students in answering Question 3, suggest that they use
complex numbers that lie in each quadrant of the complex plane.
As students work, look for
Different levels of specificity to explain the effect of multiplying a complex
number by a complex number, such as
• It changes what quadrant the complex numbers lies in.
• It swaps the coefficients of the real and imaginary numbers and
changes the sign of the real number coefficient
• It rotates the point on the complex plane by 90° counterclockwise.
Questions to ask
• How did you multiply these two complex numbers?
• What is another way to determine the product?
• Why do all the answers have a real number component only?
• What is special about the factors that causes the imaginary number
component to sum to zero?
• Create another problem that has the same structure as these ones.
• What patterns did you notice? Does the pattern work for complex
numbers that lie in all quadrants?
• Why does the point representing the product lie in a different
quadrant than the original point?
• Is there a pattern to what quadrant the product “moves” to?
• Is there a pattern in the coefficients of the complex number and the
product? Why does this occur?
• How does this pattern relate to what you know about rotations?
• Why does multiplying by i have this rotational effect?
Differentiation strategies
To extend the activity,
• Have students answer Question 3 as it applies to the complex
number expression as well as the complex plane, i(a 1 bi) 5 2b 1 ai.
• Have students explore patterns in the product (a 1 bi)(a 1 bi).
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Summary
Calculating the product of two complex numbers is similar to multiplying
two binomials. The product of two complex numbers is a complex number.

Activity 6.5

Solving Quadratics with Imaginary Zeros

Facilitation Notes
In this activity, students sketch the graphs of three quadratic functions to
determine that none of them have real roots. They then use the structure
of each function (in the form f (x) 5 ax2 1 c, vertex form, or standard
form) and/or its discriminant to determine the type of zeros it will have.
Students use equation solving, factoring, and/or the Quadratic Formula
to solve for the zeros of functions. They analyze a Worked Example
that demonstrates the equivalency of factored and standard forms of
a quadratic relationship and repeat the algebraic process to verify a
response.
Have students work with a partner or in a group to complete Questions
1 through 3. Share responses as a class.
Differentiation strategy
To scaffold support, have students provide a sketch of each case involving
a and c to make sense of whether the roots are imaginary or real.
Questions to ask
• Do the functions have real or imaginary zeros? How do you know?
• What is the vertex of a function in the form f (x) 5 ax2 1 c? Why is
the vertex also the y-intercept?
• How can you use the a and c of a function in the form a
 x2 1 c to
know whether it intersects the x-axis?
• How can you use what you know about factoring the difference of
two squares to factor the sum of two squares?
• Why will the sum of two squares have imaginary roots?
Have students work with a partner or in a group to complete Questions
4 through 8. Share responses as a class.
Misconception
Students may overgeneralize what they know about a function of
the form f (x) 5 ax2 1 cbecause its vertex lies on the y-axis and
think that they can refer to the y-intercept rather than the vertex to
determine whether a function has real or imaginary zeros. Provide
counterexamples to disprove their thinking.
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Questions to ask
• What form is this function written in? How can you tell?
• How can you tell what type of solutions it has?
• How did you choose to solve this quadratic equation? Why did you
choose that method?
• Describe a discriminant that identifies imaginary roots or zeros.

Summary
The structure of a quadratic equation can determine whether or not it has
real or imaginary solutions.

Talk the Talk: Beyond Imagination

DEMONSTRATE

Facilitation Notes
In this activity, students are introduced to the Fundamental Theorem
of Algebra. They organize quadratic functions according to their real
and imaginary solutions. Students classify the unique real solutions, equal
solutions, and imaginary solutions of a general quadratic function. Students
explain why it is not possible for a quadratic function to have a double
imaginary root.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
Questions to ask
• Use the Fundamental Theorem of Algebra to explain why every
quadratic function has two roots.
• What is the relationship between the number of x-intercepts and
the number of real roots?
• What is the relationship between the number of x-intercepts and
double real roots?

Summary
A quadratic equation can have two unique real number solutions, two
equal real number solutions, or two imaginary solutions.
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Warm Up Answers

i Want to Believe

6

1. x 5 2
2. x 5 65
3. x 5 4 and x__5 22
√6 
4. x 5 22 6   ___
2 

Imaginary and Complex Numbers

Warm Up

Determine the zeros of
each function.
1. f(x) 5 x 2 2 4x 1 4

2. g(x) 5 x 2 2 25

3. h(x) 5 (x 2 1) 2 2 9

4. j(x) 5 2x 2 1 8x 1 5

Learning Goals

Rewrite expressions involving negative roots using i.
Rewrite expressions involving imaginary numbers.
Understand properties of the set of complex numbers.
Determine the sets to which numbers belong.
Calculate complex roots of quadratic equations and complex
zeros of quadratic functions.
• Interpret complex roots of quadratic equations and complex
zeros of quadratic functions.
• Determine whether a function has complex solutions from a
graph and from an equation in radical form.
• Determine the number of roots of a quadratic equation from a
graph and from an equation in radical form.

•
•
•
•
•

Key Terms
•
•
•
•
•

the number i
imaginary zeros
imaginary roots
complex numbers
real part of a complex
number

• imaginary part of a complex
number
• imaginary numbers
• pure imaginary number
• Fundamental Theorem of
Algebra

You have solved quadratic equations with real number solutions. How can you solve a quadratic
equation that has a solution that is not real?
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Answers
1a. f (x) 5 x2 2 10x 1 25
There is one zero.
The x-intercept is (5, 0).
The y-intercept is (0, 25).
The axis of symmetry
is x 5 5.
The vertex is (5, 0).
c(x) 5 2x2 1 6x
There are two zeros.
The x-intercepts are
(0, 0) and (6, 0).
The y-intercept is (0, 0).
The axis of symmetry
is x 5 3.
The vertex is (3, 9).
p(x) 5 x2 1 1
There are no zeros.
There are no
x-intercepts.
The y-intercept is (0, 1).
The axis of symmetry
is x 5 0.
The vertex is (0, 1).

GETTING STARTED

Did I Cross the Line?
1. Consider the quadratic functions and their graphs shown.
c(x) 5 2x 2 1 6x

f(x) 5 x 2 2 10x 1 25
y

y

8

8

6

6

4

4

2
−8

−6

−4

2
0

−2

2

4

6

8

x

−8

−6

−4

−2

0

−2

2

4

6

8

x

−2

−4

−4

−6

−6

−8

−8

p(x) 5 x 2 1 1
y
8
6
4
2
−8

−6

−4

0

−2

2

4

6

8

x

−2
−4
−6
−8

1b. Sample answer.
The functions
each have a single
y-intercept, axis of
symmetry, and vertex.
The functions each
have a different
number of zeros.

a. List all the key characteristics you know about each function.
Be sure to include the number of zeros, the x-intercept(s), the
y-intercept, the axis of symmetry, and the vertex.

b. Compare the three functions. What do they have in common?
What is different about the functions?

190 • TOPIC 2: Exploring and Analyzing Patterns

A2_M01_T02_L06_Student Lesson.indd 190

5/25/21 1:23 PM

190 • TOPIC 2: Exploring and Analyzing Patterns

A2_M01_T02_L06_TIG.indd 190

5/28/21 2:42 PM

Answers
AC T I V I T Y

1. Mark identified the
square root of 1 rather
than the square root
of 21.

The Number i

6.1

2. No. There is no real
number that can be
multiplied by itself to
equal 21.

Consider the function p(x) 5 x 2 1 1 and its graph from the
Getting Started.
y
8
6
4
2
−8

−6

−4

0

−2

2

4

6

8

x

−2
−4
−6
−8

Elena and Mark determined the zeros of the function.

Elena

Mark

x2 + 1 = 0

x2 + 1 = 0

x2 = 2 1

x2 = 2 1

x = ± √ 21

x =±1

__

1. What did Mark do wrong? Use the graph to justify your answer.

2. Consider Elena’s solution. Does the solution fall within the real
number system? Explain your reasoning.
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Answers
3. i 2 5 21
__

In order to calculate the square of any real number, there must be some
way to calculate the square root of a negative number. That is, there must
be a number such that, when it is squared, it is equal to a negative number.
For this reason, mathematicians defined what is called the number i.
The number i is a number such that i 2 5 21. The number i is also called
the imaginary identity.

____

	√i2  5 √
 21 

____

i 5 √
 21 

____

If i2 5 21, then i 5 √21 .
4. x 5 6 i
5. If the graph of the
quadratic equation
intersects the x-axis,
the equation has real
solutions. If the graph
does not intersect the
x-axis, the equation has
imaginary solutions.

The number i is
similar to the number
π: even though they
are both numbers,
each is special enough
that it gets its very
own symbol.

3. If i 2 5 21, then what is the value of i?

4. Recall the function p(x) 5 x 2 1 1. Write the zeros of the function
in terms of i.

6. No. I can tell whether
or not there will be
imaginary solutions by
examining the graph,
but I can not determine
what the imaginary
solutions are from the
graph.

Functions and equations that have solutions requiring i have imaginary
zeros or imaginary roots.
5. How can you tell from the graph of a quadratic equation whether
or not it has real solutions or imaginary solutions?

6. Do you think you can determine the imaginary solutions by
examining the graph? Explain your reasoning.
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ELL Tip
Discuss the meaning of the terms real and imaginary as opposites
in everyday life to help students connect why the term imaginary
numbers is applied to numbers that are non-real numbers.
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The Complex Number
System

AC T I V I T Y

6.2

The set of complex numbers is the set of all numbers written in the form
a 1 bi, where a and b are real numbers. The term a is called the real part of a
complex number, and the term bi is called the imaginary part of a complex
number. The set of complex numbers is represented by the notation C.
The set of imaginary numbers is the set of all numbers written in the
form a 1 bi, where a and b are real numbers and b is not equal to 0. The set
of imaginary numbers is represented by the notation I. A pure imaginary
number is a number of the form a 1 bi, where a is equal to 0 and b is not
equal to 0.
Complex Numbers

C
a 1 bi where a, b e R

Real Numbers

Imaginary Numbers

R

I

a 1 bi where b 5 0

a 1 bi where b ﬁ 0

Rational Numbers

Irrational Numbers

Q

R2Q

The ∈ symbol means
“an element of”.
Therefore, “a, b ∈ ℝ”
means that the
values for a and b are
elements of the set of
real numbers.

Integers

Z
Whole Numbers

W
Natural Numbers

N
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ELL Tip
Students may be familiar with the term complex in the phrases
apartment complex or shopping complex. Use this understanding to
relate to the definition of complex, which means consisting of many
different and connected parts. Discuss how numbers in the complex
number system have two parts, a real part and an imaginary part.
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Answers
1. Complete each statement with always, sometimes, or never.

1a.	always
1b.	sometimes

a. If a number is an imaginary number, then it is
a complex number.

1c.	
always
1d.	never

b. If a number is a complex number, then it is
an imaginary number.

1e.	sometimes
2a.	natural number,
whole number, integer,
rational number,
real number,
complex number

c. If a number is a real number, then it is
a complex number.
d. If a number is a real number, then it is
an imaginary number.
e. If a number is a complex number, then it is
a real number.

2b.	irrational number,
real number,
complex number
2c.	imaginary number,
complex number

2. Use the diagram on the previous page to list all number sets that
describe each given number.

2d.	rational number,
real number,
complex number
2e.	rational number,
real number,
complex number
2f.	
imaginary number,
complex number

__

a. 3

b. √ 7

c. 3i

d. 5.¯
45

7
e. __
8

f. 6 2 i
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Answers
3a.	2i

You can rewrite expressions involving negative roots by using i.

__

3b.	2√
 3 i

Worked Example
______

__

3d.	3 2 √
 2 i

__________

√ 225 5 √ (21)(25)

Factor out 21.

____

______

Rewrite the radical expression.

5 √ 21 ? √ 25

Apply the square root on √ 25 .

5 5√ 21

Rewrite √ 21 as i.

5 5i

______

______

______

__

3c.	5 1 5√2 i

______

You can use the number i to rewrite √ 225 .

____

So, √ 225 can be rewritten as 5i.

3. Rewrite each expression using i.
____

____

b. √ 212

a. √ 24

____

c. 5 1 √ 250

____

6 2 √ 28
d. _________
2
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Answers
1. See graph below.

Add, Subtract, and Multiply
Complex Numbers

AC T I V I T Y

6.3

2. Sample answer.
You can treat complex
numbers, a 1 bi, similar
to coordinates on the
coordinate plane. The
real part, a, is the
x-coordinate and the
imaginary part, bi, is the
y-coordinate.

A complex number can be represented on the complex plane. The x-axis of the
complex plane contains all the real numbers, and the y-axis contains all of the
imaginary numbers.
The complex number 2 1 3i can be represented as shown.
imaginary

6i
4i

2 + 3i

2i
−6

−4

0

−2

2

4

real

6

−2i
−4i
−6i

1. Plot and label each of these complex numbers on the complex
plane shown.
a. 5 2 3i

b. 23 1 4i

c. 8 1 6i

d. 26i

e. 27

f. i

____

g. 5 1 3√ 21

____

h. 23√ 21 1 3

____

i. 24√ 21 2 3

2. Describe the process you can use to plot a complex number
a 1 bi on the complex plane.
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imaginary

B –3 + 4i
E –7

6i
4i

C 8 + 6i
2 + 3i

2i
Fi

G 5 + 3i

0 2 4
−6 −4 −2
−2i H 3 – 3i
I –3 – 4i

−4i

6

real

A 5 – 3i

−6i D –6i
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Answers
3a.

Let’s consider the sum of two complex numbers.

imaginary
–3 + 4i

The complex plane shows the sum of (2 1 3i) 1 (25 1 i).
–5 + i

imaginary

3i

4i
2i

2
–4

0

–2

2

real

4

–2i

6i
−3 + 4i
4i
+i
–5 2 + 3i

–4i

2i
−6

−4

0

−2

2

4

6

3b. T
 he sum (25 1 i) 1
(2 1 3i)is the same as
(2 1 3i) 1 (25 1 i).
This suggests that the
Commutative Property
of Addition applies to
complex numbers.

real

−2i
−4i
−6i

3. Suppose you start at the point (25 1 i) and add (2 1 3i).
a. Show how to determine the sum on the complex plane.

b. What do you notice about the sum? What does it
suggest about the Commutative Property and
complex numbers?
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Answers
4. Explain why Kimani’s reasoning is correct. Support your answer
with an example.

4. S
 ample answer.
The example of (2 1 3i)
1 (25 1 i)shows that
Kimani’s reasoning is
correct. This can be
rewritten as (2 2 5) 1
(3i 1 i) 5 23 1 4i.
5. Y
 es. (23 1 4i) 2 (25 1 i)
5 (23 1 4i) 1 (5 2 i)
5 2 1 3i
imaginary

–3 + 4i

4i
5

Remember:

Subtracting a number
is the same as adding
its negative.

i

0

–2

To add two complex numbers, you can add their real
parts separately, then add their imaginary parts
separately, and then combine the results into the
form a + bi.

2 + 3i

2i

–4

Kimani

2

4

5. Is (23 1 4i) 2 (25 1 i) equal to 2 1 3i? Use the complex plane to
confirm your answer.

real

–2i
–4i

6a.

imaginary

6. Suppose you start at the point 2, or 2 1 0i, and add 3i 1 (25 1 i).
–3 + 4i

4i
5

1
2 + 3i

2i

–4

0

–2

a. Show how to determine the sum on the complex plane.

imaginary

3i
22 + 0i4

real

6i
4i

–2i
–4i

2i
−6

−4

0

−2

2

4

−2i

6b. T
 he sum 2
 1 (3i 1 25
1 i)is the same as the
sum (2 1 3i) 1 (25 1 i).
This suggests that the
Associative Property
applies to complex
numbers.

6

real

b. Compare the sum with (2 1 3i) 1 (25 1 i). What do you
notice? What does it suggest about the Associative
Property and complex numbers?

−4i
−6i
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Answers
7a. 2

You can multiply complex numbers by real numbers. Multiplying by a
real number, k, results in a dilation of the point on the complex plane:
k(a 1 bi) 5 ka 1 kbi.

1
7b. __
  2

5
7c. __
 3

7. Consider the complex numbers plotted and labeled. Four
different products can be represented. Complete each product
and explain your answers.

3
7d.  __
5 

8. T
 he products suggest
that the Distributive
Property applies to
complex numbers.

imaginary

6i
2 + 4i

4i
2i
−6

−4

1 + 2i
0

−2
−2i
−4i

2
4
6
3–i
5
5– i
3

real

−6i

a. (

)(1 1 2i) 5 (2 1 4i)

b. (

)(2 1 4i) 5 (1 1 2i)

c. (

)(3 2 i) 5 (5 2 __
3 i)

d. (

)(5 2 __
3 i) 5 (3 2 i)

5

5

8. What do these products suggest about the Distributive
Property and complex numbers?
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Answers
1a.	
2 1 8i

AC T I V I T Y

1b.	
24 1 5i

6.4

1c.	
10 1 15i
1d.	
19 2 9i

When operating with complex numbers involving i, combine like terms by
treating i as a variable (even though it is a constant).

2a. 5
5

2b.	 __
4 

2c. 13
2d. 10
2e. Each product is a real
number. Each number
has no imaginary part.

Operations with Complex
Numbers

1. Perform each operation. Show your work.

Remember:

a. (3 1 2i) 2 (1 2 6i)

b. 4i 1 3 2 6 1 i 2 1

c. 5i(3 2 2i)

d. (5 1 3i)(2 2 3i)

The value of i2 is 21.

2. Determine each product.
a. (2 1 i)(2 2 i)

1
1
__
b. (__
2 1 i)( 2 2 i)

c. (3 1 2i)(3 2 2i)

d. (1 2 3i)(1 1 3i)

e. What do you notice about each product?
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Answer
3. What effect does multiplying a complex number by i have on
the location of the point on the complex plane? Use examples
to justify your thinking.

3. Multiplying a number
by i rotates the point on
the complex plane by
90° counterclockwise.
Check students’
examples.

imaginary

6i
4i
2i
−6

−4

0

−2

2

4

6

real

−2i
−4i
−6i
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Answers
1.

2
y f(x) = x + 9

h(x) = x2 – 2x + 2
–12

6.5

6

g(x) = (x – 2)2 + 1
0

–6

6

12

Consider each quadratic function.

x

g(x) 5 (x 2 2) 2 1 1

f(x) 5 x 2 1 9

–6
–12

2.

Solving Quadratics with
Imaginary Zeros

AC T I V I T Y

12

1. Use technology to sketch each
function on the coordinate plane.
Label each function on your graph.

y
12

E
 ach function has
imaginary roots
because none of them
have x-intercepts.

h(x) 5 x 2 2 2x 1 2

10
8
6
4

3a. It is the sum of two
squares since
x2 5 x ? xand 9
 5 3 ? 3.
The function q(x)
shows the difference
of the same
two squares.

2
−12 −10 −8

−6

−4

0

−2

2

4

6

8

10

12

x

−2
−4

2. What do the solutions of the three
functions have in common?

−6
−8
−10
−12

3b. See table below.

3. Consider the function f(x) 5 x 2 1 9.
a. Describe the structure of the function. How does it compare
to the function q(x) 5 x 2 2 9?

b. Consider an equation written in the form ax 2 1 c 5 0.
Complete the table to show when the solutions of a
function are real or imaginary.

c is positive

c is negative

a is positive
a is negative
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c is positive

c is negative

a is positive

imaginary

real

a is negative

real

imaginary
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Answers
c. If the factored form of a difference of squares is
a 2 2 b 2 5 (a 2 b)(a 1 b), what is the factored form of a
sum of squares, a 2 1 b 2?

3c.	
(a 1 bi)(a 2 bi)
3d.	
x 5 63i
4a. The function is in
vertex form, so I can
see the vertex is (2, 1),
which is located above
the x-axis. The a-value
is positive, so the
graph opens upward,
meaning it does not
cross the x-axis and
has no x-intercepts.

d. What are the solutions to f(x) 5 x 2 1 9?

4. Consider the function g(x) 5 (x 2 2)2 1 1.
a. How can you use the structure of the function to determine
whether its zeros are real or imaginary?

Think
about:
Will the graph of the
function pass through
the x-axis?

5a. The equation is in
standard form and
cannot be easily
factored, so the
Quadratic Formula
is the most efficient
method to use to
solve it.

b. What is the solution to (x 2 2) 2 1 1 5 0?

5. Consider the function h(x) 5 x 2 2 2x 1 2 .
a. What is the most efficient method to determine the zeros?
Explain your reasoning.

b. Determine the discriminant of the function. How can you
use the discriminant to know whether the solutions are real
or imaginary?

4b.	
(x 2 2)2 1 1 5 0
(x 2 2)2 5 21 ____
_________
√
  (x 2 2)2  5 6 √
 21 
x 2 2 5 6 i
x 5 2 6 i

Remember:

The discriminant of
the function is
b 2 2 4ac.

5b.	
b2 2 4ac 5 24
The discriminant is
negative, so I know the
solutions involve the
number i.
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Answers

________

2b 6 √
  b2 2 4ac 
5c.	
x 5   ______________
  

2a 

c. What is the solution to x 2 2 2x 1 2 5 0?

		
x 5 1 6 i

5d. I can substitute the
values 1 2 iand 1
 1 i
for x in the equation 
0 5 x2 2 2x 1 2and
see if the statement is
true.

d. Describe how you can check your solutions.

You can apply the Distributive Property to determine whether an
equation in factored form is equivalent to an equation in general form.

6.		h(x) 5 [x 2 (1 1 i)]
[x 2 (1 2 i)]

Worked Example

7.		h(x) 5 [x 2 (1 1 i)]
[x 2 (1 2 i)]
		

Consider the expression (x 2 i) (x 1 i).
Multiply binomials.

5 x2 2 x(1 2 i) 2
x(1 1 i) 1 (1 1 i)
(1 2 i)

		

5 x2 2 x 1 xi 2 x 2
xi 1 1 2 i 1 i 2 i2

		

5 x2 2 2x 2 i2 1 1

		

5 x2 2 2x 1 1 1 1

		

5 x2 2 2x 1 2

(x 2 i) (x 1 i) 5 x2 1 xi 2 xi 2 i2

Group like terms.

5 x2 1 (xi 2 xi) 2 i2

Combine like terms.

5 x2 2 i 2

Use the powers of i to rewrite i2 as 21.

5 x2 2 (21)

Rewrite.

5 x2 1 1

So, (x 2 i) (x 1 i) 5 x2 1 1.

Recall that a quadratic function in factored form is written in the form
y 5 a(x 2 r1) (x 2 r2).

		When I multiply, I get
the original function in
standard form.

6. Use your answer to Question 5 part (c) to write the function
h(x) 5 x 2 2 2x 1 2 in factored form.

7. Explain why the function you wrote in factored form is
equivalent to h(x) 5 x 2 2 2x 1 2 .
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Answers
8. Use any method to determine the zeros of each function.

8a.

__________________

2
2(28)   
6
       (28)
2 4(21)(218) 
√   
x 5 __________________________
   
 
2(21) 
________
8 6 √ 64 2 72 
		
x 5   ______________

22

a. f(x) 5 2x 2 2 8x 2 18

____

86√
 28 
		
x 5   ________
22 __ 
8 6 2√2 i
		
x 5   _________
22  __

		
x5246√
 2 i
8b.

_____________

2
2(22) 6  
    (22)
√
24(2)(3) 
x 5 ______________________
  
 
  

2(2)

b. g(x) 5 2x 2 2 2x 1 3

_______

26√
  4 2 24 
		
x 5   _____________

4
_____
26√
 220 
		
x 5 __________
  4

__
2 6 2√5 i
		
x 5   _________
4  
__
1
1
__
		
x 5   26 __
  2 √
 5 i

8c.

________________

2
2(24) 6
  
      (24)
24(23)(24)
√   
x 5  _________________________
  

2(23) 

________

46√
  16 2 48 
		
x 5  ____________
 
26
_____
46√
232 
		
x 5  _________
26 __ 
4 6 4√2 i
		
x 5   _________
26 
__
2
2
__
		
x 5 2 __

6
 


2 
i
√
3
3

c. h(x) 5 2 3x 2 4x 2 4
2

LESSON 6: i Want to Believe • 205

A2_M01_T02_L06_Student Lesson.indd 205

5/25/21 1:23 PM

LESSON 6: i Want to Believe • 205

A2_M01_T02_L06_TIG.indd 205

5/28/21 2:44 PM

Answer
1.

TALK the TALK

Number
Number of
and Type
x-Intercepts
of Roots
0

2
imaginary
roots

2

2 real
roots

2

2 real
roots

0

2
imaginary
roots

1

1

2 real
roots
(double
root)
2 real
roots
(double
root)

Beyond Imagination
The Fundamental Theorem of Algebra states that any polynomial
equation of degree n must have exactly n complex roots or solutions.
Any root may be a multiple root.
1. Complete the table to determine the number of real and
imaginary roots for different quadratic equations.

Location
of Vertex

Concavity

Sketch

Number of
x-Intercepts

Number and Type
of Roots

0

2 imaginary roots

y

Up
Above the
x-axis

x

y

Down

x

y

Up
Below the
x-axis

x

y

Down

x

y

Up
On the x-axis

x

y

Down

x
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Answers
2. Brandon is correct.
The discriminant can
be positive, negative,
or zero. If it is positive,
the equation has two
unique real solutions. If
it is negative, it has two
imaginary solutions.
If it is zero, it has a
double root.

NOTES
2. Casey says that any quadratic equation has only one of
these 3 types of solutions:
• 2 unique real number solutions
• 2 equal real number solutions (a double root)
• 1 real and 1 imaginary solution
Brandon says that any quadratic equation has only one of
these 3 types of solutions:
• 2 unique real number solutions
• 2 equal real number solutions (a double root)
• 2 imaginary solutions

3. Sample answer.
It is impossible to draw a
graphical interpretation
of a double imaginary
root.

Karl says that any quadratic equation has only one of
these 4 types of solutions:
•
•
•
•

2 unique real number solutions
2 equal real number solutions (a double root)
2 imaginary solutions
1 real and 1 imaginary solution

Who’s correct? Explain your reasoning.

3. Explain why it is not possible for a quadratic equation to
have 2 equal imaginary solutions (double imaginary root).
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Assignment
Answers

LESSON 6: i Want to Believe

Write

Write

1. e

Match each definition to the corresponding term.

3. g

b. the number i

a 1 bi, where a and b are real numbers

c. imaginary numbers

2. the set of all numbers written in the form
a 1 bi, where a and b are real numbers and b is

d. pure imaginary number

not equal to 0

e. complex numbers

4. b
5. a

f. real part of a complex number

3. the term bi in a complex number written
as a 1 bi

2. c

a. imaginary roots (imaginary zeros)

1. the set of all numbers written in the form

6. d

g. imaginary part of a complex number

____

4. a number equal to √ 21

7. f

5. solutions to functions and equations that have
a negative value for the discriminant

Practice

6. a number of the form bi where b is a real
number and is not equal to 0

1a. 4i

7. the term a in a complex number written
as a 1 bi

__

1b. 3√ 3i

__

1c. 10√ 2i

Remember

__

The set of complex numbers is the set of all numbers written in the form a 1 bi, where a and b are real

1d. 5 + 2√ 5i

numbers. Imaginary numbers are complex numbers where b is not equal to 0 and real numbers are

2a. rational number

complex numbers where b is equal to 0.

2b. imaginary
2c. complex number

Practice
1. Rewrite each radical using i.
______

______

a. √ 216

b. √ 227

_______

c. √ 2200

2. Classify each number according
to its most specific number set.
____
____
√ 24
24
___
_____
__

a.

b.

√9

c. 9 2 √ 24

9

2d. integer

______

d. 5 1 √ 220

3. Student 1 simplified the
expression correctly.
Student 2 missed a
sign. The value of 2i2
is 1, not 21.

__

d. 24 2√ 9

3. Mr. Hilbert writes the expression (3 1 i)(7 2 i) on the board and asks his students
to rewrite it using the Distributive Property. The work of two students is shown below.
Which student simplified the expression correctly? What mistake did the other student make?
Student 1

Student 2

(3 1 i )(7 2 i) 5 21 2 3i 1 7i 2 i2

(3 1 i )(7 2 i) 5 21 2 3i 1 7i 2 i2

5 21 1 4i 1 1

5 21 1 4i 2 1

5 22 1 4i

5 20 1 4i
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6a. The function g(x) has
two zeros and two
x-intercepts.
		The x-intercepts are
approximately (22.48,
0)and (10.48, 0).
		The y-intercept is
(0, 226).
		The axis of symmetry
is x 5 4and the vertex
is (4, 242).

6/3/21 8:36 PM

		The function h
 (x)has
no real zeros and no
x-intercepts.
		The y-intercept is
(0, 26).
		The axis of symmetry
is x 5 4and the vertex
is (4, 10).
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Assignment
Answers
Practice
4. Jeanette is correct.
Francois multiplied
the radicands before
simplifying.
5. No. Erika is not correct.
Imaginary numbers
cannot be rational.
Only real numbers can
be rational.
6a. See previous page.
6b. Answers may vary.
		Sample answer.
		Both equations are
almost the same.
However, the constant
in g(x)is 226 and the
constant in h(x)is 26.
		The graphs have the
same shape and open
in the same direction.
		The function g
 (x)
has two zeros and
x-intercepts while
the function h
 (x)has
no real zeros and no
x-intercepts, so g
 (x)will
have 2 real solutions
and h(x)will have
2 imaginary solutions.
6c. From using the
Quadratic Formula, the
solutions
 (x)are___
___ of g
4 2 √
 42  and 4
 1√
 42 .
		The solutions
of
h

(x)
___
___are 
42√
 10 iand 4
 1√
 10 i.
6d. Sample answer.
		My answers in part (a)
were approximates.
I also could not
estimate the
solutions for h(x) at
all. When I use the
Quadratic Formula,
I can determine the
actual solutions to
both equations. My
approximations made
using the graph for

_____

_____

____

____

4. Francois claims that √ 216 ? √ 24 is equal to 8. Jeanette claims that √ 216 ? √ 24 is equal to 28.
Who is correct? What mistake did the other student make? Support your answer with work.
6i

5. Erika identifies __
4 as an imaginary number and a rational number. Is Erika correct? Explain how you
determined your answer.

6. Consider the functions g(x) 5 x 2 2 8x 2 26 and h(x) 5 x 2 2 8x 1 26 and their graphs.
y
a. Describe each function. Be sure to include
the number of zeros, the x-intercept(s), the

24

y-intercept, the axis of symmetry, and the

16

vertex.
b. Compare the functions and their graphs.

8

Identify any similarities and differences.
c. Determine the zeros of both functions. Show
your work.

−16 −12 −8

d. How do your answers in parts (a) and (c)
compare?

0

−4

4

8

12

16 x

−8
−16
−24
−32
−40

Stretch
How could you use your knowledge of quadratic functions to solve for a quadratic inequality by graphing?

Review
1. Factor each trinomial.

a. x 2 2 2x 2 15

b. x 2 1 2x 2 15

2. Write each function in factored form and determine its zeros.

a. f(x) 5 4x2 1 8x 2 12

b. g(x) 5 15x2 2 35x 1 20

3. Consider the function f(x) 5 3x2 2 4.
a. How many zeros does the function have?
b. What are the zeros of the function?
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the solutions to g
 (x)
are very close to the
actual solutions.

Stretch
Sample answer.
First draw the quadratic
function on a coordinate
plane. Then test one
point on the inside

and one point on the
outside of the quadratic
to determine which point
makes the inequality true
and which makes it false.
Shade the side that makes
the inequality true. Make
sure the line is dashed if
the inequality uses the
less than or greater than
symbols.

Review

5/25/21 1:23 PM

1a.	
(x 2 5)(x 1 3)
1b.	
(x 1 5)(x 2 3)
2a.	
f (x) 5 4(x 1 3)(x 2 1)
		
x 5 23and 1
2b.	
g(x) 5 5(x 2 1)(3x 2 4)
4
		
x 5 1and __
  3
3a. 2 zeros __
2√ 3
3b.	
x 5 ±   ____
3 
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Exploring and Analyzing
Patterns Summary
KEY TERMS
•
•
•
•
•
•
•
•
•

relation
function
function notation
standard form of a quadratic function
factored form of a quadratic function
vertex form of a quadratic function
concavity of a parabola
Quadratic Formula
the number i

LESSON

1

•
•
•
•
•
•
•
•

imaginary roots
imaginary zeros
complex numbers
real part of a complex number
imaginary part of a complex number
imaginary numbers
pure imaginary number
Fundamental Theorem of Algebra

Patterns: They’re Grrrrrowing!

Many patterns can be described mathematically using diagrams, algebraic expressions or functions,
and words . Sequences can be used to show observable patterns. To analyze a pattern, you can
draw a picture, sketch a graph, create a table, or write an equation. Analyzing a pattern can help you
to recognize the pattern and extend it.
For example, consider the tile pattern shown.
Design 1 Design 2

Design 3

Design 4

The total number of tiles in each design can be described by the sequence {1, 4, 9, 16, . . .}. Each
term in the sequence is a square of the term number.

TOPIC 2: Summary • 211

A2_M01_T02_Topic_Summary.indd 211

5/28/21 2:52 PM

LESSON

2

The Cat’s Out of the Bag!

A visual model, a table of values, and a graph can be used to identify patterns as linear, exponential,
or quadratic.
For example, in the previous tile pattern, a table of values comparing the number of black tiles and
white tiles in each design can be created to determine the number of white tiles in Design n.

Design
Number

Total Number
of Tiles

Number of
Black Tiles

Number of
White Tiles

1

1

1

0

2

4

2

2

3

9

3

6

4

16

4

12

n

n2

n

n2 2 n

The pattern is quadratic.
Two or more algebraic expressions are equivalent if they produce the same output for all input
values. You can verify that two expressions are equivalent by using properties to rewrite the two
expressions as the same expression.
For example, Lincoln says that the number of white tiles in each row of the design is one less than
the design number and expresses this pattern with the expression n(n 2 1). The expression
n(n 2 1) 5 n2 2 n since both produce the same output for all input values.

212 • TOPIC 2: Exploring and Analyzing Patterns

A2_M01_T02_Topic_Summary.indd 212

5/28/21 2:52 PM

LESSON

3

Samesies

Relationships between quantities can be represented in graphs, tables, equations, and contexts.
A relation is a mapping between a set of input values and a set of output values. A function is a
relation such that for each element of the domain there exists exactly one element in the range.
In function notation, the function f(x) is read as “f of x” and indicates that x is the input and f(x) is
the output.
For example, in the previous tile pattern, the number of white tiles, f(x), can be represented by the
function f(x) 5 x2 2 x, where x represents the design number.
It can also be represented by the graph and the table shown.
y
8
6
4
2
−8 −6 −4 −2 0 2 4 6 8

−4
−6
−8

x

x

y

1

1

2

2

3

6

4

12

Two functions are equivalent if their algebraic or graphical representations are the same.
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4

Quadratic functions can be written in different forms.
Standard form: f(x) 5 ax2 1 bx 1 c, where a does not equal 0.
Factored form: f(x) 5 a(x 2 r1)(x 2 r2), where a does not equal 0.
Vertex form:
f(x) 5 a(x 2 h)2 1 k, where a does not equal 0.
The graphs of quadratic functions can be described using key characteristics: x-intercept(s),
y-intercept, vertex, axis of symmetry, and concavity. The key characteristics of a function can be
determined using different methods depending on the form of the function.
Standard Form
Methods to Determine Key Characteristics
Axis of Symmetry

x-intercept(s)

x 5 ___
  2a 

Substitute 0 for y, and then solve for x
using the Quadratic Formula, factoring,
or graphing technology.

Vertex

y-intercept

2b

Use ____
  2a  to determine the x-coordinate
of the vertex. Then substitute that
value into the equation and solve for y.
2b

c-value

Factored Form
Methods to Determine Key Characteristics
Axis of Symmetry
r1 1 r2
x 5 ______
  2 

Vertex
r1 1 r2

Use ______
  2 to determine the
x-coordinate of the vertex. Then
substitute that value into the
equation and solve for y.

x-intercept(s)
(r1, 0), (r2, 0)
y-intercept
Substitute 0 for x, and then solve for y.
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Vertex Form
Methods to Determine Key Characteristics
Axis of Symmetry

x-intercept(s)

x5h

Substitute 0 for y, and then solve for x
using the Quadratic Formula, factoring,
or graphing technology.

Vertex

y-intercept

(h, k)

Substitute 0 for x, and then solve for y.

Concavity of a parabola describes whether a parabola opens up or opens down. A parabola is
concave up if it opens upward; a parabola is concave down if it opens downward. When the leading
coefficient a is negative, the graph of the quadratic function opens downward and has a maximum.
When a is positive, the graph of the quadratic function opens upward and has a minimum.
You can write a unique quadratic function given a vertex and a point on the parabola.
For example, consider a parabola with vertex (5, 2) that passes through the point (4, 9).
Substitute the given values into the vertex form
of the function and solve for a.

Finally, substitute the a-value into the function.

f(x) 5 a(x 2 h)2 1 k
9 5 a(4 2 5)2 1 2
9 5 a(21)2 1 2
9 5 1a 1 2
75a
f(x) 5 7(x 2 5)2 1 2

You can write a unique quadratic function given the roots and a point on the parabola.
For example, consider a parabola with roots at (22, 0) and (4, 0) that passes through the point (1, 6).
Substitute the given values into the vertex form
of the function and solve for a.

Finally, substitute the a-value into the function.

f(x) 5 a(x 2 r1)(x 2 r2)
6 5 a(1 1 2)(1 2 4)
6 5 a(3)(23)
6 5 29a
2
2 __
3  5 a
2
f(x) 5 2 __
3 (x 1 2)(x 2 4)

You can determine a unique quadratic function algebraically given three reference points. Substitute
the x- and y-values of each point into the standard form, y 5 ax2 1 bx 1 c to create a system of three
equations. Then, use elimination and substitution to solve for a, b, and c.
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The Root of the Problem

You can use factoring and the Zero Product Property to solve quadratics in the form y 5 ax2 1 bx 1 c.
For example, you can solve the quadratic equation x2 2 4x 5 23.
x2 2 4x 5 23
x2 2 4x 1 3 5 23 1 3
x2 2 4x 1 3 5 0
(x 2 3)(x 2 1) 5 0
(x 2 3) 5 0
x23135013
x53

or
or
or

(x 2 1) 5 0
x21115011
x51

For a quadratic function that has zeros but cannot be factored, there is another method for solving
the quadratic equation. Completing the square is a process for writing a quadratic expression in
vertex form, which then allows you to solve for the zeros.
For example, you can calculate the roots of the equation x2 2 4x 1 2 5 0.
Isolate x2 2 4x.

Determine the constant term that would
complete the square.
Add this term to both sides of the equation.

Factor the left side of the equation.
Determine the square root of each side of
the equation.
Set the factor of the perfect square trinomial
equal to each square root of the constant
and solve for x.

x2 2 4x 1 2 2 2 5 0 2 2
x2 2 4x 5 22
x2 2 4x 1 ? 5 22 1 ?
x2 2 4x 1 4 5 22 1 4
x2 2 4x 1 4 5 2
(x 2 2)
_________

5 2__
 2  __
√ (x 2 2)   5 √
(x 2 2) 5 6√ 2 
2

2

__

__

x 2 2 5 √ 2  __ or x 2 2 5 2√ 2  __
x522√
 2 
x521√
 2  or
x < 3.41

or

x < 0.59

The roots are approximately 3.41 and 0.59.
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__________

2b 6 √ b2 2 4ac 
The Quadratic Formula, x 5  ________________
  
, can be used to calculate the solutions to any quadratic
2a

equation of the form ax2 1 bx 1 c 5 0, where a, b and c represent real numbers and a Þ 0.

For example, given the function f(x) 5 2x2 2 4x 2 3 you can identify the values of a, b and c.
a 5 2; b 5 24; c 5 23
Then you use the quadratic formula to solve.

__________________

2
2(24) 6 √
 (24)
  
2 4(2)(23) 
x 5__________________________
 
  
  

2(2)

__________

46√
 16 1 24 
x 5 ______________
 
  
4 
____

46√
 40 
x 5   _________

4
4 1 6.325

x <  __________
 < 2.581
4

4 2 6.325

x <  __________
4  < 20.581

or

The roots are x ≈ 2.581 and x ≈ 20.581.
You can use the same methods you used to solve a system of two linear equations to solve a
system of two quadratic equations.
For example, consider the system shown.
y 5 x2 1 3x 2 5
y 5 2x2 1 10x 2 1
Use substitution to set the two equations equal
to each other.

x2 1 3x 2 5 5 2x2 1 10x 2 1

Solve for x.

2x2 2 7x 2 4 5 0
(2x 1 1 )(x 2 4) 5 0
1
x 5 2 __
2  or x 5 4

Substitute each x-value into one of the original equations to solve for y.
__
y5
 (
 2 __
2 ) 1 3(2  2 ) 2 5
2

1

1

1

y5
 (4)2 1 3(4) 2 5

3

5 __
  4  2 __
  2  2 5

5 16 1 12 2 5

1
5 26 __
4 

5 23
1

1

__
The solutions to the system are (2 __
2 , 26  4 ) and (4, 23).
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i Want to Believe

In order to calculate the square root of any real number, there must be some way to calculate the
square root of a negative number. That is, there must be a number such that when it is squared, it is
equal to a negative number. For this reason, mathematicians defined what is called the number i.
The number i is a number such that i2 5 21.
______

For example, you can rewrite the expression √
 225  using i.
______

__________

√ 225  5 √ (21)(25) 

Factor out 21.
Rewrite the radical expression.
____

Apply the square root on √
 25 .
____

Rewrite √ 21  as i.

____

____

5√
 21  ? √
 25 
____

5 5√ 21 
5 5i

______

So, √
 225 can be rewritten as 5i.
Functions and equations that have imaginary solutions have imaginary roots or imaginary zeros,
which are the solutions.
The set of complex numbers is the set of all numbers written in the form a 1 bi, where a and b are
real numbers. The term a is called the real part of a complex number, and the term bi is called
the imaginary part of a complex number.
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The set of imaginary numbers is a subset of the set of complex numbers. A pure imaginary
number is a number of the form a 1 bi, where b is not equal to 0.
When operating with complex numbers involving i, combine like terms by treating i as a variable
(even thought it is a constant).
For example, consider the sum of (2 1 3i) 1 (25 1 i).
(2 1 3i) 1 (25 1 i) 5 (2 1 (25)) 1 (3i 1 i)
5 23 1 4i
You can also multiply complex numbers using the Distributive Property.
For example, consider the product of (2 1 i)(2 2 i).
(2 1 i)(2 2 i) 5 2(2) 1 2(2i) 1 i(2) 1 i(2i)
5 4 2 2i 1 2i 2 i2
5 4 2 i2
5 4 2 (21) 5 5
You can use the same methods you used to solve quadratic equations with real solutions to solve
quadratic equations with imaginary solutions.
For example, consider the function f(x) 5 x2 2 2x 1 2

______

2
2(22) 6 √
 (22)
  
2 4(1)(2) 
x 5 ________________________
 
  
  
 
2(1)

__

26√
 4 2 8 
x 5  ___________
2 
____

26√
 24 
x 5 _________
  2

2 6 2i

x 5  ______
2 
x516i
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The Fundamental Theorem of Algebra states that any polynomial equation of degree n must
have, exactly n complex roots or solutions.
Any root may be a multiple root. The table shows the number of real and imaginary roots for
different quadratic equations.

Location
of Vertex

Concavity

Number of
x-Intercepts

Sketch

Number and
Type of Roots

y

Up
Above the x-axis

x

0

2 imaginary roots

x

2

2 real roots

x

2

2 real roots

x

0

2 imaginary roots

x

1

1 unique root

x

1

1 unique root

y

Down
y

Up
Below the x-axis

y

Down
y

Up
On the x-axis

y

Down
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TOPIC 3

Applications of Quadratics

A keystone is the wedge-shaped stone at the top of an arch that locks the other stones in place. If an arch is shaped like
a parabola, the vertex (maximum) would be somewhere on the keystone.
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Solving Quadratic Inequalities ������������������������������������������������������������������������������������������ 225
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Lesson 4

Model Behavior
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Applications of Quadratics
Topic 3 Overview

 ow is Applications of
H
Quadratics organized?
Applications of Quadratics provides students with
an opportunity to review what they have learned
about quadratics in Algebra 1 by modeling
and solving problems for situations involving
quadratics. They start with a real-world problem
that can be modeled by a quadratic inequality.
Students have solved linear inequalities, and
they apply and expand on those experiences
to solve quadratic inequalities. From there,
students are given a scenario that can be
modeled by a system of one quadratic function
and one linear function. They use technology to
graph the system and determine the solutions
and then use substitution to solve a system
algebraically. Students are presented with a
real-world situation and use familiar strategies
to fit a quadratic regression. Students explore
inverse functions and determine inverses from a
graph, table, and equation. They consider a realworld situation that requires a restricted domain
and use the inverse to solve problems. Finally,
students explore parabolas as a conic section
and write the general and standard equations.

 hat is the entry point for
W
students?
Students are very familiar with inequalities. They
have graphed and solved linear inequalities
in one and two variables, as well as systems
of linear inequalities. They use these skills
to graph and solve quadratic inequalities,
interpreting the solution set in the same way.
Students first solved systems of linear equations

graphically in middle school and algebraically
in Algebra 1. In Systems of Equations and
Inequalities, students advanced their graphical
and algebraic techniques for solving systems of
linear equations. Students know that a graph
represents the solutions to the function it
models and that the intersection point(s) of two
graphs represent the solution(s) shared by both
functions. With systems of quadratic equations,
students use the same solving techniques; the
only difference is whether it is a linear equation
or a quadratic equation that they solve after
eliminating a variable. Using their experience
with linear regressions from Algebra 1, students
are ready to use regressions to make predictions
for data sets that can be modeled quadratically.

 ow does a student
H
demonstrate understanding?
How does a student
demonstrate understanding?

Students will demonstrate understanding of the
standards in Applications of Quadratics if they can:
• Identify quantities represented in real-world
situations modeled by quadratic equations.
• Write and solve a quadratic equation that best
models a real-world situation.
• Graph a quadratic inequality on a coordinate
plane with appropriate labels and scales.
• Interpret the solution set of a
quadratic inequality.
• Graph and solve a system comprised of one
linear equation and one quadratic equation.
• Solve linear and quadratic systems using
graphing and substitution.
• Use technology to determine the function of
best fit for a data set.
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• Make predictions using a quadratic
regression that represents a data set.
• Use technology to graph square root
functions and determine solutions.
• Identify quantities represented in real-world
situations modeled by quadratic equations.
• Write the inverse of a quadratic function in
function notation by restricting the domain.
• Write the general and standard form of
a parabola.

 Why is Applications of
Quadratics important?
As students improve their graphical and
algebraic skills and increase their knowledge
of different function families, they are able
to model more complicated and interesting
problems from real-world situations.
Applications of Quadratics is important, as it
provides students with an opportunity to
bring together the techniques that they have
learned in Algebra 1 and build upon this
foundation throughout this course. Students’
knowledge of first- and second-degree
polynomials will be used and expanded upon
as they encounter cubics, quartics, rational
functions, and logarithmic functions. Modeling
advanced scenarios will be heavily used by
students who continue on to calculus and
post-secondary mathematics.

How do the activities in
Applications of Quadratics
promote student expertise
in the mathematical process
standards?

How do the activities in XXX promote
student expertise in the
mathematical practice standards?

All Carnegie Learning topics are written with
the goal of creating mathematical thinkers who
are active participants in class discourse, so
the mathematical process standards should be
evident in all lessons. Students are expected
to make sense of problems and work toward
solutions, reason using concrete and abstract
ideas, and communicate their thinking while
providing a critical ear to the thinking of others.
Students model with mathematics throughout
this topic. They use reasoning as they
decontextualize scenarios by defining variables,
writing equations, and solving for unknowns. The
reasoning is extended when they contextualize
their solutions, making sense of them in terms
of a given situation. Students make appropriate
use of the tools they have mastered throughout
this module and course to solve problems.

Materials Needed
Calculator or graphing technology
Patty Paper
Compass
Straightedge

New Tools and Notation
A function is a one-to-one function if both the function and its inverse are functions.
A linear function is sometimes a one-to-one function, and an exponential function is always a one-to-one
function. Neither a quadratic function nor an absolute value function is ever a one-to-one function.
221B • TOPIC 3: Topic Overview
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Learning Together
ELPS: 1.A, 1.C, 1.D, 1.E, 1.F, 1.G, 2.C, 2.D, 2.E, 2.G, 2.H, .2I, 3.A, 3.B, 3.C, 3.D, 3.E, 3.F, 4.A, 4.B, 4.C, 4.G,
4.K, 5.B, 5.E, 5.F, 5.G
Lesson

Lesson Name

TEKS

Days

1

Ahead of the Curve:

2A.4H

1

Students analyze a Worked Example to calculate
the solution set of a quadratic inequality by first
solving for the roots of its related quadratic
equation, then determining which interval(s)
created by the roots satisfy the inequality. They
use both a number line and coordinate plane
to select the correct intervals and then make
connections between those methods. Students
solve a problem in context requiring the use
of a quadratic inequality, and they also use a
transformation to make comparisons within
a context. Throughout this lesson, students
use the Quadratic Formula, technology, and
inequality or interval notation.

2A.3A
2A.3C
2A.3D

1

Students solve a problem in context that can be
modeled by a system of equations involving a linear
equation and a quadratic equation. They solve this
first question graphically and discuss the number
of solutions to the system and the number of
solutions that make sense for the context. Students
are then guided to solve a system of a linear
equation and a quadratic equation algebraically,
and then verify their results graphically. Students
solve additional systems algebraically and
graphically. They also discuss the number of
possible solutions for each type of system and
sketch graphs demonstrating those solutions.

2A.2B
2A.2C

3

Inverses of functions are introduced in this lesson.
A Worked Example highlights how to determine
the inverse of a linear function algebraically.
Students use this example to determine other
inverses of functions. They then create the graph
of the inverse of a linear function by reflecting
the original function across the line y 5 x using
patty paper. This process is repeated for quadratic
functions. The term one-to-one function is defined,
and students determine whether the inverse of
a function is also a function. A graphic organizer
is completed to summarize the definition and
representations of inverses functions.

Solving Quadratic
Inequalities

2

All Systems Go!:
Systems of
Quadratic
Equations

3

The Ol' Switcharoo:
Inverses of Linear
and Quadratic
Functions

Highlights
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Lesson

Lesson Name

TEKS

Days

Highlights

4

Modeling Behavior:

2A.2C
2A.4E
2A.7I
2A.8A
2A.8B
2A.8C

1

Students begin the lesson by determining a
quadratic regression equation to model a set of
data and use the regression equation to make
predictions. Next, they are given a quadratic
equation that models a context, but this time
students see the need for an inverse equation
because they must solve for the independent
variable when the dependent variable is provided.
Throughout the lesson, students identify the
independent and dependent quantities and
domain and range of functions in order to make
sense of an inverse of function.

2A.4B

3

The focus and directrix of a parabola are
introduced through an exploratory activity.
Students use concentric circles to plot points that
are equidistant from both a line and a point not on
the line, then connect these equidistant points to
form a parabola. A parabola is described as a conic
section, and the terms locus of points, parabola,
focus, and directrix are given. Students construct
a directrix and a focus above the directrix on
patty paper and complete multiple folds of the
focus onto the line to create a parabola. Concavity
and the vertex of a parabola are defined. Through
investigations students conclude that any point
on a parabola is equidistant from the focus and
the directrix. The focus and directrix are then
used to write the equation of a parabola, and
the general and standard form of a parabola
are given. Students derive the standard form
of a parabola algebraically to make sense of the
constant p in the equation and use this constant
to graph parabolas. The Distance Formula is
used to determine the equation of points that
are equidistant from a given focus and a given
directrix where the vertex is a point other than the
origin. Students apply characteristics of parabolas
to solve real-world problem situations.

Using Quadratic
Functions to Model
Data

5

Going the
Equidistance:
Equation of a
Parabola
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Suggested Topic Plan
*1 Day Pacing 5 45 min. Session
Day 1

Day 2

TEKS: 2A.4H

TEKS: 2A.3A, 2A.3C,
2A.3D

LESSON 1
Ahead of the
Curve
GETTING STARTED
ACTIVITY 1
ACTIVITY 2
TALK THE TALK

Day 6

Day 3

TALK THE TALK

Day 7

ACTIVITY 3
ACTIVITY 4

ACTIVITY 1

Use LiveLab and
Reports to monitor
students’ progress

ACTIVITY 2

Day 8

Day 9

MID-TOPIC
ASSESSMENT

LESSON 3 continued

ACTIVITY 5

TEKS: 2A.2B, 2A.2C

GETTING STARTED

GETTING STARTED
ACTIVITY 2

Day 5
LESSON 3 continued

LESSON 3
The Ol' Switcharoo

LESSON 2
All Systems Go!
ACTIVITY 1

Day 4

Day 10

TEKS: 2A.2C, 2A.4E, 2A.7I,
2A.8A, 2A.8B, 2A.8C

LESSON 4
Modeling Behavior

TALK THE TALK

GETTING STARTED

Use LiveLab and
Reports to monitor
students’ progress

ACTIVITY 1
ACTIVITY 2

Use LiveLab and
Reports to monitor
students’ progress

TALK THE TALK

Day 11

Day 12

Day 13

TEKS: 2A.4B

LESSON 5 continued

LESSON 5 continued

ACTIVITY 4

ACTIVITY 6

LESSON 5
Going the
Equidistance
GETTING STARTED
ACTIVITY 1
ACTIVITY 2

ACTIVITY 3

Day 14

Day 15
END OF TOPIC
ASSESSMENT

ACTIVITY 5

TALK THE TALK

Use LiveLab and
Reports to monitor
students’ progress

Assessments
There are two assessments aligned to this topic: Mid-Topic Assessment and End of Topic Assessment.
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Carnegie Learning Family Guide

Algebra 2

Module 1: Exploring Patterns in Linear and
Quadratic Relationships
TOPIC 3: APPLICATIONS OF
QUADRATICS

Where have we been?

This topic provides students with an opportunity

inequalities in one variable and in two variables,

to review what they have learned in Algebra 1

as well as systems of linear inequalities. They

and build upon that foundation as they model

use these skills to graph and solve quadratic

and solve problems for situations involving

inequalities, interpreting the solution set in the

quadratics. Students start with a real-world

same way. Students know that a graph represents

problem that can be modeled by a quadratic

the solutions to the function it models and that

Students have graphed and solved linear

inequality. From there, students are given a
scenario that can be modeled by a system
of a quadratic function and a linear function.
They use technology to graph the system and
determine the solutions. Students are presented
with a real-world situation and use familiar
strategies to complete a quadratic regression
to determine the curve of best fit. Students
determine the inverses of linear and quadratic
equations. Finally, students explore parabolas
as a conic section and write the general and
standard equations.

the intersection point(s) of two graphs represent
the solution(s) shared by both functions.

Where are we going?
This topic provides students with an
opportunity to bring together the techniques
that they have learned in Algebra 1 and
build upon this foundation throughout this
course. Students’ knowledge of first- and
second-degree polynomials will be used and
expanded upon as they encounter cubics,
quartics, rational functions, and logarithmic
functions. Modeling advanced scenarios will
be heavily used by students who continue on
to calculus and post-secondary mathematics.

Quadratic
Inequalities

Interval 1

1

3

Interval 2

Interval 3

To solve a quadratic inequality,
such as x2 2 4x 1 3 , 0, you can
first solve the corresponding
quadratic equation: x2 2 4x 1 3 5 0,
which will give you the roots
x 5 1 or x 5 3. Plot the roots to
create intervals on the x-axis.

Interval 1
Try x 5 0
02 2 4(0) 1 3 , 0
3 , 0 

1

3

Interval 2

Try x 5 2
22 2 4(2) 1 3 , 0
4 2 8 1 3 , 0
    
21 , 0 P

Interval 3
Try x 5 4
42 2 4(4) 1 3 , 0
16 2 16 1 3 , 0
     
3 , 0 

Interval 2 satisfies the original inequality, so the solution includes all numbers between 1 and 3.
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Systems
Your body is an amazing collection of different systems. Your cardiovascular system
pumps blood throughout your body, your skeletal system provides shape and
support, and your nervous system controls communication between your senses

Math Myth Busted

and your brain. Your skin, including your hair and fingernails, is a system all by itself—the

integumentary system—and it protects all of your body’s other systems. You also have a digestive
system, endocrine system, excretory system, immune system, muscular system, reproductive
system, and respiratory system.
Why do we call these systems “systems”? What do you think makes up a system?

Talking Points

Key Terms

Quadratic functions is an important topic to
know about for college admissions tests.

If p = 0and q
 < 0, then which shows the
graph of f (x) = (x − p)(x − q)?
B.

y

To restrict the domain of a function means
to define a new domain for the function that

Here is a sample question:

A.

restrict the domain

is a subset of the original domain.
one-to-one function
A relation is a one-to-one function if both the
relation and its inverse are functions.

y

parabola
x

C.

x

D.

y

A parabola is the set of all points in a plane
that are equidistant from a focus and a
directrix.

y

general form of a parabola
A general form of a parabola is an equation of

x
x

the form Ax2 1 Dy 5 0 or By2 1 Cx 5 0.

The function is given in factored form, so it
has zeros at p and q, which means that the
function crosses the x-axis at p and q. Since
p 5 0and q is negative, the function crosses
the x-axis at x 5 0and at some negative
x-value. Choice A, then, is the correct graph.
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Ahead of the
Curve

1
x

MATERIALS
Graphing technology

Solving Quadratic Inequalities
Lesson Overview
Students analyze a Worked Example to calculate the solution set of a quadratic inequality by first
solving for the roots of its related quadratic equation, then determining which interval(s) created
by the roots satisfy the inequality. They use both a number line and coordinate plane to select
the correct intervals and then make connections between those methods. Students solve a
problem in context requiring the use of a quadratic inequality, and also use a transformation to
make comparisons within a context. Throughout this lesson, students use the Quadratic Formula,
technology, and inequality or interval notation.

Algebra 2
Quadratic and Square Root Functions, Equations, and Inequalities
(4) The student applies mathematical processes to understand that quadratic and square
root functions, equations, and quadratic inequalities can be used to model situations,
solve problems, and make predictions. The student is expected to:
	(H) solve quadratic inequalities.

ELPS
1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I, 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas
• A horizontal line drawn across the graph of a quadratic function intersects the parabola at
exactly two points, except at the vertex, where it intersects the parabola at exactly one point.
• The solution set of a quadratic inequality is determined by first solving for the roots of the
quadratic equation, and then determining which interval(s) created by the roots will satisfy
the inequality. A combination of algebraic and graphical methods may be the most efficient
solution method.
• Quadratic inequalities can be used to model some real-world contexts. The effects of
translations of quadratic functions can be used to make comparisons within a context.
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Lesson Structure and Pacing: 1 Day
Engage
Getting Started: It Has Its Ups and Downs
Students use a graph that models a vertical motion problem to approximate the times when an
object is at specified heights. They recognize that a horizontal line drawn on the graph always
intersects it at two points, except at the vertex. Students also identify regions on the graph that
are less than or greater than a given height and write a quadratic inequality to represent
their responses.
Develop
Activity 1.1: Solving Quadratic Inequalities
Students analyze a Worked Example that demonstrates how to solve a quadratic inequality.
First, they rewrite the inequality as an equation and calculate the roots. Students then divide a
number line into intervals based upon the roots. Next, they test an x-value within each interval to
determine whether values that lie in the interval satisfy the inequality. Finally, students write an
inequality statement based upon their results.
Activity 1.2: Modeling Quadratic Inequalities
Students define the variables and write a function to represent a vertical motion problem. They
use technology to graph the function and then determine when the object is above or below
specific heights. Students combine their algebraic solution for the roots and visual inspection of
the graph to determine the correct intervals. The context of the problem must also be considered
when determining appropriate intervals for the solution.
Demonstrate
Talk the Talk: Boom! Boom!
Students analyze the effect of a translation of a quadratic function within a context.
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Getting Started: It Has Its Ups and Downs

ENGAGE

Facilitation Notes
In this activity, students use a graph that models a vertical motion
problem to approximate the times when an object is at specified heights.
They recognize that a horizontal line drawn on the graph always intersects
it at two points, except at the vertex. Students also identify regions on
the graph that are less than or greater than a given height and write a
quadratic inequality to represent their responses.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
As students work, look for
• Responses that include only one time for when the firework is at
1000 ft, 2500 ft, and 3900 ft. If students cannot see two responses
for 3900 feet, have them use technology to zoom into that portion
of the graph. Discuss the usefulness of knowing that the vertex, or
maximum point, is (15.625, 3911.25). Therefore, there must be two
times when the firework is at 3900 feet.
• Two responses for times when the firework is at 0 feet. While
the parabola intersects the x-axis in two places, only one of the
responses makes sense in the context.
• The response 0
 # t , 4.7and 2
 6.55 , t # 31.26to Question 3,
part (c). While these inequalities reflect the correct times, the
question asks for a quadratic inequality, which would be
216t2 1 500t 1 5 , 2000.
Misconception
Students may think the parabola is the actual path of the firework as
opposed to a relationship between time in seconds and height in feet.
Remind students that the path is not parabolic when an object is shot
straight into the air and falls to the ground.
Questions to ask
• Why is there only one time when the firework is 0 feet off
the ground?
• Why are the two times very close to each other when the firework
is 3900 feet off the ground?
• What is the average for the two responses for each question? What
is the significance of that value in relation to the graph?
• What is the maximum height the firework reaches?
• What is the total number of seconds the firework is above
2000 feet?
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• What is the total number of seconds the firework is below
2000 feet?
• Did you use an equal sign with each of your inequalities? Why or
why not?
• Write an inequality for when the firework is above 2000 feet.

Summary
A horizontal line drawn across the graph of a quadratic function intersects
the parabola at exactly two points, except at the vertex, where it intersects
the parabola at exactly one point.

DEVELOP

Activity 1.1

Solving Quadratic Inequalities

Facilitation Notes
In this activity, students analyze a Worked Example that demonstrates
how to solve a quadratic inequality. First, they rewrite the inequality as
an equation and calculate the roots. Students then divide a number line
into intervals based upon the roots. Next, they test an x-value within each
interval to determine whether values that lie in the interval satisfy the
inequality. Finally, students write an inequality statement based upon
their results.
Analyze the Worked Example as a class.
Questions to ask
• How was the quadratic inequality written as a quadratic equation?
• How were the roots of the quadratic equation determined?
• Explain how the number line was set up.
• How do you know what values to substitute into the inequality?
• How was the solution interval determined?
Misconception
Students may confuse the interval notation (1, 3) with the coordinate
pair (1, 3). Discuss the importance of using the entire notation x [ (1, 3)
so it is understood that both values in the parentheses relate to x.
Differentiation strategies
• To assist all students, allow them to use inequality notation or
interval notation. Include additional directions for using interval
notation that will be needed for Question 3.
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A combination of parentheses and brackets are acceptable. For
example, x [ [1, 3) means the same as 1 # x , 3.
s Parentheses are used with the infinity symbol. For example,
x [ (2`, 3) means the same as x , 3.
• To extend the lesson, have students use factored form (x 2 3)(x 2 1) 5 0
to test values from each interval. While some students may favor
the concrete values in the Worked Example, others may find it more
efficient to avoid calculations with numbers and just deal with signs.
Demonstrate how to use factored form, then have students try both
methods as they analyze Jeff’s work in Question 3. Discuss students’
preferences and reasoning.
s

1

3

Interval 1
Interval 2
Interval 3
Try x 5 0
Try x 5 2
Try x 5 4
(x 2 3)(x 2 1) (x 2 3)(x 2 1) (x 2 3)(x 2 1)
(2)(2) 5 1
(2)(1) 5 2 (1)(1) 5 1

Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Questions to ask
• What five points did you use to sketch the parabola?
• What key characteristics are obvious in the quadratic equation
y 5 x2 2 4x 1 3?
• What key characteristics are obvious when the quadratic equation is
written in factored form?
• How did you determine the vertex of y 5 x2 2 4x 1 3?
• What point is symmetric to the y-intercept?
• Which axis on the graph relates to the number line used in the
Worked Example?
• How many intervals does the x-axis divide the parabola into?
• How can you tell from the graph which intervals satisfy the inequality?
• How does this graph represent what is shown on the number line in
the Worked Example?
• What method do you prefer to solve a quadratic inequality: Using the
number line and testing numbers in each interval, or graphing the
parabola and using the graph to determine which intervals satisfy
the inequality? Why?
Have students work with a partner or in a group to analyze the student
work and complete Question 3. Share responses as a class.
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Differentiation strategies
• To assist all students, suggest they use a number line as they analyze
Jeff’s work.
• To extend the lesson, have students use factored form
2(x 2 5)(x 2 2) 5 0to test values from each interval.
Questions to ask
• What is the difference between the roots of a quadratic equation
and the solution set of a quadratic inequality?
• Why is it helpful to know the roots when determining the solution to
a quadratic inequality?
• After determining the roots of a quadratic equation, how is the
solution set to the associated quadratic inequality determined?
• Why did Jeff choose the values x 5 1, x 5 3, and x 5 6? Where did
these values come from?
• What would happen if Jeff used the roots rather than values within
each interval to substitute into the inequality?
• Should the values x 5 1, x 5 3, and x 5 6be used to describe the
solution? Explain.
• Did Jeff base his solution set on the values he chose in each interval
or on the roots of the quadratic equation?
• What advice would you give Jeff so that he does not make the same
mistake again?

Summary
The solution set of a quadratic inequality is determined by first solving for
the roots of the associated quadratic equation, then determining which
interval(s) determined by the roots satisfy the inequality.

Activity 1.2

Modeling Quadratic Inequalities

Facilitation Notes
In this activity, students define the variables and write a function to
represent a vertical motion problem. They use technology to graph the
function and then determine when the object is above or below specific
heights. Students combine their algebraic solution for the roots and visual
inspection of the graph to determine the correct intervals. The context
of the problem must also be considered when determining appropriate
intervals for the solution.
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Differentiation strategy
To extend the lesson, prior to engaging in the questions, ask students to
create questions that can be answered using this scenario.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
Questions to ask
• Why does it make sense that a parabola represents vertical motion?
• How did you know what coefficients to use for the variables?
• What does each term of the trinomial mean with respect to the
problem situation?
• Can this quadratic equation be easily factored?
• What methods could be used to solve this quadratic equation?
Have students work with a partner or in a group to complete Questions 2
through 4. Share responses as a class.
Misconception
Students may be confused as to why they are solving for the roots
when the heights are 30 and 43. If this is the case, remind them that
algebraically they set the quadratic equation equal to zero; when the
equation is set equal to zero, they are identifying the roots. If helpful,
provide an example of a geometric transformation that demonstrates
their algebraic process; the x-values of the points of intersection of the
horizontal line and parabola are equivalent to the roots of the function
when its graph is translated vertically.
As students work, look for
• Exclusion of the endpoints in Question 3, part (b) and inclusion of
the endpoints in Question 4.
• A solution for Question 4 that takes into account the context. Rather
than a solution for the function, t [ (2`, 1.375] or t [ [1.5, `), the
solution should be t [ [0, 1.375] or t [ [1.5, 3.1], which relates to the
context, where the initial time is 0 seconds, and the balloon lands on
the ground at about 3.1 seconds.
• Use of the Quadratic Formula or technology to determine the times
when the balloon is at or below 43 feet.
Questions to ask
• As the time increases, does the height increase or decrease?
• What method did you use to solve the inequality?
• Why did you use the Quadratic Formula to solve the inequality?
• Is your solution an exact solution or an approximate solution? Why?
• How is having a graph of the situation available helpful in
determining the intervals when the balloon is above 30 feet?
• Why was it unnecessary to create a number line and test intervals?
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• Did you use the same method to determine when the height was
less than or equal to 43 feet? If not, what method did you use?
• What inequality sign is associated with the inequality representing
the times when the balloon is at or below 43 feet?
• How do you know where each interval on the graph begins and ends?
• How many intervals is the graph divided into?
• Which interval(s) satisfy the inequality?

Summary
Quadratic inequalities can be used to model some real-world contexts.
A combination of algebraic and graphical solutions may be the most
efficient solution method.

DEMONSTRATE

Talk the Talk: Boom! Boom!
Facilitation Notes
In this activity, students analyze the effect of a translation of a quadratic
function within a context.
Have students work with a partner or in a group to complete Questions 1
through 5. Share responses as a class.
As students work, look for
• The realization that the second firework is an example of a
vertical translation.
• Awareness that the question is asking about the x-value, time,
while a vertical translation affects the y-values.
• Different predictions, and the magnitude of the change predicted.
Misconception
Because students understand that the vertical translation affects the
height, they may be confused as to why the x-value, time, is affected.
• Use the graph of the function to help them make sense of the
situation. If the function is lowered on the coordinate plane, the span
of x-values above the horizontal line y 5 2000is more narrow. This
means the interval of time for the translated function is less than the
interval of time for the original function.
• Algebraically, if the y-value is held constant at 2000 for both
functions, the x-values that correspond to 2000 will be different for
each function.
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Differentiation strategies
To scaffold support,
• Suggest that students access the tables for the functions to
make comparisons.
• Provide viewing windows so that students can see the difference
between the two graphs at meaningful points.
Launch

Maximum

Landing

Xmin

0

15

31

Xmax

0.1

16

31.5

Ymin

0

3900

0

Ymax

50

3915

50

Questions to ask
• What was your prediction based on?
• Do you think the second firework will reach the same height as the
first firework? Explain.
• Do you think the second firework will land on the ground at the
same time as the first firework? Explain.
• If the firework is launched from the ground, what is the value of the
 (t) 5 216t2 1 v0t 1 h0?
constant, h0, in the vertical motion equation h
• Is the function for the second firework an example of a horizontal or
vertical translation of the original function?
• How was 2000 used to write the inequality?
• Did you use the Quadratic Formula or technology to determine the
intervals for when the firework will be above 2000 feet? Why did you
choose that method?
• What do the values x 5 4.7and x 5 26.5represent?

Summary
The effects of translations of quadratic functions can be used to make
comparisons within a context.
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NOTES
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Warm Up Answers

Ahead of
the Curve

1

1. x 5 66
2. x 5 25 and x 5 2
1

7

3. x 5 __
  2and x 5 2  __
2
__

4. x 5 22 6 2√3 

Solving Quadratic Inequalities

Warm Up

Determine the solution of each
quadratic equation.
1. x2 2 100 5 264
2. x2 1 3x 1 5 5 15
3. 4x2 1 12x 5 7

Learning Goals

• Solve a quadratic inequality by calculating the roots of the
quadratic equation which corresponds to the inequality
and testing values within intervals determined by the roots.
• Connect the graphical representation of a quadratic
function and the solution to a corresponding quadratic
inequality represented on a number line.
• Use interval notation to record the solutions to
quadratic inequalities.

4. x2 1 4x 2 3 5 5

You have interpreted the solution sets to linear inequalities on a coordinate plane. You have
also solved quadratic equations using a variety of methods. How can you interpret the
solutions sets to quadratic inequalities on a coordinate plane using what you know about
solving quadratic equations?
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Answers
Check student work for
approximations.

GETTING STARTED

1a. About 20.01 seconds
and 31.26 seconds

It Has Its Ups and Downs

1b. About 2.14 seconds
and 29.11 seconds
1c. About 6.23 seconds
and 25.02 seconds

1. Use the graph to approximate when the firework will be at each
given height off the ground.

A vertical motion
model is a quadratic
equation of the form
y 5 216t2 1 v0 t 1 h0.

2. Sample answer.
For most heights, the
firework will reach the
height at two different
times, as it travels
upward and then
downward. It will reach
the maximum height at
one time only. Because
the firework has an
initial height of 5 feet, it
will reach heights less
than 5 feet only once,
as it travels downward.
3a. and 3b.
y
2
4,000 h(t) = –16t + 500t + 5

2,000

b. 1000 feet

c. 2500 feet

d. 3900 feet

3. Draw a horizontal line on the graph to represent when the
firework is 2000 feet off the ground.
a. When is the firework higher than 2000 feet? Circle this
portion of the graph.

y
h(t)= –16t + 500t + 5
2

4,000
3,000

b. When is the firework below 2000 feet? Draw a box
around this portion of the graph.

2,000
1,000
0

3,000

a. 0 feet

2. Describe any patterns you notice for the number of times the
firework reaches a given height.

Height (feet)

1d. About 14.79 seconds
and 16.46 seconds

Height (feet)

A firework is shot straight up into the air with an initial velocity of 500 feet
per second from 5 feet off the ground. The graph of the function that
represents this situation is shown.

Remember:

10 20 30 40
Time (seconds)

x

c. Write a quadratic inequality that represents the times
when the firework is below 2000 feet.

1,000
0

10 20 30 40
Time (seconds)

3c.	216t2 1 500t 1
5 , 2000

x
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ELL Tip
One term that is used throughout the activity is initial velocity. Define initial as the beginning or first
occurrence of something, or the original amount. Define velocity as the speed of an object in a specific
direction. Read aloud the sentences at the beginning of the section. Discuss the term initial velocity
in the context of the sentences as the beginning speed of the firework that was shot up in the air.
Then discuss why the velocity changes, when it increases, and when it decreases.
Another term that is used throughout the activity is portion. Define portion as a section or part
of something. In this activity, students are asked to identify portions, or sections, of a graph.
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AC T I V I T Y

1.1

Solving Quadratic Inequalities

Just like with the other inequalities you have studied, the solution to a
quadratic inequality is the set of values that satisfy the inequality.

Worked Example
Let’s determine the solution of the quadratic inequality x2 2 4x 1 3 , 0.
x2 2 4x 1 3 5 0

Write the corresponding quadratic equation.
Calculate the roots of the quadratic equation
using an appropriate method.

(x 2 3)(x 2 1) 5 0
(x 2 3) 5 0 or (x 2 1) 5 0
x 5 3 or
x51

Plot the roots to divide the number line into three regions.

Interval 1

1

Interval 2

3

Interval 3

Choose a value from each interval to test in the original inequality.

Interval 1
Try x 5 0
02 2 4(0) 1 3 , 0
3,0×

1

Interval 2
Try x 5 2
22 2 4(2) 1 3 , 0
42813,0
21,0¸

3

Interval 3
Try x 5 4
42 2 4(4) 1 3 , 0
16 2 16 1 3 , 0
3,0×

Identify the solution set as the interval(s) in which your test value satisfies
the inequality.
Interval 2 satisfies the original inequality, so the solution includes all numbers
between 1 and 3.
Solution: x [ (1, 3)
The symbol [ is read “is an element of,” “is in,” or “belongs to.” The notation x [ (1, 3)
has the same meaning as 1 , x , 3.

LESSON 1: Ahead of the Curve • 227

A2_M01_T03_L01_Student Lesson.indd 227

5/25/21 2:03 PM

LESSON 1: Ahead of the Curve • 227

A2_M01_T03_L01_TIG.indd 227

5/28/21 3:10 PM

Answers
1a. The solution would
include the endpoints,
x [ [1, 3].

1. Analyze the Worked Example.

The notation x [ [1, 3]
means the same as
1 # x # 3.

1b. Solution: x [ (2`, 1] or
x [ [3, `)
The solution would
include all numbers
less than or equal to
1 and greater than or
equal to 3.

a. How would the solution set change if the inequality was less
than or equal to? Explain your reasoning.

b. How would the solution set change if the inequality was
greater than or equal to? Explain your reasoning.

2.
y

2. Graph y 5 x2 2 4x 1 3 on the coordinate plane shown and label
the roots of the equation and the vertex. Then describe how the
graph supports that the solution set for the associated quadratic
inequality x2 2 4x 1 3 , 0 is 1 , x , 3.

8
4
−8

0

−4
–4

4

8

y

x
8

Vertex (2, −1)

6

−8

4
2

Sample answer.
The x-axis on the
graph represents the
number line shown in
the Worked Example.
The interval that I
circled represents the
solution because these
are the x-values that
are between 1 and 3.
The parts of the graph
that are not circled
represent the intervals
that are not solutions
because they are less
than or equal to 1
and greater than or
equal to 3.

−8

−6

−4

0

−2

2

4

6

8

x

−2
−4
−6
−8
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Answer
3. Jeff based his solution
set on his chosen
values instead of on
the roots of the
quadratic equation.
The correct solution
set is x [ (2`, 2] or
x [ [5, `).

Jeff correctly determined the roots of the quadratic inequality
2x2 2 14x 1 27 $ 7 to be x 5 5 and x 5 2. However, he incorrectly
determined the solution set. His work is shown.

Jeff
2x2 2 14x 1 27
2x2 2 14x 1 20
2(x2 2 7x 1 10)
2(x 2 5)(x 2 2)
x 5 5 or x

5
5
5
5
5

7
0
0
0
2

x51
2(1)2 2 14(1) 1 27 $ 7
2 2 14 1 27 $ 7
15 $ 7 ¸

x53
2(3)2 2 14(3) 1 27 $ 7
18 2 42 1 27 $ 7
3$7×

x56
2(6)2 2 14(6) 1 27 $ 7
72 2 84 1 27 $ 7
15 $ 7 ¸

Solution: x e (2`, 1] or x e [6, `)

3. Describe Jeff’s error. Then, determine the correct solution set for
the inequality.

Ask
yourself:
When testing values
from each interval,
could you use the
factored form of the
inequality rather than
the original inequality?
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Answers
1. Let t represent the time
in seconds, and let h
represent the height
of the balloon in feet
t seconds after it is
thrown.
	
h(t) 5 216t2 1 46t 1 10

AC T I V I T Y

1.2

A water balloon is launched from a machine upward from a height of 10 feet
with an initial velocity of 46 feet per second.
1. Identify the variables and write a quadratic function to
represent this situation.

2.
y

Height (feet)

50

Modeling Quadratic
Inequalities

40
y = 30

30

2. Use technology to sketch the graph of the function.

20
10
0

1

2

3

4

5x

Time (seconds)

3a. See graph.
t [ (0.53, 2.34)
3b.	216t2 1 46t 1 10 . 30

Height (feet)

50

y

3. Draw a horizontal line on the graph to represent when the
balloon is 30 feet off the ground.

40
30

a. Circle the portion of the graph that represents when the
balloon is above 30 feet.

20
10
0

1

2
3
4
Time (seconds)

5 x

b. Write and solve an inequality to determine when the
balloon is above 30 feet. Use the graph to explain
your solution.

	
216t2 1 46t 1 10 5 30
	
216t2 1 46t 2 20 5 0
	
a 5 216, b 5 46, c 5 220
____
246 6 √
 836 
	
t 5   ____________

232

4. Determine when the balloon is at or below 43 feet. Interpret
your solution in terms of the model you graphed.

	
t ≈ 0.534or t ≈ 2.341

Solution: t [ (0.534, 2.341)
The balloon is above
30 feet between 0.534
and 2.341 seconds.
I can tell this is the
solution because the
interval that I circled on
the graph is between
those roots.

230 • TOPIC 3: Applications of Quadratics

4.	
216t2 1 46t 1 10 # 43
	
216t2 1 46t 1 10 5 43
	
216t2 1 46t 2 33 5 0
	
a 5 216, b 5 46, c 5 233
246 6 2

	
t 5  _________
232 
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The balloon is less than 43 feet between 0 and 1.375 seconds, because time
in this scenario cannot be negative. The balloon is also less than 43 feet
between 1.5 seconds and 3.1 seconds, since the balloon reaches the ground
at about 3.1 seconds.

	t 5 1.375or t 5 1.5
Solution: t [ [0, 1.375]
or t [ [1.5, 3.1]
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Answers
1. Sample answer.
I predict the second
firework will be above
2000 feet for less time
than the first firework
because it starts from
a lower height.

NOTES

TALK the TALK
Boom! Boom!
In the Getting Started activity, a firework was shot straight up into the
air with an initial velocity of 500 feet per second from 5 feet off the
ground. The function representing the situation was identified as
h(t) 5 216t2 1 500t 1 5. You determined the firework would be above
2000 feet between about 5 seconds and 27 seconds.

2.	
216t2 1 500t . 2000
3.	
216t2 1 500t . 2000
	
216t2 1 500t 5 2000

Suppose a second firework was shot straight up into the air with an
initial velocity of 500 feet per second from the ground.

	
216t2 1 500t 2 2000 5 0
	
a 5 216, b 5 500, 
c 5 22000 ____
2125 6 5√ 305 
	
t 5 _______________
  
 

28

1. Predict whether the second firework will be above 2000 feet
for more time, less time, or the same amount of time as the
first firework.

	
t ø 4.7or t ø 26.5
The second firework
will be above 2000 feet
for t [ (4.7, 26.5).

2. Write a quadratic inequality to represent when the second
firework will be above 2000 feet.

3. Determine when the second firework will be above 2000 feet.
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Answers
4. Sample answer.
Yes, the second
firework is in the air for
less time, but by only
0.2 seconds.

NOTES

5. Sample answers.
The graph of the
second firework
appears to be the
same graph as the
first firework because
of the scale.
The graph of the
second firework is
translated 5 units down
from the graph of the
first firework.

4. Was your prediction made in Question 1 correct?

5. Use technology to compare the graph of the first firework to
the graph of the second firework. What do you notice?
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Assignment

Assignment
Answers

LESSON 1: Ahead of the Curve

Write

Write

Remember

Describe the difference between

The solution set of a quadratic inequality is determined by

the solutions of a quadratic

first solving for the roots of the quadratic equation, then

equation and the solutions of a

determining which interval(s) created by the roots satisfy

quadratic inequality.

the inequality.

Sample answer.
In a quadratic equation, the
solution is the roots of the
equation. In a quadratic
inequality, you also
solve for the roots of the
equation, but then you use
those roots to determine
which intervals satisfy the
inequality.

Practice
1. A nutrition company has determined that the fixed cost associated with
producing cases of its special health bars is $1000. The variable cost is

3
__
4 x 1 25 dollars per case that they produce. The selling price of the cases
1
of health bars is 135 2 __
4 x per case that they sell.

a. Determine the cost function C(x) for this product based on the number

Practice

of cases, x, that they produce and sell. Simplify if necessary.
b. Determine the revenue function R(x) for this product based on the

3

1a.	C(x) 5 __
  4x2 1 25x 1
1000

number of cases, x, that they produce and sell. Simplify if necessary.
c. The profit that a company makes is the difference between the revenue and the cost. Determine

1

the profit function P(x) for this product.

1b.	R(x) 5 135x 2 __
  4x2

d. Determine when the company will break even.

1c.	
P(x) 5 2x2 1 110x 2
1000

e. If they make and sell fewer than 10 cases of health bars, will they have a positive or negative
profit? Explain your reasoning.
f. If they make and sell more than 100 cases of health bars, will they have a positive or negative

1d. The company will break
even when they make
and sell either 10 cases
or 100 cases of health
bars.

profit? Explain your reasoning.
g. Determine how many units the company must produce and sell to make a profit of at least $1800.
2. Solve each inequality.
a. 2y2 1 2y 2 12 . 0

b. x2 1 6x # 0

c. 4b2 1 14b 1 16 , 10

d. a2 $ 4(2a 2 3)

e. 2t2 . 9t 1 18

f. k2 1 3k 1 2 , 23(k 1 2)

1e. I will choose 5 cases
to determine if the
company will have a
positive or negative
profit if the company
makes and sells fewer
than 10 cases of health
bars. The company will
have a negative profit.

Stretch
Marelby and Merily both started their own companies with $3000. Marelby’s profits can be represented
as g(x) $ x2 2 5x 1 3. Merily’s profits can be represented by h(x) # 2x2 1 5x 1 3. Graph the solutions to
the quadratic inequalities and state what the shaded region means in regards to Marelby and Merily’s
profits.
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2b. x [ [26, 0]

1
2c. b [ (23, 2 __
  2)

2d. a [ (2`, 2] or a [ [6, `)
3
2e. t [ (2`, 2 __
  2) or t [ (6, `)

2f. k [ (24, 22)

Stretch
One lightly shaded region
represents Marelby’s
profit.

6/3/21 8:30 PM

The other lightly shaded
region represents Merily’s
profit. The overlapping
region represents when
Marelby's and Merily’s
profit satisfy both
inequalities. You can have a
negative profit, but it does
not make sense to have a
profit in Quadrant II or III.

y
8
6
4

g(x)

2
–2
–4

0 1

2

3

4

5
h(x)

x

1f. I will choose 150 cases
to determine if the
company will have a
positive or negative
profit if the company
makes and sells more
than 100 cases. The
company will have a
negative profit.
1g. Solution: x [ [40, 70]
The company will make
at least $1800 when
it produces and sells
between 40 to 70 cases
of health bars.
2a. y [ (2`, 23) or y [ (2, `)
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Assignment
Answers
Review
1a.	9x2 2 54x 1 81

Review

1b.	26x3 2 23x2 2 19x 2 12

1. Determine each product.

2a.	x 5 1 and x 5 4

2. Solve each equation.

9

1

____

__
2b.	x 5 2 __
 173 
2 6 2 √

3a.	x 5 25 6 3i

___

a. (3x 2 9)2
a. x2 5 5x 2 4

b. (6x2 1 5x 1 4)(2x 2 3)
b. x2 1 9x 2 23 5 0

3. Determine the roots of each function.
a. f(x) 5 (x 1 5)2 1 9

b. g(x) 5 x 2 2 3x 1 5

3
1
3b.	x 5 __
  26 __
2√
 11 i
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All Systems Go!

2
x

MATERIALS
Graphing technology

Systems of Quadratic Equations

Lesson Overview
Students solve a problem in context that can be modeled by a system of equations involving a linear
equation and a quadratic equation. They solve this first question graphically and discuss the number
of solutions to the system and the number of solutions that make sense for the context. Students
are then guided to solve a system of a linear equation and a quadratic equation algebraically, and
then verify their results graphically. Students solve additional systems algebraically and graphically.
They also discuss the number of possible solutions for each type of system and sketch graphs
demonstrating those solutions.

Algebra 2
Systems of Equations and Inequalities
(3) The student applies mathematical processes to formulate systems of equations and
inequalities, use a variety of methods to solve, and analyze reasonableness of solutions.
The student is expected to:
	(A) formulate systems of equations, including systems consisting of three linear equations
in three variables and systems consisting of two equations, the first linear and the second
quadratic.
	(C) solve, algebraically, systems of two equations in two variables consisting of a linear equation
and a quadratic equation.
	(D) determine the reasonableness of solutions to systems of a linear equation and a quadratic
equation in two variables.

ELPS
1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I, 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas
• Systems of equations involving a linear equation and a quadratic equation can be solved both
algebraically and graphically.
• A system of equations containing a linear equation and a quadratic equation may have no
solution, one solution, or two solutions.
LESSON 2: All Systems Go! • 235A
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• The number of solutions for a system of equations depends on the number of points where the
graphs of the two equations intersect.
• A system of equations involving a linear equation and a quadratic equation may be used to
model real-world problems.
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Lesson Structure and Pacing: 1 Day
Engage
Getting Started: Block That Kick!
Students are presented with a scenario that can be modeled using a system of equations consisting
of a quadratic equation and a linear equation. They describe the shape and characteristics of each
equation and reason about whether the two graphs intersect.
Develop
Activity 2.1: Modeling a System with a Linear and a Quadratic Equation
Students use the scenario from the Getting Started to sketch the graph of the system of
equations. They identify the number of solutions and determine whether all solutions are
reasonable in context of the problem situation. Students use the graph to approximate the
solution to the problem.
Activity 2.2: Solving a System with a Linear and a Quadratic Equation
Students solve systems of equations consisting of a linear equation and a quadratic equation by
setting the equations equal to one another, and then solving the resulting quadratic equation by
factoring or using the Quadratic Formula. They verify the results graphically by identifying the
coordinates of the points of intersection of the two graphs. Students sketch graphs to demonstrate
that a system of equations consisting of a linear equation and a quadratic equation may have 0, 1,
or 2 solutions. They then solve additional systems algebraically and verify their results graphically.
Demonstrate
Talk the Talk: System Solutions
Students determine the number of possible solutions for a system of two linear equations and a
system of a linear equation and a quadratic equation. They then explain why a system consisting
of a linear equation and a quadratic equation cannot have an infinite number of solutions.
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ENGAGE

Getting Started: Block That Kick!
Facilitation Notes
In this activity, students are presented with a scenario that can be modeled
using a system of equations consisting of a quadratic equation and a linear
equation. They describe the shape and characteristics of each equation and
reason about whether the two graphs intersect. The intention of this activity
is for students to make sense of the context and predict the outcome.
Students will use technology in the next activity to answer the question.
Ask a student to read the problem aloud. Discuss as a class.
Differentiation strategy
To assist all students not familiar with the game of football, have a
student explain when punting occurs in a football game and why the
blocker can knock down the football only as it travels upward.
Questions to ask
• What do the variables represent in this problem?
• What does the value 0.75 represent? Why does this value make
sense in this context?
• What does the value 3 represent? Why does this value make sense
in this context?
• Why would the height of the blocker’s hands be decreasing?
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
As students work, look for
• Recognition that this is a simplified version of the context, dealing
only with the height of the football and the height of the blocker’s
hands. The horizontal force from the kick is not being considered.
The only concern is whether it is possible that the blocker’s hands
and the football can be at the same height at the same time. The
assumption is that the ball and blocker can both be at the same
location on the field at the same time, so if both the ball and
blocker’s hands are at the same height, then a block will occur.
• Attempts to use technology to graph the functions. Predictions
should be made without the use of technology.
Questions to ask
• Does the parabola open upward or downward? How do you know?
• Does the parabola have a maximum or a minimum? How do you
know?
• What point(s) on the parabola can you identify by viewing
its equation?
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• What other points on the parabola would be helpful to know in order
to sketch its graph?
• How can you tell whether the graph of the line is increasing
or decreasing?
• What point(s) on the line can you identify by viewing its equation?
• What other points on the line would be helpful to know in order to
sketch its graph?
• Did anyone sketch a graph that looks different than this one?
• Why is there more than one way to sketch the graphs of the two
functions with your limited information?
• What points should be the same in everyone’s graphs?
• Do the parabola and line intersect in your sketch?
• Is it possible that the parabola and line do not intersect? What would
a sketch of that case look like?
• What does the intersection of the parabola and the line represent in
this problem situation?
• Can the ball be blocked only if the blocker’s hand is the same height
as the height of the football?
• Can you think of a case where the heights would be the same, but
the ball is not blocked?

Summary
A real-world problem may be modeled by a system consisting of a linear
equation and a quadratic equation.

Activity 2.1

DEVELOP

Modeling a System with a Linear and
a Quadratic Equation

Facilitation Notes
In this activity, students use the scenario from the Getting Started to sketch
the graph of the system of equations. They identify the number of solutions
and determine whether all solutions are reasonable in context of the problem
situation. Students use the graph to approximate the solution to the problem.
Have students work with a partner or in a group to complete Questions 1
through 4. Share responses as a class.
Differentiation strategies
To scaffold support for students when transferring the graph from their
graphing technology to the graph in the activity, suggest that they:
• Use the scale from the graph in the activity as the viewing window
on their graphing technology.
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• Label key characteristics, such as the intercepts and maximum.
• Refer to the table of values to select specific points.
Misconception
Students may incorrectly view the graph as the football field, with the
parabola being the path of the football and the line being the running path of
the player. Remind students to refer to the axes labels to interpret the graph.
Questions to ask
• How does the graph you predicted in the Getting Started compare
to the graph you created with technology?
• Use the key characteristics to describe how the height of the
football changes.
• Use the key characteristics to describe how the height of the
blocker’s hands changes.
• Where on the graph are the solutions to the system?
• How many times does the line intersect the parabola?
• Do you think a parabola and line will always intersect in two places?
Explain.
• Why is the first point of intersection rather the second point of
intersection important in this context?
• Using the graph, how would you describe what is happening in the
football game at the first intersection point?
• Does it make sense to block the ball during the increasing interval of
the parabola? Why?
• Using the graph, how would you describe what is happening in the
football game at the second intersection point?
• Does it make sense to block the ball during the decreasing interval of
the parabola? Why not?

Summary
The intersections of the graphs of a quadratic equation and a linear equation
may have meaning in a real-world situation.

Activity 2.2

Solving a System with a Linear and
a Quadratic Equation

Facilitation Notes
In this activity, students solve systems of equations consisting of a linear
equation and a quadratic equation by setting the equations equal to one
another, and then solving the resulting quadratic equation by factoring
or using the Quadratic Formula. They verify the results graphically by
235F • TOPIC 3: Applications of Quadratics
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identifying the coordinates of the point(s) of intersection of the two
graphs. Students sketch graphs to demonstrate that a system of equations
consisting of a linear equation and a quadratic equation may have 0, 1, or 2
solutions. They then solve additional systems algebraically and verify their
results graphically.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Differentiation strategies
To scaffold support,
• Recommend that students enter each equation into their calculator
and then use the table feature to determine the y-values that
correspond to the x-values that are solutions. Along with determining
the coordinate pairs that are solutions, the visual cue of seeing that
a given x-value has the same y-value for both functions helps make
sense of the meaning of solving a system of equations.
• Suggest that students use the solution to the system of equations as
a clue of how to scale the axes.
As students work, look for
• Different sketches that demonstrate the ways in which two graphs
may intersect and have the same number of solutions. When
sharing responses, use student examples showing parabolas that
open upward and open downward, and lines that are increasing,
decreasing, and horizontal.
• Sketches of a line and parabola that appear to have no points of
intersection; however, when the graphs are extended, they
will intersect.
Misconception
Students may get confused when speaking about a quadratic equation,
whether you are referring to the quadratic equation that was part of the
system, or the quadratic equation that is the result of setting the linear
and quadratic equation equal to one another. For this reason, you may
want to refer to the former as the original quadratic equation and the
latter as the resulting quadratic equation.
Questions to ask
• What does it mean to solve a system of equations?
• Why can you set the equations equal to each other?
• How is this process similar to solving a system of linear equations?
• If the linear equation is set equal to the quadratic equation, is the
resulting equation always quadratic? Why?
• Why is it important to have all of the terms on one side of the
equation and 0 on the other side of the equation?
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• Did you solve the resulting quadratic equation by factoring or using
the Quadratic Formula? Why did you choose that method?
• Does it matter what equation you use to solve for the values of y?
• What is the meaning of the solutions (21, 5)and (3, 13)?
• How is the number of possible solutions to a system involving
a linear equation and a quadratic equation related to what the
discriminant tells you about the number of possible solutions when
solving a quadratic equation?
Differentiation strategy
To extend the activity, after students graph each equation of the system
and calculate the points of intersection, have them graph the resulting
parabola, y 5 x2 2 2x 2 3, on the same coordinate plane. Discuss why the
x-coordinates of the zeros of the resulting parabola are the same as the
x-coordinates of the points of intersection of the original line and parabola.
y
14
12
y = x2 − 2x − 3

10
8
6
4
2

−8 −6 −4 −2 0 2 4 6 8
−2

x

Have students work with a partner or in a group to complete Question 3.
Share responses as a class.
Questions to ask
• Did you solve the resulting quadratic equation by factoring or using
the Quadratic Formula? Why did you choose that method?
• If the discriminant equals zero, how many unique real roots will the
original quadratic equation have?
• If the discriminant of the resulting quadratic equation equals zero,
how many solutions will the system have? What does this indicate
about the relationship between the line and the parabola?
• How did you determine the y-value for your solution?
• If the discriminant equals a negative number, how many unique real
roots will the original quadratic equation have?
• If the discriminant of the resulting quadratic equation equals a negative
number, how many solutions will the system have? What does this
indicate about the relationship between the line and the parabola?
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Summary
A system of equations consisting of a linear equation and a quadratic
equation can be solved algebraically or graphically. The system may have
zero, one, or two solutions.

Talk the Talk: System Solutions

DEMONSTRATE

Facilitation Notes
In this activity, students determine the number of possible solutions for
a system of two linear equations, and a system of a linear equation and a
quadratic equation. They then explain why a system consisting of a linear
equation and a quadratic equation cannot have an infinite number of
solutions.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
Differentiation strategies
• To assist all students,
s Suggest that they sketch diagrams to make sense of
their responses.
s Recommend the use of double arrows on graphs that
demonstrate an infinite number of solutions so that it is evident
that there is a graph to represent each of the two equations.
• To extend the activity, have students make posters for reference in
response to Questions 1 through 3.
Questions to ask
• What is an example of a system of equations consisting of two linear
equations that has no solution? One solution? An infinite number
of solutions?
• What characteristic in a system of two linear equations indicates it
has no solutions? One solution? An infinite number of solutions?
• What would the graph of a system with this number of solutions
look like?

Summary
The number of possible solutions for a system of equations depends on the
number of points where the graphs of the two equations can intersect.
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Warm Up Answers

2

All Systems Go!

1. (4, 3)
2. (1, 21)
3. (22, 11)
4. (23, 22)

Systems of Quadratic Equations

Warm Up

Solve each system of equations.
1.

y 5 2x 2 5
y5x21

2.

y 5 23x 1 2
y 5 5x 2 6

3.

y 5 22x 1 7
y 5 24x 1 3

4.

y 5 3x 1 7
y5x11

Learning Goal

• Solve systems of a linear equation and a
quadratic equation.

You have solved systems of linear equations graphically by determining the point of intersection
and algebraically using substitution. How can you use these same methods to solve systems
involving a linear and a quadratic equation?
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Answers
1. The graph of the height
of the football over
time is a parabola that
opens downward.
The graph of the
blocker's hands over
time is a decreasing line.

GETTING STARTED

Block That Kick!
A punter kicks a football. The height of the football, in meters, is modeled by
the function h(t) 5 24.9t2 1 20t 1 0.75, where t represents time, in seconds.
A blocker can only attempt to knock down the football as it travels upward
from the punter’s foot. The height in meters of the approaching blocker’s
hands is modeled by the function h(t) 5 20.6t 1 3, where t represents the
same time. Can the blocker knock down the football?

2. Sample answers.
Yes. The height of the
football is increasing,
and the height of the
blocker's hands are
decreasing.
No. If the height of
the blockers hands
is greater than the
maximum height of
the football, they might
not intersect.

1. Describe the shape of the functions that model the football’s
height over time and the height of the blocker’s hands over time.

2. Sketch a graph of the situation. Do you think it is possible for the
blocker to knock down the football? Explain your reasoning.
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ELL Tip
Two non-mathematical terms that appear in this section are punter
and blocker. Determine students’ familiarity with football, and define
the root words punt and block. In the context of football, punt means
to drop a ball and kick it with one’s foot before it hits the ground. To block
means to prevent someone or something from doing something or going
somewhere. Then, discuss the terms punter and blocker as opponents
in the given context.

236 • TOPIC 3: Applications of Quadratics

A2_M01_T03_L02_TIG.indd 236

5/28/21 4:05 PM

Answers

2.1

1.

Modeling a System with a Linear
and a Quadratic Equation

Height (meters)

AC T I V I T Y

A system of equations can involve nonlinear equations, such as quadratic
equations. The scenario described in the previous activity models the
relationship between a quadratic and a linear equation.

Height (meters)

1. Use technology to sketch the graph of the system described in
the previous activity.
30
27
24
21
18
15
12
9
6
3
0

30
27
24
21
18
15
12
9
6
3
0

y

1 2 3 4 5 x
Time (Seconds)

2.		The system has two
solutions. I can see
from the sketch that the
graphs of the equations
intersect each other at
exactly two points.

y

2
1
3
4
Time (seconds)

3. No. Only the solution
represented by the
point of intersection as
the parabola increases
makes sense because
the blocker must block
the football as it travels
upward.

5 x

2. How many solutions does the system have?
Explain your reasoning.

4. (0.1, 2.9); This means that
the blocker can knock
the football down about
0.1 second after it has
been kicked at a height
of 2.9 meters.

3. Does every solution make sense in the context of the problem
situation? Explain your reasoning.

4. Use the graph to approximate at what point the blocker can
block the football. Interpret your solution in the context
of the problem.
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Answers
1a.	2 x 1 7 5 x2 1 4

AC T I V I T Y

1b.	x 5 3and x 5 21

2.2

1c. When x 5 3, y 5 13;
when x 5 21, y 5 5.

Solving a System With a Linear
and a Quadratic Equation

Methods for solving a system of nonlinear equations can be similar to
methods for solving a system of linear equations.

1d. The system has two
solutions: (3, 13)and 
(21, 5).

1. Consider the system of a linear equation and a
quadratic equation shown.
y 5 2x 1 7
y 5 x2 1 4

Ask
yourself:

a. Write a new equation you can use to solve this system.

Since y is equal to two
different expressions,
can you set the
expressions equal to
each other?

b. Solve the resulting equation for x.

c. Calculate the corresponding values for y.

d. Identify the solution(s) to the system of equations.
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Answers
1e.

e. Graph each equation of the system and
calculate the points of intersection.

y
14
12

(3, 13)

10
8
(−1, 5)

6
4
2

−8 −6 −4 −2 0 2 4 6 8
−2

x

1f. T
 he solutions are
the same.
2.		 The graphs of a linear
equation and quadratic
equation can intersect
at two points, at one
point, or not at all.
		 See sketches below.

f. What do you notice about the solutions you calculated
algebraically and graphically?

2. Think about the graphs of a linear equation and a quadratic
equation. Describe the different ways in which the two graphs
can intersect and provide a sketch of each case.
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2. Sample answers.
Two intersection
points

One intersection
point

No intersection
point
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Answers
3. Solve each system of equations algebraically over the set of real
numbers. Then verify the solution graphically.

3a. The system has one
1

		 solution: (2 __
2 , 5).

a.

y 5 22x 1 4
y 5 4x2 1 2x 1 5

b.

y 5 24x 2 7
y 5 3x2 1 x 2 3

y
14
12
10
8
6
1
(− , 5)
2
4
2
−4 −3 −2 −1 0 1 2 3 4
−2

x

_____

25 6 √
  223 
3b.	x 5   __________
6 ; The
system has no real
solutions.
y
8
6
4
2
−8 −6 −4 −2 0 2 4 6 8
−2

x

−4
−6
−8
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Answers
1. A system of equations
consisting of two linear
equations can have no
solution, one solution,
or an inﬁnite number of
solutions.

NOTES

TALK the TALK
System Solutions
1. A system of equations consisting of two linear equations has
how many possible solutions?

2. A system of equations
consisting of a linear
equation and a
quadratic equation
can have no solution,
one solution, or two
solutions.

2. A system of equations consisting of a linear equation
and a quadratic equation has how many possible solutions?

3. A system of equations
consisting of a linear
equation and a
quadratic equation
cannot have an inﬁnite
number of solutions
because the graphs of
the two equations can
never be identical.

3. Explain why a system of equations consisting of a linear
equation and a quadratic equation cannot have an infinite
number of solutions.
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Assignment

Assignment
Answers

LESSON 2: All Systems Go!

Write

Write

Remember

Describe how a graph can

A system of equations consisting of a linear and a

be used to determine the

quadratic equation can have no solution, one solution, or two

solutions to a system of

solutions.

1.		 Answers will vary.
		 You can use a graph to
verify your solutions to
the system of nonlinear
equations. The points
where the equations
intersect are the
solutions.

nonlinear equations in your
own words.

Practice
1. The Fandango Bike Company specializes in children’s bikes. Each month,

Practice

the company must keep track of their costs and revenue. Their costs
consist of fixed costs that include rent, utilities, and workers’ salaries, as
well as the variable cost to make the bikes. The company’s costs can be

1a. The company will break
even for the month if it
makes 15 or 60 bikes.

represented by the function C(x) 5 25x 1 900. The company’s revenue for
every bike sold can be represented by the function R(x) 5 100x 2 x .
2

a. Determine the break-even point(s) for the month.
b. What is the solution to this system of equations? Explain what the solution means in terms of

1b. The system has two
solutions: (15, 1275)
and (60, 2400). If the
company makes 15
bikes, then the cost and
the revenue will both
be $1275. Therefore,
the company will break
even. If the company
makes 60 bikes, then
the cost and the
revenue will both be
$2400. Therefore, the
company will break
even.

the problem.
c. Verify the solution by graphing both the cost and the revenue equations.
2. Due to the rising costs of running a business, the Fandango Bike Company anticipates fixed costs in
the next year to be $1800 per month, whereas the cost to make each bike will stay at $25 per bike.
a. Determine the number of bikes the company will now need to make for one month to break even
if the revenue from selling bikes remains the same.
b. Verify the solution by graphing both the revenue and the cost equations.
c. What does the company need to do to be able to break even for the month?

1c.
y
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2b.

2c. Either find some way
to decrease costs or
increase the revenue
by raising the prices of
its bikes.

y
cost

3600
3200
2800
2400
2000
1600
1200
800
400
0

revenue
20

40

60

80
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3600
3200
2800
2400
2000
1600
1200
800
400
0

cost
(60, 2400)

(15, 1275)
20

40

revenue
60

x

80

_______

75 ±    21575 
√
2a.	x 5 ___________
 
2 

		 The system has no
real solutions. So, the
company will not be
able to break even.

x
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Assignment
Answers
Stretch
20

y

Stretch

16

Graph the inequalities given and describe what the

y . 2x 1 5

double shaded region means in your own words.

y # 23x2 1 15x

12
8

Review

___

1. Rewrite the radical √ 72 by extracting a perfect square.

4

2. Solve x2 2 12 5 5.

0

2

4

6

8

10 x

Answers may vary.
The inequalities intersect
at (0.43, 5.85) and
(3.91, 12.81). All the
overlapping points in
between those intersection
points make the system of
inequalities true.

3. Perform each operation.
a. (7x3 1 5x2 2 8x) 1 (3x3 2 4x2 1 11)

b. (6x 2 2y) 2 (3x 2 5y)

4. A soccer ball is kicked up off a 5-meter-high platform with an initial velocity of 27 meters per second.
a. Write an inequality to represent when the soccer ball will be above 40 meters.
b. Graph the inequality and state when the soccer ball will be above 40 meters.

Review
__

1.		 6√2 

___

2.		x 5 6√17 
3a.	10x3 1 x2 2 8x 1 11
3b.	3x 1 3y
4a.	24.9t2 1 27t 1 5 . 40
4b.
50

y

40
30
20
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2

4

6

8
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Solution: x [ (2.09, 3.42)
The soccer ball will
be above 40 meters
from approximately
2.09 seconds until
approximately 3.42
seconds.
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3
x

The Ol’ Switcharoo
Inverses of Linear and Quadratic Functions

MATERIALS
Patty paper
Graphing Technology

Lesson Overview
Students are introduced to the inverse of a function. A Worked Example highlights how to determine
the inverse of a linear function algebraically. Students use this example to determine other inverses
of functions. They then create the graph of the inverse of a linear function by reflecting the original
function across the line y 5 x using patty paper. This process is repeated for quadratic functions.
The term one-to-one function is defined, and students determine whether the inverse of a function is
also a function. A graphic organizer is completed to summarize the definition and representations of
inverses functions.

Algebra 2
Attributes of Functions and their Inverses
(2) The student applies mathematical processes to understand that functions have distinct
key attributes and understand the relationship between a function and its inverse. The
student is expected to:
	(B) graph and write the inverse of a function using notation such as f 21(x).
	(C) describe and analyze the relationship between a function and its inverse (quadratic and
square root, logarithmic and exponential), including the restriction(s) on domain, which will
restrict its range.

ELPS
1.A, 1.D, 1.E, 1.G, 2.C, 2.D, 2.G, 2.H, 2.I, 3.A, 3.B, 3.C, 3.D, 3.F, 4.A, 4.B, 4.C, 4.G, 4.K, 5.B, 5.E

Essential Ideas
• Inverses of functions can be determined algebraically and graphically.
• The inverse of a function is determined by replacing f(x) with y, switching the x and y variables,
and solving for y.
• The graph of the inverse of a function is a reflection of that function across the line y 5 x.
• To restrict the domain of a function means to define a new domain for the function that is a
subset of the original domain.
• A one-to-one function is a function in which its inverse is also a function.
• For a one-to-one function f(x), the notation for its inverse is f 21(x).
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Lesson Structure and Pacing: 3 Days
Day 1
Engage
Getting Started: Inside an Enigma
Students write a coded note using a numeric rule that they devise. They then decode their
classmates’ notes and discuss how the inputs and outputs of the rules they used to decode the
notes compare with those used to encode the notes. Students also discuss why it is important
that the cipher rules they created are functions—that they assign each element of the domain to
exactly one element of the range.
Develop
Activity 3.1: The Inverse of a Function
Students are presented with data about the exchange rate between lira and U.S. dollars. They
complete a table and write an equation to represent the relationship to convert dollars to lira.
They then use their intuitive understanding of inverses to complete a table and write an
equation for the inverse situation, to convert lira to dollars. The inverse of a function is then
formally defined and a Worked Example demonstrates how to determine the inverse of a
function algebraically.
Activity 3.2: Graphing Inverses of Functions
Students begin by graphing the original function from the previous activity along with the line
y 5 x on patty paper. They reflect f(x) across the line y 5 x to observe that the inverse of a function
is a reflection of the original function across this line. Students generalize that given
a point (a, b) on the original function f(x), there is a corresponding point (b, a) on the graph of
its inverse.

Day 2
Activity 3.3: Exploring Inverses of Quadratics
Students use patty paper to sketch the graph of the inverse of a quadratic function. A Worked
Example shows how to algebraically determine the inverse. Students reason that the inverse of
a quadratic function is not a function because the square root of any number other than 0 has a
positive and negative value. The term restrict the domain is defined. Students analyze a graph of the
quadratic function and the positive and negative square root. They identify the restricted domain
of the original function to produce each equation of the inverse. Students see that the domain and
range of the inverse of a function is the reverse of the domain and range of an original function.
Activity 3.4: More With Inverses of Quadratics
Students deal with a context involving vertical motion. They restrict the domain based on the
problem situation and graph the function with that restricted domain. Students then graph the
inverse of the function with the restricted domain. This exercise causes students to focus on why
domains are sometimes restricted, to have reasonable inputs for a given context and guarantee
that an original equation and its inverse can both be functions. After algebraically determining
the inverse of the function, students use the inverse to answer questions related to the problem
situation.
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Day 3
Activity 3.5: One-to-One Functions
Students learn that a one-to-one function is a function whose inverse is
also a function. Students create tables of values, plot points, and graph
given functions and their inverses, then determine whether the original
function is a one-to-one function. They conclude that all linear functions,
except for constant functions, have inverses that are functions. A graphic
organizer is used to describe strategies to identify and determine inverses
of functions.
Demonstrate
Talk the Talk: 1-2-1
Students analyze a situation to conclude that not all linear functions
are one-to-one functions. They conclude that linear functions are
sometimes one-to-one functions, exponential functions are always
one-to-one functions, and linear absolute value functions and quadratic
functions are never one-to-one functions.

Getting Started: Inside an Enigma

ENGAGE

Facilitation Notes
In this activity, students write a coded note using a numeric rule that they
devise. They then decode their classmates’ notes and discuss how the
inputs and outputs of the rules they used to decode the notes compare
with those used to encode the notes. Students also discuss why it is
important that the cipher rules they created are functions—that they assign
each element of the domain to exactly one element of the range.
Ask a student to read the introduction aloud. Discuss the information
as a class.
Have students work with a partner or in a group to complete Questions
1 through 4. Share responses as a class.
Misconception
Students may assume the decoding rules are limited to using one
operation because of the example. Mathematical rules are not limited to
one operation. They can be written using multiple operations such
as 2x 1 3; it will just be more time consuming to decode the rule that
was applied.
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Questions to ask
• What substitution cipher rule did you use?
• What operation(s) did you use in your substitution cipher rule?
• How many operations can you use in a substitution cipher rule?
• Is your substitution cipher rule a function?
• What would happen if an element of the domain could be assigned
to more than one element of the range?

Summary
A function can take the outputs of another function as its inputs.

DEVELOP

Activity 3.1

The Inverse of a Function

Facilitation Notes
In this activity, students are presented with data about the exchange rate
between lira and U.S. dollars. They complete a table and write an equation
to represent the relationship to convert dollars to lira. They then use
their intuitive understanding of inverses to complete a table and write an
equation for the inverse situation, to convert lira to dollars. The inverse of a
function is then formally defined, and a Worked Example demonstrates how
to determine the inverse of a function algebraically.
Have students work with a partner or in a group to complete Questions
1 and 2. Share responses as a class.
Differentiation strategies
• To scaffold support, suggest that students think of a Turkish lira as
they would a quarter. The relationship between quarters and dollars
is the same as the relationship between lira and dollars: 4:1.
• To assist all students, suggest they use variables other than x and y
to avoid confusion as to which variable is the input and which
variable is the output when dealing with inverses.
Questions to ask
• What operation is used to convert U.S. currency into
Turkish currency?
• Is 100 dollars equal to 25 lira or is 100 dollars equal to 400 lira?
• What variables did you use to write the equation? What does each
variable represent?
• Does the equation represent a function?
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Have students work with a partner or in a group to complete Questions 3
through 6. Share responses as a class.
Misconceptions
• Students may be confused by use of the term inverse. In the past it
has been associated with the term multiplicative inverse and additive
1
inverse. Given the expression x, the multiplicative inverse is __
 x  and
the additive inverse is 2x. Ask the students to explain the difference
between the inverse of a function, the multiplicative inverse, and the
additive inverse.
• Students may incorrectly connect an inverse relationship to a
reciprocal relationship due to the equations used in this activity,
1
f(x) 5 4x and f 21(x) 5  __
4 x. This misunderstanding can be dispelled
by providing the students with an example of a different function
and its inverse, e.g., f(x) 5 x 1 8.
Questions to ask
• What operation is used to convert Turkish currency into
U.S. currency?
• Is 400 lira equal to 100 dollars or 1600 dollars?
• Which column in the table represents the input? How do you know?
• Did the input and output columns switch places?
• Was the input in the initial equation rewritten as the output in the
inverse equation?
• Did you switch the variables when you wrote the inverse equation?
• What variables did you use to write the inverse equation? What does
each variable represent?
• Do you think that the inverse of a function is always a function?
Ask a student to read the information and definition aloud following
Question 6. Analyze the Worked Example as a class.
Have student work with a partner or in a group to complete Question 7.
Share responses as a class.
Questions to ask
• Why does it make sense to interchange the input and output values
when writing the inverse of a function?
• Why do you have to solve the equation for the output value?

Summary
The outputs of a function are the inputs of its inverse. The inputs of a
function are the outputs of its inverse.
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Activity 3.2

Graphing Inverses of Functions

Facilitation Notes
In this activity, students begin by graphing the original function from the
previous activity along with the line y 5 x on patty paper. They reflect f(x)
across the line y 5 x to observe that the inverse of a function is a reflection
of the original function across this line. Students generalize that given a
point (a, b) on the original function f(x), there is a corresponding point (b, a)
on the graph of its inverse.
Begin by distributing a piece of patty paper to each student. Have students
work with a partner or in a group to read the Worked Example and
complete Questions 1 through 3. Share responses as a class.
Differentiation strategy
To assist all students, do the patty paper activity as a class and do it
without first graphing the inverse of the function. Let the students see the
image that resulted from the reflection across the line y 5 x before they
actually graph the inverse. Then when they graph the inverse of the original
function, they will notice it is exactly the same line as the reflection image.
As students work, look for
Different methods to place the coordinate plane on the patty paper.
• Students may display the first quadrant or all four quadrants.
• Students may draw or fold to get the axes.
Misconception
Students may not make the connection between the algebraic method
to determine an inverse and the graphic method to determine an
inverse. When studying transformations, students typically used axes or
other horizontal or vertical lines of reflection. In this situation, they use
a diagonal line of reflection. Ask students why the line y 5 x is used as
the line of reflection rather than the x- or y-axis. What is the algebraic
method? What is the connection between the reflection line y 5 x and the
algebraic method?
Questions to ask
• Where are the x- and y-axes on your patty paper?
• What points did you use to graph the function f(x) 5 4x on your
patty paper?
1
• What points did you use to graph the function f(x) 5  __
4 x on your
patty paper?
• What points did you use to graph the line y 5 x on your patty paper?
1
• Does y 5  __
4 x describe the line y 5 4x reflected across the
line y 5 x?
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• What is the slope of the original equation? What is the slope of the
inverse equation?
• How is the slope of the original equation related to the slope of the
inverse equation?
• Why is there a reciprocal relationship between the slope of the
original equation and the slope of the inverse equation?

Summary
The graph of the inverse of a function is a reflection of that function across
the line y 5 x.

Activity 3.3

Exploring Inverses of Quadratics

Facilitation Notes
In this activity, students use patty paper to sketch the graph of the inverse
of a quadratic function. A Worked Example shows how to algebraically
determine the inverse. Students reason that the inverse of a quadratic
function is not a function because the square root of every number other
than 0 has a positive and negative value. The term restrict the domain is
defined. Students analyze a graph of the quadratic function and the positive
and negative square root. They identify the restricted domain of the original
function to produce each equation of the inverse. Students see that the
domain and range of the inverse of a function is the reverse of the domain
and range of an original function.
Provide patty paper to students to complete Question 1.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
As students work, look for
Missing connections related to the line of reflection y 5 x. Students may not
understand why this particular line is the line of reflection rather than one of
the axes or any other line on the graph. Practice relating original points and
the points to which they are mapped to help students make this connection.
Connect this understanding to the worked example where students
algebraically determine the inverse function by switching the x and y variables.
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Questions to ask
• When the parabola is reflected across the line y 5 x, what point does
the point (2, 4) map to? Why does this happen?
• When graphing the inverse for any function, is the line of reflection
always the line y 5 x? Why is that the case?
• What is the definition of a function?
• How does the Vertical Line Test relate to the definition of a function?
• Does the graph of the inverse of the quadratic function pass the
Vertical Line Test?
• What is the relationship between the domain and range of the
quadratic function and the domain and range of the inverse of
the function?
Analyze the Worked Example. Discuss and complete Question 4 as a class.
Questions to ask
• What are the steps for algebraically determining the inverse of a
linear function?
• How are the steps for algebraically determining the inverse of
a quadratic function different than the steps for determining the
inverse of a linear function?
• Why is the 6 required?
• How does the 6 relate to the graph of the inverse of the
quadratic function?
• Does the square root of a number always have two values? Explain.
• Does each x-value have a unique y-value?
• Why did you have to use two equations to enter the equation
containing the 6 symbol?
Ask a student to read the definition aloud and discuss as a class. Have
students work with a partner or in a group to complete Question 5. Share
responses as a class.
Questions to ask
• How did you use the graph to write the restricted domain of f (x) 5 x2?
• Why was it important to restrict the domain?
Differentiation strategy
To extend the lesson, give students a transformed quadratic function. Ask
them to determine the domain and range, identify the inverse of the function,
and then determine the domain and range of the inverse of the function. For
real numbers and the
example, consider y 5 x2 1 3, where the domain is all_______
range is y $ 3. The inverse of the function is y 5 6 √
 x 2 3 , where the domain
is x $ 3and the range is all real numbers.
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Summary
Algebraically determining the inverse of a quadratic function is the same
process as determining the inverse of a linear function; however, both
the positive and negative roots must be considered. You can restrict the
domain of a function to create an inverse that is also a function.

Activity 3.4

More with Inverses of Quadratics

Facilitation Notes
In this activity, students deal with a context involving vertical motion.
They restrict the domain based on the problem situation and graph the
function with that restricted domain. Students then graph the inverse of
the function with the restricted domain. This exercise allows students to
focus on why domains are sometimes restricted, to have reasonable inputs
for a given context and guarantee that an original equation and its inverse
can both be functions. After algebraically determining the inverse of the
function, students use the inverse to answer questions related to the
problem situation.
Ask a student to read the introduction aloud. Discuss as a class.
Questions to ask
• How tall is the building? How do you know?
• Why is there no x-term? What does this mean with respect to the
problem situation?
• What is the shape of the graph of the function?
• What key characteristics can be identified using the equation?
• Does the graph of the equation have a minimum or maximum point?
How do you know?
Have students work with a partner or in a group to complete Questions 1
through 4. Share responses as a class.
Differentiation strategies
• To scaffold support, provide a scale for the graph in Question 4.
Height of Egg (feet)

y
64
48
32
16
0

1 2 3 4
Time (seconds)

x
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• To assist all students, take the opportunity to examine the graph
in Question 4. Use this graph as an example of why sometimes
you cannot see the symmetry of the graph of a quadratic function.
Questions to ask
• Does the time depend on the height of the egg, or does the height of
the egg depend on the time?
• Why is the range of the function less than or equal to 64?
• How is the graph of the problem situation different than the graph of
the equation?
Have students work with a partner or in a group to complete Questions 5
through 7. Share responses as a class.
Questions to ask
• How did you determine the domain and range of the inverse of
the function?
• How did you graph the inverse of the function? Did you use a table
of values or the graph above?
• Does the graph of the inverse of f(x) look like the graph of f(x)
reflected across the line y 5 x?
Have students work with a partner or in a group to complete Questions 8
through 11. Share responses as a class.
Questions to ask
• If x 5 216y2 1 64, what does y equal?
• Which function, f(x) or its inverse, models the height of the egg
based on the time the egg is in the air? Models the time the egg is in
the air based on the height of the egg?
• If you are given the time the egg is in the air and want to determine
the height of the egg, is it easier to use f(x) or its inverse? Why?
• If you are given the height of the egg and want to determine the time
the egg is in the air, is it easier to use f(x) or its inverse? Why?
• What equation did you use to determine the height of the egg after
1.5 seconds? Why?
• What equation did you use to determine the time when the egg is
55 feet in the air? Why?

Summary
When a problem requires using a given function to determine the
independent quantity when a dependent quantity is given, determining
the inverse of the original function may be a more efficient way to handle
the situation.
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Activity 3.5

One-to-One Functions

Facilitation Notes
In this activity, students learn that a one-to-one function is a function whose
inverse is also a function. Students create tables of values, plot points,
and graph given functions and their inverses, then determine whether
the original function is a one-to-one function. They conclude that all linear
functions, except for constant functions, have inverses that are functions.
A graphic organizer is used to describe strategies to identify and determine
inverses of functions.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
Differentiation strategy
To assist all students, provide patty paper to graph the function, and
graph the line y 5 x. Then have them reflect the function to determine
the graph of the inverse of the function.
As students work, look for
Use of the Vertical Line Test and the Horizontal Line Test. Remind
students that a graph must pass the Vertical Line Test to be considered a
function, and mention that if the graph passes the Horizontal Line Test,
it is a one-to-one function.
Misconception
Students may not understand why the inverse of a function is only
a function when the original function is a one-to-one function. If the
original function is not one-to-one, then the inverse would be mapping y
onto two or more x’s. A good example of a function that is not one-to-one
is any constant function. The inverse of any constant function is a vertical
line which is not a function.
Questions to ask
• How did you determine the output for each function?
• How did you use the table of values for each function to complete
the table of values for its inverse?
• How did you use the equation of the function to write the equation
of its inverse?
• Does the graph of each function pass the Vertical Line Test?
• If the graph passes the Vertical Line Test, what does this imply?
• Does the graph of each function pass the Horizontal Line Test?
• If the graph passes the Horizontal Line Test, what does this imply?
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Have students work with a partner or in a group to complete Questions 2
and 3. Share responses as a class.
Questions to ask
• Is y 5 6 considered a linear function?
• How would you describe the graph of y 5 6?
• What is the inverse equation of y 5 6?
• How would you describe the graph of x 5 6?
• Is x 5 6 a function?
• How would you describe the linear functions that do have
an inverse?
• Do all functions have inverses? Why or why not?
• Will any function that when graphed is symmetrical over y 5 x have
an inverse that is the same function?
• What is the inverse of the function f(x) 5 x?
Have students work with a partner or in a group to complete Question 4
Share responses as a class.
Questions to ask
• Which description involves switching the x and y variables in the
equation before solving for y?
• Explain the steps to determine the inverse of a function algebraically.
• Which description involves reflecting f(x) over the line y 5 x?
• Explain why this reflection method works.
• Which description involves switching the independent and
dependent variables?
• Explain how switching the variables uses the definition of the inverse
of a function.

Summary
Inverses can be described using a table of values, a verbal description, an
equation, and a graph. When a function and its inverse are both functions,
the original function is called a one-to-one function.
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Talk the Talk: 1-2-1

DEMONSTRATE

Facilitation Notes
In this activity, students analyze a situation to conclude that not all linear
functions are one-to-one functions. They conclude that linear functions are
sometimes one-to-one functions, exponential functions are always one-toone functions, and linear absolute value functions and quadratic functions
are never one-to-one functions.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Questions to ask
• What special case is Adam overlooking?
• Do all lines pass the Vertical Line Test?
• How would you describe a line that fails the Vertical Line Test?
• What is the equation of a line that has an inverse which is not
a function?
• What is the shape of an exponential function?
• Do all exponential functions and their inverses pass the Vertical
Line Test?
• Do any quadratic functions and their inverses pass the Vertical
Line Test?
• What is the shape of an absolute value function?
• Do any absolute value functions and their inverses pass the Vertical
Line Test?
• Why might it be helpful to use both a Horizontal and Vertical Line
Test to determine whether a function is one-to-one?

Summary
A function is a one-to-one function if both the function and its inverse
are functions.
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NOTES
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Warm Up Answers

The Ol’ Switcharoo

3

1. x 5 51
2. x 5 720
3. x 5 4

Inverses of Linear and Quadratic Functions

Warm Up

Solve each equation.
1. 2x 2 5 5 97
1

2. __
3 x 1 40 5 280
3. 24x 2 10 5 226

Learning Goals

• Determine the inverse of a given situation using words.
• Determine the inverse of a function numerically using a
table, an equation, and a graph.
• Determine whether given functions are
one-to-one functions.
• Identify function types that are always, sometimes, or never
one-to-one functions.

Key Terms

• inverse of a function
• one-to-one function
• restrict the domain

You know that a function takes a set of inputs and maps them to a set of outputs. What happens
when the outputs and inputs are reversed?
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Answers
1. Answers will vary.

GETTING STARTED

2. Answers will vary.
3. The cipher rule should
be a function to
ensure that there is no
confusion in decoding.
If an element of the
domain (the letters of
the alphabet) can be
assigned to more than
one element of the
range (numeric values),
then the code would be
ambiguous.

Inside an Enigma
One of the simplest methods of creating a code is called a substitution
cipher. For a substitution cipher, you can take each letter of the
alphabet in numeric order and assign it to a different number using a
mathematical rule.
1
A

2
B

3
C

4
D

5
E

6
F

7
G

8
H

9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
I
J K L M N O P Q R S T U V W X Y Z

For example, if the cipher were written as x 1 4, then L, which is currently
assigned to 12, would be assigned to 12 1 4 5 16, or P, in the code. The
letter Y, which is currently assigned to 25, would be assigned to 3, or C, in
the code. The word “inverse” would have the code “mrzivwi.”
Cipher: x 1 4

4. The inputs of the
decoding rule are the
outputs of encoding
rule, and the outputs
of the decoding rule
are the inputs of the
encoding rule. The
functions for encoding
and decoding show
inverse operations.

Word ________
Code
_______
inverse mrzivwi

1. Write a substitution cipher rule. Then write a short note to a
classmate in code. Give your rule and coded note to a classmate
to decode.

2. Use mathematical notation to write the rule you used to decode
your classmate’s note.

3. Why is it important that the substitution cipher rule be
a function?

4. Compare the inputs and outputs of the cipher rule you created
and the rule used to decode your note. What do you notice?
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ELL Tip
Define the term enigma as something that is mysterious or difficult to understand. Provide examples
of things that may be considered an enigma, such as a scientific theory, a high-level crossword puzzle,
or a confusing riddle. Once students have read through the activity, encourage a discussion about
why the title of the activity, “Inside an Enigma,” is an appropriate title based on the definition of
enigma. Define the term cipher as a secret way of writing or a code. Examples may include computer
codes, cell phone codes, and Morse code. Discuss the substitution cipher used in the activity and how
it relates to the definition of cipher.
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Answers
AC T I V I T Y

1.

The Inverse of a Function

U.S.
Currency
(dollars)

Turkish
Currency
(lira)

Miguel is planning a trip to Turkey. Before he leaves, he wants to exchange
his money to the Turkish lira, the official currency of Turkey. The exchange
rate at the time of his trip is 4 lira per 1 U.S. dollar.

100

400

250

1000

400

1600

3.1

1. Complete the table of values to show the currency
conversion for U.S. dollars to Turkish lira.
2. Write an equation to represent the number of lira in
terms of the number of U.S. dollars.

U.S. Currency
(dollars)
100
250
400
650
1000

Turkish
Currency (lira)

650

2600

1000

4000

2. y 5 4x
3. For the inverse situation,
the dependent quantity
is the amount in dollars,
and the independent
quantity is the amount
in lira. These are the
reverse of the quantities
in Question 1.

Suppose at the end of his trip, Miguel needs to convert any remaining lira
to dollars. This situation is the inverse of the original situation.
3. What are the independent and dependent quantities of the
inverse of the problem situation? How do these quantities
compare to the quantities in Question 1?

4.
Turkish
Currency
(lira)

4. Complete the table of values to show the inverse of
the problem situation.

5. Compare the tables in Questions 1 and 4. What do
you notice?

6. Use the table to write an equation for the inverse of the
problem situation. Does this equation represent a function?
Explain your answer.

U.S.
Currency
(dollars)

400

100

1000

250

1600

400

2600

650

4000

1000

5. The columns are
reversed.
1
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6. y 5 __
4x; this equation
does represent a
function.
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ELL Tip
Clarify the meanings of the terms currency and exchange rate. Define
currency as a system of money for a country, and exchange rate as the
value of one currency for conversion to another currency.
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Answer
7. f(x) 5 4x

Recall that a function takes an input value, performs some operation(s) on
this value, and creates an output value. The inverse of a function takes
the output value, performs some operation(s) on this value, and arrives
back at the original function’s input value. In other words, an inverse of
a function “undoes” the function.

y 5 4x
x 5 4y
1

y 5 __
  4x

The inverse is the same
equation that I wrote in
Question 6.

Worked Example
Given a function, f(x), you can determine the inverse algebraically by
following these steps.
Step 1: Replace the function f(x) with another variable, generally y.
Step 2: Switch the x and y variables in the equation.
Step 3: Solve for y.

7. Use function notation to represent the number of lira f(x) in
terms of the number of U.S. dollars, x. Then complete the steps
shown in the Worked Example to represent the number of U.S.
dollars in terms of the number of lira. Compare the inverse to
the equation you wrote in Question 6. What do you notice?
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Answers
AC T I V I T Y

3.2

1.		Check students’ work.

Graphing Inverses
of Functions

2a. They are the same.
2b.	The graph of the
inverse of a function
is a reflection of the
function across the line
y 5 x.
		The line y 5 x is the
line of reflection of
the function and the
inverse of the function.

In the previous activity you wrote the inverse of a linear function using
algebra. Let’s consider how to show the inverse of a function using its
graph.

Worked Example
Given a function, f(x), you can determine the inverse of a function
graphically by following these steps.
Step 1: Copy the coordinate plane and graph f(x) and the line
y 5 x onto patty paper.
Step 2: Heavily trace the graph of f(x) with a pencil.
Step 3: Reflect the patty paper across the line y 5 x, and rub the
paper so that the image of the graph of its inverse appears.

1. Consider the graph of the function
f(x) 5 4x from the previous
800
activity. Complete the steps in
600
the Worked Example to graph
the inverse using patty paper.
400

Think

y

about:
How do the algebraic
process and the
graphical process
to determine an
inverse compare?

200
0

200 400 600 800

x

2. Compare the image you created and the graph of the inverse.
a. What do you notice about the image and the graph of
the inverse?

b. What does this tell you about the graph of a function and its
inverse and about the line y 5 x?
LESSON 3: The Ol’ Switcharoo • 249

A2_M01_T03_L03_Student Lesson.indd 249

5/25/21 2:04 PM

LESSON 3: The Ol’ Switcharoo • 249

A2_M01_T03_L03_TIG.indd 249

5/28/21 4:26 PM

Answers
3a.	The corresponding
point on the graph
of the inverse of g(x)
is (2, 3).

NOTES

3. For each function and a given point on the graph of the function,
determine the corresponding point on the graph of the inverse of
the function.
a. Given that (3, 2) is a point on the graph of g(x), what is the
corresponding point on the graph of the inverse of g(x)?

3b.	The corresponding
point on the graph of
the inverse of h(x)
is (0, 21).

b. Given that (21, 0) is a point on the graph of h(x), what is the
corresponding point on the graph of the inverse of h(x)?

3c.	The corresponding
point on the graph of
the inverse of f(x)
is (b, a).

c. Given that (a, b) is a point on the graph of f(x), what is the
corresponding point on the graph of the inverse of f(x)?
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AC T I V I T Y

3.3

1.

Exploring Inverses
of Quadratics

y
8
4

You have determined inverses of linear functions by reflecting a function
across the line y 5 x. Consider the basic quadratic function f(x) 5 x2.

−8
y

1. Use patty paper to reflect f(x) across the line y 5 x to
graph its inverse.

0

−4

4

x

8

−4

8

−8

6
4

2. Explain why the inverse is not a function based on
its graph.

2
−8

−6

−4

0

−2

2

4

6

x

8

−2
−4
−6
−8

2.		 The inverse is not a
function because it
does not pass the
Vertical Line Test.

3. What is the domain and range of the function? What is
the domain and range of the inverse of the function?

3.		 For the function:
		 Domain: all real
numbers
		 Range: y $ 0

You can determine the equation of the inverse of the basic quadratic
function f(x) 5 x2 the same way you determined the equation of the
inverse of a linear function.

		 For the inverse of the
function:
		 Domain: x $ 0
		 Range: all real numbers

Worked Example

Determining the

f(x) 5 x2

equations of
the inverses of

Step 1: Replace f(x) with y.
Step 2: Switch the x and y variables.
Step 3: Solve for y.

y 5 x2
x 5 y2
__
6√ x 5 y

exponential functions
is a bit more
complicated, and will
be explored later in

__

So, the equation of the inverse is y 5 6√ x .

this course.

4.		 The inverse is not
a function because
the square root of a
number can have two
values, the positive
square root and the
negative square root.

4. Explain why the inverse is not a function based on its equation.
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Answers
5a. Given y 5 x2
		 Domain: x $ 0
		 Range:
y $ 0
__
		
y5√
 x 
		 Domain: x $ 0
		 Range: y $ 0
		 Given y 5 x2 
		 Domain: x # 0
		 Range: __ y $ 0
		
y 5 2√x 
		 Domain: x $ 0
		 Range: y # 0

You know that the inverse of f(x) 5 x2
is not a function. However, you can
restrict the domain of this function
so that the inverse is also a function.
To restrict the domain of a function
means to define a new domain for the
function that is a subset of the original
domain.

y
y =x2

8
6
4

y= x

2
−8

−6

−4

0

−2

2

4

6

8

x

−2
y=– x

−4
−6

5. Consider the graph of f(x) = x2
and the graphs of the two
equations that represent its
inverse.

−8

a. Identify the restrictions of f(x) = x2 to produce the
__
__
inverse equations y = √ x and y = −√ x . Then state
the domain and range of each inverse.

5b. The domain and range
of the inverse are the
reverse of the domain
and the range of the
original function.

__

y = √x

Restrictions for y = x2

5c. Yes. All the graphs
represent functions.

Domain:

Domain:

Range:

Range:
__

Restrictions for y = x2

y = −√ x

Domain:

Domain:

Range:

Range:

b. How does the domain and range of the inverse relate to the
restricted domain and range of the original function?

c. Do all the graphs represent functions?
Explain your reasoning.
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3.4

1.		 The independent
quantity is the time
in seconds, and the
dependent quantity is
the height of the egg
in feet.

More with Inverses
of Quadratics

Marissa is competing in the Egg Drop Competition at her school’s Science
Fair. Competitors in the Egg Drop Competition are required to create a
container in which they place a raw egg, and then drop the container
from various heights to see if the egg breaks. The winner of the contest is
the person whose container is dropped from the greatest height without
breaking the egg.

2.		 Domain: all real
numbers
		 Range: y # 64
3.		 Based on the problem
situation, the domain
must be x $ 0, because
only positive values for
time make sense.

Marissa is testing a container she built for the competition. She placed an
egg in her container and dropped it from the roof of a building. The height
of the egg can be modeled by the function f(x) 5 216x2 1 64, where x
represents the time in seconds.
1. Define the independent and dependent quantities of f(x).

2. What is the domain and range of f(x) based on its equation?

3. Determine any restrictions on the domain of f(x) based on this
problem situation. Explain your reasoning.
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4.

4. Graph f(x) = −16x2 + 64 with the restricted domain based on this
problem situation. Be sure to label your graph.

Height of Egg (feet)

y
64
48
32
16
0

1 2 3 4
Time (seconds)

x

5.		 The independent
quantity is the height of
the egg in feet, and the
dependent quantity is
the time in seconds.

5. Define the independent and dependent quantities of the inverse
of f(x).

6.		 Domain: x # 64
		Range: y $ 0

6. What is the domain and range of the inverse of f(x) with the
restricted domain?

7.		

Time (seconds)

y
4
3
2

7. Graph the inverse of f(x) with the restricted domain. You may
use different bounds than you used in Question 4.

1
0

x
16 32 48 64
Height of Egg (feet)
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8.		 The inverse of f(x) with
the restricted domain
is a function because
it passes the Vertical
Line Test.

8. Explain why the inverse of f(x) with the restricted domain is a
function. Then, write an equation for the inverse.

______

√
		 y 5 6 √
   

64 2 x

		 y 5 6    ______
16   or
______

9. Explain what the inverse models in terms of this
problem situation.

x 2 64
______
216  

 he original function
T
has a restricted
domain, so the inverse
includes only the
positive square root:

10. After 1.5 seconds, what is the egg’s height? Explain which
function you used and how you determined your answer.

√

______

64 2 x

Inverse of f (x) 5    ______
16  
or

√

______

x 2 64
Inverse of f (x) 5    ______
216  .

9.		 The inverse of the
function models the
time that the egg is
in the air in seconds
based on its height.

11. After how many seconds is the egg at a height of 55 feet? Explain
which function you used and how you determined your answer.

10. After 1.5 seconds, the
egg’s height is 28 feet.
I substituted the value
1.5 into the function
f(x).
		f(x) 5 216x2 1 64
		f(1.5) 5 216(1.5)2 1 64
		f(1.5) 5 28
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55 feet at 0.75 seconds.
I substituted the value
55 into the function
f 21(x).
3
		f 21(55) 5 __
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1a.

AC T I V I T Y

x

f(x)

22

212

21

29

0

26

1

23

2

0

3.5

In this activity, you will determine the inverse of a function using
multiple representations.
1. For each given function, determine the inverse using
each representation.
• Complete a table of values for the function and its inverse.
• Sketch the graph of the function using a solid line. Then sketch
the inverse of the function on the same coordinate plane using
a dashed line.

Inverse of f(x)
x

y

212

22

29

21

• Write an equation for the inverse.
A function is a one-toone function if both

0

23

1

0

• Determine whether the function is a one-to-one function.
Explain your reasoning.

the function and its
inverse are functions.

26

One-to-One Functions

a. f(x) 5 3x 2 6
x

Remember:

2

Use a straightedge to
draw your lines.

y

8

22

6

21

4

0

2

1

−8

−6

−4

0

−2

2

4

6

8

x

−2

2

−4
−6

8
Inverse of f(x)

4

x

−8 −4
−4

y

f(x)

0 4

8

x

−8

y
22
21

−8

0
1

y 5 3x 2 6
x 5 3y 2 6
x 1 6 5 3y

2
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1

	 __
3 x 1 2 5 y

Yes. The function f(x) is
a one-to-one function
because both f(x) and
the inverse of f(x) are
functions.
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b. g(x) 5 2x 1 4

1b.

y
8

x

g(x)

6

x

g(x)

22

6

21

5

0

4

1

3

2

2

4

22

2

21
0

−8

−6

−4

0

−2

2

4

6

8

x

−2

1

−4

2

−6
−8

Inverse of g(x)
x

y
22

Inverse of g(x)

21
0
1
2

c. h(x) 5 2

y

x

y

6

22

5

21

4

0

3

1

8

x

h(x)

6
4

22

2

2

21
−8

0

−6

−4

0

−2

2

4

6

8

2
y

x

−2

1

8

−4
−6

2

4

−8

0 4
−8 −4
−4

Inverse of h(x)
x

y

8

x

−8

22
21

y 5 2x 1 4

0
1

x 5 2y 1 4

2

x 2 4 5 2y
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Inverse of h(x)
x

y

2

22

2

21

2

0

2

1

2

2
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y
8
4
0 4
−8 −4
−4
−8

8

x

		No. The function h(x)
is not a one-to-one
function because the
inverse of h(x) is not a
function.

2x 1 4 5 y
Yes. The function g(x) is
a one-to-one function
because both g(x) and
the inverse of g(x) are
functions.
1c.
x

h(x)

22

2

21

2

0

2

y52

1

2

x52

2

2
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d. r(x) 5 |x|

1d.
x

r(x)

22

2

x

0

1

2

2

6
4

21

2

0

−8

−6

−4

0

−2

2

4

6

x

8

−2

1

−4

2

0

1

8

r(x)

22

1

21

y

−6
−8

Inverse of r(x)
x

y
22
21
0

Inverse of r(x)
x

1

y

2

22

1

21

0

0

1

2
e. s(x) 5 x 2 1 4

x

6
4

21

2

0

2

−8

−6

−4

0

−2

2

4

6

8

x

−2

1

−4

2

y

−6
−8

8

Inverse of s(x)

4
−8 −4
−4

8

y

22

1

2

y

Inverse of r(x)

x

0 4

8

y
22

x

21

−8

0
1

2

y 5 ∙x∙
x 5 ∙ y∙
No. The function r(x)
is not a one-to-one
function because the
inverse of r(x) is not a
function.
1e.
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Inverse of s(x)
x

y

y

8

22

8

5

21

5

4

0

0

4

5

1

1

5

8

2

2

8

x
22
21

10

y 5 x2 1 4

y

x 5 y2 1 4

5
−10

x 2 4 5 y2

______

0

−5
−5
−10

5

10 x

6√  x 2 4  5 y
No. The function s(x)
is not a one-to-one
function because the
inverse of s(x) is not a
function.
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2. How can you determine whether an inverse exists given a
linear function?

2. Sample answer.
The only linear functions
for which an inverse
does not exist are
constant functions. For
all other linear functions,
an inverse exists.

NOTES

3. Yes. The inverse of
any function that is
symmetric about
the line y 5 x will be
equal to the function.
For example, for the
function f(x) 5 x, the
inverse is f 21(x) 5 x.
Also, for the function
f(x) 5 2x 1 1, the
inverse is f 1(x) 5 2x 1 1.

3. Can a linear function and its inverse be the same function?
If so, provide an example. If not, explain why not.

4. Complete the graphic organizer on the next page. Write the
definition for the inverse of a function. Then describe
how to determine the inverse of a function algebraically,
graphically, and numerically.

For a one-to-one
function f(x), the
notation for its
inverse is f 21(x).
The notation for
inverse, f 21(x), does
not mean the same
thing as x21. The
expression x21 can
1

be rewritten as __x ;

however, f (x) cannot
21

be rewritten, because
it is only used as
notation. In other
1

words, f 21(x) Þ ____
.
f(x)
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4. Definition: An inverse
of a function takes the
output value, performs
operations on this value,
and arrives back at the
original function’s input
value.
Algebraic: To determine
the inverse of a function
using algebra, switch the
x and y variables in the
equation, and solve
for y.
Graphic: To determine
the inverse of a graph
of a function, reflect the
original graph across
the line y 5 x.
Numeric: To determine
the inverse of a table
of values, switch the
independent and
dependent values.
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Graphic Organizer
Definition

Algebraic
Description

INVERSES OF
FUNCTIONS

Graphical Description

Numeric Description
(Table of Values)
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Answers
1.		 Stacey is correct. Not all
linear functions are
one-to-one functions.
The inverse of any
horizontal line is a
vertical line, and vertical
lines are not functions.

NOTES

TALK the TALK
1-2-1
In this lesson, you determined the inverses of linear and quadratic
functions. You also determined whether the inverses were also
functions.

2a. sometimes
2b. always

Recall that a function is a one-to-one function if both the function and
its inverse are functions.

2c. never
2d. never

1. Adam and Stacey are working on a homework assignment for
which they must identify all functions that are one-to-one
functions. Adam says that all linear functions are one-toone functions, so they don’t even need to look at the linear
functions. Stacey disagrees, and says that not all linear
functions are one-to-one functions. Who is correct? Explain
how you determined which student is correct.

2. Complete each sentence with always, sometimes, or never.
a. A linear function is
a one-to-one function.
b. An exponential function is
a one-to-one function.
c. A quadratic function is
a one-to-one function.
d. A linear absolute value function is
a one-to-one function.
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Answers
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Write

Write

Remember

Describe how to use a graph to

An inverse of a function “undoes” the function. The inverse of a

prove two relationships are

function is determined by replacing f(x) with y, switching the

inverses of each other.

x and y variables, and solving for y. A one-to-one function is a

If the functions are
inverses, then the graph
of the inverse will be a
reflection of the function
across the line y 5 x.

function in which its inverse is also a function.

Practice

Practice

1. Clothing and shoe sizes typically vary from country to country. Kalinda
is going to be spending a year in Italy and plans on shopping for dresses

1a.

while she’s there. While investigating the differences in sizing, she
determines that to change the U.S. dress size to an Italian dress size,

U.S.
Dress Size

Italian
Dress Size

4

32

6

36

10

44

10

14

52

14

18

60

she must add 12 to the U.S. dress size and then double the sum.
a. Complete the table of values to show the dress size conversion
U.S. Dress
Size

for U.S. dresses to Italian dresses.
b. Write a function, f(x), to represent the Italian dress size in terms
of x, the U.S. dress size.

4

c. Determine the inverse of this problem situation using words.

6

d. Determine the inverse of the function algebraically. What does
the inverse function represent in terms of the problem situation?
e. Sketch the graph of the original function. Then, sketch the inverse
on the same graph.

8
__

b. g(x) 5 3 x 1 12

a. f(x) 5 0.6x 2 2

1b. f(x) 5 2(x 1 12)

18

2. Determine the inverse of each function. Is the inverse also a
function? Explain why or why not.

Italian Dress
Size

1c. The inverse of this
problem situation is
that when an Italian
comes to the United
States, she needs to
convert the Italian
dress size to a U.S.
dress size by dividing
her size by 2 then
subtracting 12 from the
quotient.

c. h(x) 5 22x2 1 8
2
__

3. Determine whether the functions j(x) 5 3 2 1.5x and k(x) 5 2 3 x 1 2 are inverses. If so, explain how
you know. If not, determine each function’s inverse.

4. Sketch the inverse of the given function on the same graph as the function. Is the inverse also a
function? Explain why or why not.
y

a.

b.

y

8
6
4
2

8
6
4
2

−8 −6 −4 −2 0 2 4 6 8
−2
−4
−6
−8

x

−8 −6 −4 −2 0 2 4 6 8
−2
−4
−6
−8

x

1

1d. f21(x) 5 __
  2x 2 12

The inverse function
represents the U.S.
dress size in terms of
the Italian dress size.
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3
9
  2; the inverse
2b. y 5 __
  8x 2 __

is also a_____
function.

√

x28

2c. y 5 6     ______
22  ; the
inverse is not a
function.

3. These functions
are inverses. Check
students’ explanations.

y

6/3/21 8:31 PM

4a. The inverse is a
function because it
passes the Vertical
Line Test.

4b. The inverse is not a
function because it
does not pass the
Vertical Line Test.

y

y
8
6
4
2

8
6
4
2
0
−8−6−4−2
−2 2 4 6 8
−4
−6
−8

72
64
56
48
40
32
24
16
8
0

x

0
−8 −6 −4 −2
−2 2 4 6 8
−4
−6
−8

x

f(x)

y=x

f –1(x)
(60, 18)
(44, 10)
(52, 14)
(32, 4) (36, 6)

8

24

5

40

56

72 x

10

2a. y 5 __
  3x 1 ___
  3 ; the inverse
is also a function.
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Stretch
1. f(x 2 1) 5
 (x 2 1) 1 1
5x
When you substitute
the inverse of a
function back into the
original equation, the
result will be x. This
result is the same as
the line of reflection,
y 5 x, used to
determine any inverse
on a coordinate plane.

Stretch
1. For the function f(x) = x 1 1, the inverse function is f21(x) 5 x 2 1. Evaluate the function f(x) by
replacing x with x 2 1. What do you notice? How does this relate to the process of using a graph
to determine an inverse?

Review
1. Mr. Li is a math teacher at Pinkston High School and is
preparing his students to take the SAT test. He collected
data from 10 students who took the test last year and

Time Spent
Studying (hours)
1

350

22

780

Analyze the data in the table.

12

600

a. Construct a scatter plot of the data and describe any

14

700

4

380

presented this information to the students in a table.
The highest math SAT score a student can achieve is 800.

patterns you see in the data.

Review

b. Use graphing technology to determine the

1a.

c. Use the regression line to predict the math SAT

10

650

9

580

3

400

7

530

4

410

regression equation.
score for a student who studies for 17 hours. Is this

y

prediction reasonable for this problem situation?

Math SAT Score

Explain your reasoning.

800

d. Use the line of best fi t to predict the math SAT score for a student who studies for 40 hours. Is
this prediction reasonable for this problem situation? Explain your reasoning.

600

e. One of Mr. Li’s students comes back to him the following year and says that he studied for
15 hours for the math SAT and got a score of 610. He argues that the equation predicted that he

400

would have scored a 682. What do you think explains the discrepancy?

200
0

Math SAT
Score

2. Each graph represents a form of the function g(x) 5 Af(x) 1 D, given f(x) 5 x. Determine A and D, and

x
8 16 24 32
Time Spent Studying (hours)

The data have a linear
pattern. As the number of
hours studied increases,
the math SAT scores
improve.
1b. y 5 22.54x 1 344.19
1c. y 5 727.37
Sample answer.
	This prediction is
reasonable because
17 hours of studying
would probably result
in a high test score.
1d. y 5 1245.79
Sample answer.
	This prediction is not
reasonable because
the highest possible
math SAT score is 800.

then explain the transformations those values make on the linear basic function. Write the
function in terms of the basic function.
a.

b.

y
8
6
4
2
−8 −6 −4 −2 0 2 4 6 8
−2
−4
−6
−8

x

y
8
6
4
2
−8 −6 −4 −2 0 2 4 6 8
−2
−4
−6
−8

x
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1e. Sample answer.
means the function
Regression equations
f(x) 5 x has been
model trends in data,
vertically translated
but may not be an
down 6 units.
exact predictor for
g(x) 5 2f(x) 2 6
3
one specific case.
2b.	A 5 2 __
4 ; This means
2a.	
A 5 2; This means
the function f(x) 5 x
the function f(x) 5 x
has been vertically
has been vertically
compressed by a
3
stretched by a factor
factor of __
 4and also has
of 2. D 5 26; This
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been reflected across
the x-axis. D 5 3; This
means the function
f(x) 5 x has been
vertically translated
up 3 units.
3
g(x) 5 2 __
4  f(x) 1 3
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Modeling Behavior
Using Quadratic Functions to Model Data

MATERIALS
Graphing technology
Patty paper

Lesson Overview
Students begin the lesson by determining a quadratic regression equation to model a set of data and
use the regression equation to make predictions. Next, they are given a quadratic equation that models
a context, but this time students see the need for an inverse equation because they must solve for the
independent variable when the dependent variable is provided. Throughout the lesson, students identify
the independent and dependent quantities and domain and range of functions in order to make sense of
an inverse of function.

Algebra 2
Attributes of Functions and Their Inverses
(2) The student applies mathematical processes to understand that functions have
distinct key attributes and understand the relationship between a function and its
inverse. The student is expected to:
	(C) describe and analyze the relationship between a function and its inverse (quadratic and
square root, logarithmic and exponential), including the restriction(s) on domain, which will
restrict its range.

Quadratic and Square Root Functions, Equations, and Inequalities
(4) The student applies mathematical processes to understand that quadratic and square
root functions, equations, and quadratic inequalities can be used to model situations,
solve problems, and make predictions. The student is expected to:
	(E) formulate quadratic and square root equations using technology given a table of data.

Number and Algebraic Methods
(7) The student applies mathematical processes to simplify and perform operations on
expressions and to solve equations. The student is expected to:
	(I) write the domain and range of a function in interval notation, inequalities, and set notation.
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Data
(8) The student applies mathematical processes to analyze data, select appropriate models,
write corresponding functions, and make predictions. The student is expected to:
	(A) analyze data to select the appropriate model from among linear, quadratic, and exponential
models.
	(B) use regression methods available through technology to write a linear function, a quadratic
function, and an exponential function from a given set of data.
	(C) predict and make decisions and critical judgments from a given set of data using linear,
quadratic, and exponential models.

ELPS
1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I, 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas
• Some data in context can be modeled by a quadratic regression equation. The regression
equation can be used to make predictions; however there may be limitations on the domain
depending on the context.
• When a problem requires using a given function to determine the independent quantity when
a dependent quantity is given, determining the inverse of the original function may be a more
efficient way to handle the situation.

265B • TOPIC 3: Applications of Quadratics

A2_M01_T03_L04_Lesson Overview.indd 2

5/28/21 4:36 PM

Lesson Structure and Pacing: 1 Day
Engage
Getting Started: That Might Be a Bad Idea . . .
Students analyze a table of values related to a context and create a scatter plot to represent
the data.
Develop
Activity 4.1: Using Quadratic Functions to Model Data
Students use the data from the Getting Started to determine the regression equation. The
regression equation is used to identify key characteristics of the function, interpret them with
respect to the problem situation, and make predictions.
Activity 4.2: Analyzing a Quadratic Model and Its Inverse
This activity uses a context to develop the need for an inverse of a function. Students complete
a table for a given quadratic function. They answer questions focused on the independent and
dependent quantities and the domain and range, and sketch a graph representing the function.
Students are then given a value for the dependent quantity, and asked to estimate and calculate
exactly its corresponding independent quantity. They describe how a function that reverses the
independent and dependent quantities would answer this question more efficiently.
Students sketch a graph of the new function by reversing coordinate pairs, and use their graph to
answer additional questions.
Demonstrate
Talk the Talk: Living to 100
Students analyze a table of values related to a context and create a scatter plot. Next students use
technology to calculate the linear, exponential, and quadratic regression equations and determine
which best represents the problem situation. Students use the regression question that best
models the data to make a prediction.
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ENGAGE

Getting Started: That Might Be a Bad Idea . . .
Facilitation Notes
In this activity, students analyze a table of values related to a context and
create a scatter plot to represent the data.
Ask a student to read the introduction aloud. Discuss as a class.
Questions to ask
• Did you ever place a can of soda in the freezer for too long? What
happened to it?
• Why does a soda can burst if left in the freezer for too long?
• Why does the soda take up more space when it is frozen?
• What is volume?
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Questions to ask
• As the temperature decreases, why does the volume decrease
then increase?
• At what temperature in the table does the soda volume begin
to increase as the temperature decreases? Is there any special
meaning to this temperature?
• Why does the volume increase at high temperatures?
At low temperatures?
• Does the data appear to be linear? Why not?
• Does the data appear to have an absolute minimum or maximum?
If so, which one?
• What types of functions have an absolute minimum or maximum?
• Why can you rule out the possibility that this data can be modeled
by an absolute value function?
• What type of function is suggested by the scatter plot?
• Was it easier to notice trends from the table or the graph? Explain why.
• What are the components of the modeling process?
• Which components of the modeling process are highlighted in
this activity?
• What actions did you complete that applied to those steps in the
modeling process?
Differentiation strategies
To extend the lesson, have students investigate the science behind this
data trend. Pose additional questions, such as:
• Does the volume ever reach a maximum?
• Does the volume reach a minimum at a specific temperature?
• Does the data change for other liquids? If so, how?
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Summary
A scatter plot can be created from a table of data to help recognize the
function that best models the data.

Activity 4.1

DEVELOP

Using Quadratic Functions to Model Data

Facilitation Notes
In this activity, students use the data from the Getting Started to determine
the regression equation. The regression equation is used to identify key
characteristics of the function, interpret them with respect to the problem
situation, and make predictions.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
As students work, look for
• Errors in the a-value of the quadratic regression equation, writing
it as 8.8 rather than 0.00088. Depending on the technology used,
the a-value of the quadratic equation may be expressed as
a 5 8.8263492E-4. Students may need to be reminded how to
interpret this value, first as a
 5 8.8263492 3 1024, then as 0.00088.
• Inequality or interval notation.
Differentiation strategies
To assist all students,
• Discuss what is a reasonable number of decimal places when
writing the regression equation. For example, a steadfast rule of
two decimal places may make sense in most cases, but not when 
a 5 0.00088.
• Clarify the difference between how exact the equation should be
when writing the regression equation versus using the regression
equation for calculations. When making calculations, it makes
sense to use all the decimal places provided by the technology
so that answers will be as exact as possible, then have students
round the answers as desired. Demonstrate how to transfer
the a-, b-, and c -values from the regression process to the
y 5 component using technology. This will also make it easier for
students to compare answers.
Questions to ask
• What function did you choose to model this data?
• What is the r 2-value for your regression equation? What does this
imply about the fit of your data?
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• How do the values from the table generated by the regression
equation compare to those in the table of original data?
• Why did you need to know the minimum to calculate the range?
• What is the minimum? What does it mean with respect to the
problem situation?
• How did you determine the y-intercept?
• If x 5 0, what does this mean with respect to the problem situation?
• When the temperature is 0°F, what is the volume of the soda?
• If y 5 0, what does this mean with respect to the problem situation?
• Could the volume ever be 0 cm3?
• Which components of the modeling process are highlighted in
these questions?
• What actions did you complete that applied to those steps in the
modeling process?
Have students work with a partner or in a group to complete Question 4.
Share responses as a class.
Questions to ask
• How did you make your predictions?
• Did you use the graph, the regression equation, or the table to
determine the temperatures?
• Do you think your predictions are relatively accurate? Why or
why not?
Have students work with a partner or in a group to complete Question 5.
Share responses as a class.
Questions to ask
• How did you describe the table of data? The scatter plot?
• What key characteristics of the equation and graph did you notice?
• How did you explain why you selected a quadratic equation to model
the data?
• In your model, is the input the volume or the temperature?
What is the output?
• Does your model make unrealistic predictions for extremely high or
low temperatures?
• What domain do you think makes sense for your regression equation?

Summary
Some data in context can be modeled by a quadratic regression equation.
The regression equation can be used to make predictions; however there
may be limitations on the domain depending on the context.
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Activity 4.2

Analyzing a Quadratic Model and Its Inverse

Facilitation Notes
This activity uses a context to develop the need for an inverse of a
function. Students complete a table for a given quadratic function.
They answer questions focused on the independent and dependent
quantities and the domain and range and sketch a graph representing the
function. Students are then given a value for the dependent quantity and
asked to estimate and calculate exactly its corresponding independent
quantity. They describe how a function that reverses the independent
and dependent quantities would answer this question more efficiently.
Students sketch a graph of the new function by reversing coordinate pairs
and use their graph to answer additional questions.
Ask a student to read the introduction aloud. Discuss as a class.
Questions to ask
• What causes vehicles to leave skid marks?
• Do you think faster cars leave longer or shorter skid marks? Why?
• How are stopping distance and length of skid marks related?
• Give an example of how weather would affect stopping distances
and the length of skid marks left by a vehicle.
• How would the road surface, the grade of the road, or the vehicle
type affect stopping distances and length of skid marks left by a
vehicle?
• Do you think if a car increased its speed by 20 mph that the length
of its skid marks would also increase by 20 feet? Why or why not?
Have students work with a partner or in a group to complete Questions 1
through 4. Share responses as a class.
Differentiation strategy
To scaffold support, provide a scale for the graph in Question 3.
Length of Skid
Mark (feet)

y
400
300
200
100
0

x
30 60 90 120
Car Speed
(miles per hour)

Questions to ask
• Does the length of the skid mark depend on the speed of the car, or
does the speed of the car depend on the length of the skid mark?
• Why is the graph only increasing?
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• How does the domain and range of the function compare to the
domain and range of the problem situation?
• Did you use the graph or table to estimate the speed of the car?
• Why can’t the graph be used to determine the exact speed of the car?
• How did you determine the exact speed of the car?
• Is the estimate close to the exact speed of the car?
Have students work with a partner or in a group to complete Questions 5
through 8. Share responses as a class.
Differentiation strategy
To scaffold support, suggest that students make a table of values first,
then refer to the table of values to sketch the graph of the inverse of a
function.
Questions to ask
• Why would it be helpful to have a new function?
• When the length of a skid mark becomes the independent variable
and the speed of the vehicle becomes the dependent variable, what
changes on the graph?
• What is the relationship between the domain and range of the
original function and the domain and range of the inverse of
the function?
• How did you label the axes on the graph of the new function?
• How did you locate the points on the graph of the new function?
• Is this new graph increasing or decreasing?
• How does the shape of this graph compare to the shape of the
original graph?

Summary
When the context requires using a given function to determine the
independent quantity when a dependent quantity is given, determining
the inverse of the original function may be a more efficient way to handle
the situation.

DEMONSTRATE

Talk the Talk: Living to 100
Facilitation Notes
In this activity, students analyze a table of values related to a context and
create scatter plot. Next, students use technology to calculate the linear,
exponential, and quadratic regression equations and determine which best
represents the problem situation. Students use the regression question
that best models the data to make a prediction.
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Have students work with a partner or in a group to answer Questions 1
through 4. Share responses as a class.
As students work, look for
• Students using the given values for x instead of letting x be the
number of years since 1994.
Questions to ask
• What function did you choose to model this data?
• What is the r2-value for your regression equation? What does this
imply about the fit of your data?
• Why does it make sense to use 0 instead of 1994 when determining
the regression equation?
• If x 5 0, what does this mean in terms of the problem situation?

Summary
A quadratic regression equation can be used to model data and make
predictions.
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NOTES
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Warm Up Answer

Modeling Behavior

4

y 5 1.2x 1 31.333

Using Quadratic Functions to Model Data

Warm Up

Determine a linear regression
equation that best models the
data.
x

y

1

32

2

35

3

34

4

35

5

39

6

38

7

40

8

42

9

41

Learning Goals

• Use a quadratic function to model data.
• Interpret characteristics of a quadratic function in terms of
a problem situation.
• Use graphs of quadratic functions to make predictions.
• Interpret the inverse of a function in terms of a
problem situation.

You know how to model data with regression equations and how to write inverses of linear and
quadratic functions. How can you determine whether a quadratic regression equation may best
model the data?
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Answers
1. As the temperature
decreases, the volume
decreases and then
increases.

GETTING STARTED

That Might Be a Bad Idea. . .
A 12-ounce can of soda was put into a freezer. The table shows the volume
of the soda in the can, measured at different temperatures.

Soda Volume (cm3)

2.
Temperature and Volume
of a Soda Can in a Freezer
y
357
356
355
354

Temperature of Can
(8F)

The first step of the
modeling process is
to notice and wonder.
What do you notice
about the data? Is
there a question it
brings to mind that
you wonder about?

353
0

x
20 40 60 80
Temperature of Can (°F)

Soda Volume
cm3

68.0

355.51

50.0

354.98

42.8

354.89

39.2

354.88

35.6

354.89

32.0

354.93

23.0

355.13

14.0

355.54

1. Describe the data distribution.

2. Create a scatter plot of the data. Sketch the plot of points on the
coordinate plane shown.
Temperature and Volume of a Soda
Can in a Freezer
y
357
Soda Volume (cm3)

The second step of
the modeling process
is to organize and
mathematize. The
scatter plot is a way to
organize the data.

356
355
354
353
0

10 20 30 40 50 60 70 80 90
Temperature of Can (°F)

x
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Answers
AC T I V I T Y

4.1

Using Quadratic Functions to
Model Data

Let’s continue to analyze the data and make some predictions about the
volume of soda at different temperatures.

You can mathematize
the data by modeling
it with an appropriate
regression equation.

Soda Volume (cm3)

1. Use technology to calculate the regression equation that best
models the data in the previous activity. Sketch the graph of
the regression equation on the coordinate plane on which you
created your scatter plot. Explain why the regression equation
best models the data.

2. State the domain and range of your function. How do they
compare to the domain and range of this problem situation?

3. Use the regression equation to answer each question.
a. Determine the y-intercept and interpret its meaning in
terms of this problem situation.

1. Let x represent the
temperature of
the can in degrees
Fahrenheit. Let
y represent the
volume of the soda
in cm3.
y 5 0.00088x2
2 0.07223x 1 356.35
Temperature and Volume
of a Soda Can in a Freezer
y
357
356
355
354
353
0

x
20 40 60 80
Temperature of Can (°F)

The third step of the
modeling process is to
predict and analyze,
and the fourth step is
to test and interpret.
These questions focus
on these two steps of
the process.

		 The quadratic
regression equation
is the best fit for
the data because
the parabola passes
through almost all the
points. The r 2-value
for the quadratic
regression fit is 0.994,
which is very close to 1.
2.		 For the function:

b. Determine the x-intercepts, and interpret the meaning of
each in terms of this problem situation.

		Domain: 2∞ , x , ∞
		Range: y $ 354.88
		 For the problem
situation:
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3a. The y-intercept is
(0, 356.35). This is the
volume of the soda
when the temperature
is 0°F.
3b. There are no
x-intercepts. The
volume of the soda will
never be 0 cm3.
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		 Domain: 14 # x # 68
		Range:
354.88 # y # 355.54
		 The domain of the
function is all possible
values, and the range is
all values greater than
or equal to 354.88. The
domain and range of
the problem situation is
restricted to the spread
of the values in the
table.
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Answers
4a. The volume of the soda
is 355.26 cm3 at 20°F.

4. Predict the volume of the soda can when the temperature is:
a. 20°F.

4b. The volume of the soda
is 355.2 cm3 at 60°F.
5.		 Sample answer.
		 Data was provided
for the different
temperatures of a
soda can and the
corresponding volume
of the soda can.
Looking at the table, I
could see that as the
temperature decreased,
the volume decreased
until the temperature
reached 39.2°. When
the temperature
reached 39.2° or below,
the volume began to
increase. Because there
is a minimum volume,
I thought the function
modeling the data
would be quadratic,
and after completing
a regression of the
data, I was correct. The
regression equation
is y 5 0.00088x2 2
0.07223x 1 356.35with
an r2-value of 0.994. I
know the can will never
have a volume of 0 cm3,
and I know it will not
increase infinitely in
volume either. Without
more data, I am only
confident that my
equation works for
the specified values
in the table, with a
domain (temperature in
degrees F) of 14 # x #
68 and a range (volume
in cm3) of 354.88 # y
# 355.54.

b. 60°F.

5. Write a summary of the problem situation, your model as the
solution, and any limitations of your model.
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ELL Tip
Discuss the root word of limitations, which is limit. As a noun, a limit
is a restriction on the amount of something. Connect the meaning with
the phrase speed limit. In the context of the Question 5, the question
is asking whether students would like to make restrictions on their
model; perhaps their model makes accurate predictions for the
context only in some cases or for limited temperatures. Help students
rephrase the directions to Question 5 in their own words.
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Answers
AC T I V I T Y

4.2

1.

Analyzing a Quadratic Model
and Its Inverse

Arlen City Police Department is offering special classes for interested high
school students this summer. Elsa decides to enroll in an introductory
forensic science class. On the first day, Dr. Suarez tells Elsa’s class that
crime scenes often involve speeding vehicles which leave skid marks
on the road as evidence. Taking into account the road surface, weather
conditions, the percent grade of the road, and vehicle type, they use
this function:

Speed
of the
Vehicle
(miles
per hour)

Length
of Skid
Marks
(feet)

25

18.65

30

32.8

45

85.45

55

129.05

60

153.4

f(s) 5 0.034s2 1 0.96s 2 26.6
to determine the length in feet of skid marks left by a vehicle
based on its speed, s, in miles per hour.

25
30

1. Complete the table based on f(s). Label the column
titles with the independent and dependent quantities
and their units.

45
55

236.65
335.2

100

409.4

110

490.4

2.		Domain: 25 # x # 110
Range: 18.65 # y # 490.4

60
75

3.

90

y
Length of Skid
Marks (feet)

100

2. According to the table, what are the domain and range
for the problem situation?

75
90

110

400
300
200
100
0

3. Graph the table values and sketch the graph of f(s) on the grid
shown. Label the axes.

f(s)

x
30 60 90 120
Car Speed
(miles per hour)
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ELL Tip
Three non-mathematical terms that appear in this activity are forensic
science, skid marks, and grade of a road. Define forensic science as the
application of scientific principles to matters of criminal justice, specifically
relating to physical evidence. Define skid marks as long black marks left on
a road surface by the tires of a skidding vehicle and provide an illustration.
Define the grade of a road as the steepness, or slope, of a road. Explain
why a forensic scientist may be interested in analyzing skid marks.
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Answers
4a. Estimating from the
data table, the car was
traveling at about 80
miles per hour.
4b. Using the Quadratic
Formula or the table
generated by f(s), the
car was traveling at 84.9
miles per hour.
5.		 The new function
would be the inverse
of the original function.
The length of the skid
mark would be the
independent quantity
and the speed of the
vehicle would be the
dependent quantity.
The domain would
be 18.65 # x # 490.4,
and the range would
be 25 # y # 110.

During another class period, Dr. Suarez takes Elsa’s class to a mock crime
scene to collect evidence.
4. One piece of evidence is a skid mark that is 300 feet long.
a. Use the graph to estimate the speed of the vehicle that
created this skid mark. Explain your process.

Ask
yourself:

b. Determine the exact speed of the vehicle that created this
skid mark. Show your work.

How do these data
differ from the data
in the table?

5. Describe a new function that Elsa can use to determine the
speed of a vehicle given the length of a skid mark it created.
In your description, include information about the independent
and dependent variables, and the domain and range of this
problem situation.
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Answers
6. Predict what you think the graph of the new function will
look like and sketch the graph on the grid shown.

6.
Car Speed
(miles per hour)

y

7. Use your graph to estimate the car’s speed before
stopping for each given skid mark length.

120
90
60
30
0

a. 50 feet

x
200
400
Length of Skid
Mark (feet)

b. 175 feet

7a. For 50 feet, the
estimated speed is
35 miles per hour.

c. 350 feet

7b. For 175 feet, the
estimated speed is
64 miles per hour.
7c. For 350 feet, the
estimated speed is
92 miles per hour.

8. Write a report about the length of skid marks left by vehicles
and vehicle speeds. Discuss possible factors that would affect
the length of the skid marks left by a vehicle, and what effect
these factors would have on the graph of f(s) and the graph of
its inverse.
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8.		 Answers will vary.
		 There is a quadratic
relationship between
the speed of a car and
the length of the skid
marks it may leave on
a road surface. The
quadratic function
may vary depending
upon factors such as
road surface, weather,
percent grade of the
road, vehicle type, etc.
For example, if the road
is slick or the weather
is icy, the values in the
function may change to
recognize the fact that
for a given temperature,
the length of the skid
marks would be greater
than the results from
the original quadratic
function. The results
would be the opposite
in an inverse of the
function for slick roads
or icy weather; for a
given length of skid
mark, the speed would
be lower than the
results from the original
quadratic function.
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Answers
1.
Number of Americans
(thousands)

120

NOTES

y

110

Living to 100

100
90

Using data from the US Census Bureau, the table lists the number of
Americans, in thousands, who lived to be over 100 years old for the
specified years.

80
70
60
50
2 4 6 8 10 12 x
Years Since 1994

0

2.		 Let x represent the
number of years
since 1994. Let y
represent the number
of Americans, in
thousands, who lived to
be over 100 years old.
Linear Regression:
y 5 6.06x 1 44.7,
r2 5 0.9612
Exponential Regression:
y 5 48.23 ? 1.08x,
r 2 5 0.9899
Quadratic Regression:
y 5 0.40x2 1 2.04x 1
50.0, r 2 5 0.9973
The quadratic
regression equation is
the best fit for the data
because the parabola
passes through almost
all the points. The r 2value or the quadratic
regression fit is 0.997,
which is very close to 1.
120
Number of Americans
(thousands)

TALK the TALK

Number of Americans
(thousands)

1994

50

1996

56

1998

65

2000

75

2002

94

2004

110

1. Graph the table values on the grid shown.
Let x be the number of years since 1994.
Label the axes.
2. Use technology to calculate the linear,
exponential and quadratic regression
equations. Which model best fits the data?
Explain your reasoning. Sketch the graph
of the best fit regression equation on the
coordinate plane on which you created your scatter plot.
3. State the domain and range of your function. How do they
compare to the domain and range of this problem situation?
4. Use your regression equation to predict the number of
Americans that will live to be over 100 years old in the year
2025.
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3.		 For the function:
Domain: 2∞ , x , ∞
Range: y $ 50
		 For the problem
situation:
Domain: 0 # x # 10
Range: 50 # y # 110

100
90
80
70
60
50
0

Year

4.		 There will be
approximately 499.405
thousand Americans
that will live to be over
100 years old in the
year 2025.
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2 4 6 8 10 12 x
Years Since 1994
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Assignment

Assignment
Answers

LESSON 4: Modeling Behavior

Write

Write

Remember

Explain how can you determine if a set of

Quadratic regression equations can be used to model

data is best represented by a quadratic

real-world situations.

Sample answer.
I can use technology to
calculate a quadratic
regression equation and
r  2- value. The closer the
r  2-value is to 1, the better
the equation fits the data.

regression equation.

Practice
1. The table shows the percent of public schools with internet access from
1994 to 2005. (The largest growth years are shown in the table.)

Practice

a. Predict whether a linear or quadratic regression equation will best fit
the data. Explain your reasoning.
b. Create a scatter plot of the data.

1a. The percent of public
schools with internet
access increases each
year. However, the
first differences are
not constant. So, a
quadratic regression
will be the best fit for
the data.

c. Does your scatter plot change or support your answer to part (a)?
Explain your reasoning.
equation would best fit the data. Calculate
the quadratic regression equation of the
data. Do you agree with Andrew? Explain your
reasoning.
e. The year 2004 is missing from the data.
Calculate the percent of public schools
with internet access in 2004. Does your

Year

Percent of Public Schools with
Internet Access

1994

35

1995

50

1996

65

1997

78

1998

89

answer make sense in terms of the problem

1999

95

situation? Explain your reasoning.

2000

98

2001

99

f. Calculate the percent of public schools
with internet access in 2020. Does your
answer make sense in terms of the problem

2002

99

situation? Explain your reasoning.

2003

100

2005

100

g. What are the x-intercepts and what do they

1b.
Percent of Public Schools
with Internet Access
y

Percent of Public Schools
with Internet Access

d. Andrew thinks a quadratic regression

mean in terms of the problem situation?
h. In what year does the percent of public schools with internet access begin to decline?
Explain how you determined your answer.
i. Do you think it is likely that the percent of public schools with internet access will decline?
Explain your reasoning.
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160
120
80
40
0

4 6 8 10 x
Time Since
1994 (years)

2

1c. Answers will vary.
		 The scatter plot
supports my answer
to part (a), because
the data appears to be
part of a parabola.

1d. y 5 20.966x2 1
16.046x 1 36.493
situation because
terms of the problem
of public schools had
		 I agree with Andrew
the percent of public
situation because you
internet access.
because the r 2 value is
schools with internet
cannot have a negative 1h. In about 2002, the
0.986.
access in 2003 and
percent of schools.
percent of public
1e. f(10) 5 20.966(10)2 1
2005 was 100%.
1g. T
 he x-intercepts are
schools with internet
16.046(10) 1 36.493 5
1f. U
 sing the regression
approximately
access began to decline.
100.353
equation, I predict
(22, 0) and (19, 0).
I determined my
The percent of public
that the percent of
These points indicate
answer by determining
schools with internet
public schools with
the years in which
the location of the
access in 2004 was
internet access in 2020
0 percent of public
maximum value
approximately 100%.
will be approximately
schools had internet
of the graph.
This makes sense in
2199%. This does
access. So, in 1992
1i. See next page.
terms of the problem
not make sense in
and 2013, 0 percent
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Assignment
Answers
Practice
1i. Sample answer.
Internet access will
probably not decline
because the Internet
is a valuable resource
for teaching, and it is
becoming more and
more accessible.
2a. B
 ased on the problem
situation, the domain
must be restricted
to all real numbers
greater than or equal
to 0 because time
cannot be negative.
2b.

2. The number of catfish in Lake Paul is growing in a way that can be represented by the quadratic
function c(x) 5 2x2 1 50, where x represents the number of months since the initial number of catfish
was counted.
a. Determine any restrictions on the domain of c (x) based on the problem situation.
Explain your reasoning.
b. Graph c (x) with the restricted domain based on the problem situation. Be sure to label your graph.
c. What is the domain and range of the inverse of c (x) with the restricted domain?
d. Graph the inverse of c (x) with the restricted domain. Be sure to label your graph.
e. Explain why the inverse of c (x) with the restricted domain is a function. Then, write an equation
for its inverse.
f. If there are 178 catfish in the lake, how many months have gone by since the initial number of
catfish was counted? Explain your reasoning.
g. Five months have gone by since the initial counting of the catfish. How many catfish are in Lake
Paul now? Explain your reasoning.

Stretch
1. The base of a triangle is represented as 6x. The height of a triangle is represented as 4x.
a. What is the equation for the inverse of the area of the triangle? Explain your reasoning.

Number of Catfish

y

b. If the area of the triangle is 108 meters, what is the value of the inverse of the function?
Explain your reasoning.

160
120

Review

80

1. Consider each function shown.

40
0

4

8 12 16
Number of
Months

x

2c. T
 he domain is all real
numbers greater than
or equal to 50, and
the range is all real
numbers greater than
or equal to 0.
2d.

t(x) 5 (x 2 3)2

a. Graph each function on the same coordinate plane.

w(x) 5 3(x 2 3)2

b. Describe how functions w and z have been transformed from function t.

z(x) 5 3(x 2 3)2 1 1

2. Consider the function f(x) 5 x2 2 2x 2 2.



a. Graph the function.
b. Describe the key characteristics of the graph.
3. The cost of producing chapter books for a company is C(x) 5 6x 1 81. The company’s revenue for
every chapter book sold is R(x) 5 36x 2 x2.
a. What is the company’s break-even point for the production and sales of chapter books?
b. What does the solution mean?
c. Show the solution graphically.

Number of Months

y
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positive
square root:
______

4
0

40 80 120 160
Number of
Catfish

x


2e. B
 ecause the domain is
restricted for c(x), the
range of the inverse
is all real numbers
greater than or equal
to 0, so the inverse
includes only the

2g. If 5 months have gone
x 2 50
by, then there are 100
______
y 5     2  .
catfish in the lake.
2f. If there are 178 catfish
I used the function c(x)
in the lake, 8 months
because it determines
have gone by.
the number of catfish
I used the inverse of
based on the number
the function because
of months.
it determines the
number of months
based on the number
of catfish.

√
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Stretch
See next page.

Review
See next page.
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Assignment
Answers

2a.
y
4

Stretch

√

___

2

x
1a. y21 5  ___
  12  

Answers may vary.
Since the base is 6x
and the height is 4x,
then the area is

−4

Review

3a. x 5 3and x 5 27
3b. (3, 99) and (27, 243);
If the company makes
3 books a month, then
the cost and revenue will
be $99. If the company
makes 27 books a
month, then the cost
and revenue will be
$243.
3c.
y

300

(27, 243)

200
y

4

2b. decreasing: (2`, 1]
increasing: [1, `)
minimum value: (1, 23)
x-intercept: (20.73, 0)
and (2.73, 0)
y-intercept: (0, 22)

400

1a.

5

100

t(x)

x

4

−4

y 5 12x2. This equation
is used to determine
the inverse of the
function.
Because area must be
positive, the inverse
has only the positive
root.
1b. y 21 5 3meters
Answers may vary.
If the area of the triangle
is 108 meters, then
x 5 63meters. Since you
cannot have a negative
side of a triangle, x is
only positive, therefore,
13 would also be the
value of the inverse of
the function.

w(x)

2

−2

1
y 5 (
 __
  2 )24x2, which is

6

0

−2

0

z(x)

(3, 99)
10 20 30 40

x

3
2
1
0

1

2

3

4

5

6

x

1b. t(x) is the basic function.
w(x) is dilated vertically
by the factor 3. z(x) is
also dilated vertically
by the factor 3 and
translated up 1 unit.

LESSON 4: Modeling Behavior • 274A

A2_M01_T03_L04_Assignment Answer Key.indd 1

5/29/21 5:33 PM

A2_M01_T03_L04_Assignment Answer Key.indd 2

5/28/21 4:36 PM

Going the
Equidistance

x
5

MATERIALS
Compasses
Patty paper
Straightedges

Equation of a Parabola
Lesson Overview
The focus and directrix of a parabola are introduced through an exploratory activity. Students use
concentric circles to plot points that are equidistant from both a line and a point not on the line, then
connect these equidistant points to form a parabola. A parabola is described as a conic section, and
the terms locus of points, parabola, focus, and directrix are given. Students construct a directrix and
a focus above the directrix on patty paper and complete multiple folds of the focus onto the line to
create a parabola. Concavity and vertex of a parabola are defined. Through investigations, students
conclude that any point on a parabola is equidistant from the focus and the directrix. The focus and
directrix are then used to write the equation of a parabola, and the general and standard form of a
parabola are given. Students derive the standard form of a parabola algebraically to make sense of the
constant p in the equation and use this constant to graph parabolas. The Distance Formula is used to
determine the equation of points that are equidistant from a given focus and a given directrix where
the vertex is a point other than the origin. Students apply characteristics of parabolas to solve realworld problem situations.

Algebra 2
Quadratic and Square Root Functions, Equations, and Inequalities
(4) The student applies mathematical processes to understand that quadratic and square
root functions, equations, and quadratic inequalities can be used to model situations, solve
problems, and make predictions. The student is expected to:
	(B) write the equation of a parabola using given attributes, including vertex, focus, directrix, axis
of symmetry, and direction of opening.

ELPS
1.A, 1.C, 1.E, 1.F, 1.G, 2.C, 2.E, 2.I, 3.D, 3.E, 4.B, 4.C, 5.B, 5.F, 5.G

Essential Ideas
• A parabola is the locus of points in a plane that are equidistant from a fixed point (the focus) and a
fixed line (the directrix).
• The focus and directrix of a parabola can be used to derive the equation of the parabola.
LESSON 5: Going the Equidistance • 275A
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• Parabolas can be described by their concavity.
• The standard form for the equation of a parabola with vertex at the origin can be written in the form 
x2 5 4py (symmetric with respect to the y-axis) or y 2 5 4px (symmetric with respect to the x-axis),
where p is the distance from the vertex to the focus.
• The standard form for the equation of a parabola with vertex at the origin, y 2 5 4pxor x2 5 4py can
be derived using the Distance Formula and the definitions of focus, directrix, and parabola.
• In the standard form for the equation of a parabola centered at the origin, y 2 5 4pxor x2 5 4pythe
value of p is positive when the parabola is concave up or concave right and the value of p is negative
when the parabola is concave down or concave left.
• The standard forms of parabolas with vertex (h, k) are (x 2 h)2 5 4p(y 2 k)and (y 2 k)2 5 4p(x 2 h).
• The characteristics of parabolas can be used to solve real-world problems.
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Lesson Structure and Pacing: 3 Days
Day 1
Engage
Getting Started: Hocus Pocus . . . Make the Locus!
Students use concentric circles to plot points that are equidistant from both a line and a point not
on the line, then connect these equidistant points to form a parabola.
Develop
Activity 5.1: A Parabola as a Locus of Points
A parabola is described as a conic section. The terms locus of points, parabola, focus, and directrix
are given. Students construct a directrix and a focus above the directrix on patty paper and
complete multiple folds of the focus onto the line to create a parabola. Concavity and vertex of a
parabola are defined. Through investigations students conclude that any point on a parabola is
equidistant from the focus and the directrix.
Activity 5.2: Equations of a Parabola
Students determine the equation of a parabola using the Distance Formula, a fixed point, and a
 y2 1 Cx 5 0, is
fixed line. The general form of a parabola centered at the origin, A x2 1 Cy 5 0or B
given. Students are also given the standard form of a parabola centered at the origin, x 2 5 4py
or y 2 5 4px, where p is the distance from the vertex to the focus. Connections are established
between the key characteristics of a parabola and the positions in which they appear when the
equation for a parabola is written in standard form.

Day 2
Activity 5.3: Making Sense of the Constant p
Students use the distance p from the vertex to the focus and the Distance Formula to algebraically
derive the equation of a parabola written in the form y 2 5 4px. Deriving the equation illustrates
the significance of 4p.
Activity 5.4: Using the Constant p to Graph a Parabola
Given the equations of four parabolas, students identify the coordinates of the vertex, the
equation of the axis of symmetry, the focus, and the equation of the directrix. After graphing each
of the parabolas on a coordinate plane, students note the relationship between the p-value and
characteristics of the graphical representation. Connections are made between concavity and the
location of the focus and the directrix.

Day 3
Activity 5.5: Writing an Equation Given a Focus and a Directrix
Students determine equations of parabolas with vertices not at the origin given the focus and
directrix, then identify key characteristics of the graph. They are given the standard form of a
parabola with vertex at (h, k): (x 2 h)2 5 4p(y 2 k)or (y 2 k)2 5 4p(x 2 h). Students rewrite the
equation of a parabola in standard form, identify its key characteristics, and sketch its graph.
They also write an equation in standard form given either the vertex and the focus or the vertex
and the directrix, then sketch the graph. Students complete a table that summarizes the key
characteristics of parabolas with different orientations and vertices not at the origin.
Activity 5.6: Applications of Parabolas
Students use the characteristics of parabolas to solve real-world problems.
Demonstrate
Talk the Talk: Simply Parabolic
Students graph parabolas given equations. They then label the parabola with its key
characteristics: the vertex, focus, and directrix. Students describe the concavity of each.
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ENGAGE

Getting Started: Hocus Pocus . . .
Make the Locus!
Facilitation Notes
In this activity, students use concentric circles to plot points that are
equidistant from both a line and a point not on the line, then connect
these equidistant points to form a parabola.
Have students work with a partner or in a group to complete Questions 1
through 4. Share responses as a class.
Differentiation strategy
To scaffold support, instruct students to draw all of the concentric
circles first, then suggest they use colored pencils to color code
each of the locations where a horizontal distance line intersects a
corresponding circle that has radii of equal distance to the line, using
a different color for each line and pair of points. Students could locate
the points on one side of the parabola, then use symmetry to locate the
points on the second side of the parabola.
As students work, look for
The smooth curve created by the equidistant points that is concave
upward. There should be two points located on each concentric circle
with the exception of the 1 and 2 unit circles.
Misconception
Students may not fully understand how the smooth parabolic curve is a
result of equidistance. They have studied equidistance that resulted in
the formation of a perpendicular bisector and equidistance related to the
locus of points that form a circle. Understanding a single point that is equal
in distance from both a fixed point and a fixed line is easy to visualize, but
locating a locus of points that are equal in distance requires students to think
of points that are not oriented in between the given point and fixed line.
Questions to ask
• Are all of the points on the circumference of the circle equidistant
from the center point?
• If the radius of the circle is one unit, are all points on the
circumference of the circle one unit from the center point?
• Where are all of the points that are one unit from the fixed line?
• Are all of the points that are one unit from the fixed line located on
a horizontal line? Where is that horizontal line?
• What is the distance between each concentric ring?
• Where is the single point that is two units from the center point
and two units from the fixed line?

275D • TOPIC 3: Applications of Quadratics

A2_M01_T03_L05_Lesson Overview.indd 4

5/28/21 4:45 PM

• Where are the two points that are three units from the center point
and three units from the fixed line?
• Where are the two points that are four units from the center point
and fours units from the fixed line?
• How did you locate the additional points that satisfy the criteria?
• Why don’t any points that satisfy the criteria appear below the
fixed line?
• Is the shape of the smooth curve parabolic?
• Are all of the points equidistant from the center point and the
fixed line?

Summary
A smooth curve in the shape of a parabola is formed by plotting and connecting
points that are equidistant from a given point and line on a coordinate grid.

Activity 5.1

DEVELOP

A Parabola as a Locus of Points

Facilitation Notes
In this activity, a parabola is described as a conic section. The terms locus of
points, parabola, focus, and directrix are given. Students construct a directrix
and a focus above the directrix on patty paper and complete multiple folds
of the focus onto the line to create a parabola. Concavity and vertex of a
parabola are defined. Through investigations, students conclude that any
point on a parabola is equal distance from the focus and the directrix.
Ask a student to read the introduction aloud and discuss as a class. Have
students work with a partner or in a group to complete Question 1. Share
responses as a class.
As students work, look for
Alignment of point F on the line each time before they make a crease.
Differentiation strategy
To scaffold support, have students mark 30–40 points on the line before
they begin the folding process. The more points on the line, the more
defined the parabola will look after the folds and creases have been
made.
Questions to ask
• What type of symmetry does your parabola have?
• How would the shape of the parabola change if you had drawn point
F closer to the line? Farther away from the line?
• What would have happened if you had drawn point F on the line?
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Ask a student to read the paragraph after Question 1 aloud and discuss
as a class. Have students work with a partner or in a group to complete
Questions 2 through 4. Share responses as a class.
As students work, look for
Students drawing point D on the directrix.
Questions to ask
• What type of concavity does your parabola have?
PF
PD
  are congruent?
• How do you know that ¯
  and ¯
• What did you discover when you drew other points on the directrix?

Summary
Given a directrix and a focus above the directrix, you can construct a parabola
by repeatedly folding the focus onto the directrix and making creases. Any
point on a parabola is equidistant from the focus and the directrix.

Activity 5.2

Equations of a Parabola

Facilitation Notes
In this activity, students determine the equation of a parabola using the
Distance Formula, a fixed point, and a fixed line. The general form of a
parabola centered at the origin, Ax2 1 Cy 5 0 or By2 + Cx 5 0, is given.
Students are also given the standard form of a parabola centered at the
origin, x2 5 4py or y2 5 4px, where p is the distance from the vertex to the
focus. Connections are established between the key characteristics of a
parabola and the positions in which they appear when the equation for a
parabola is written in standard form.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
As students work, look for
An incorrect assumption. Using the graph, students may assume
that x 5 5 because the point at which the perpendicular segment
d2 intersects the horizontal line y 5 22 is close to the horizontal
distance of 5 on the x-axis. The coordinates of this point of intersection
is (x, 22), not (5, 22).
Questions to ask
• In this situation, where is the focus? Where is the directrix?
• Is the point (x, y) closer to the focus or the directrix?
• When solving for the value of d1, the coordinates of which two points
were substituted into the Distance Formula?
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• When solving for the value of d2, the coordinates of which two points
were substituted into the Distance Formula?
• Why is d1 5 d2?
____________________
(x
  
2 0)2 1 (y 2 2)2 ?
• What is the simplification of the expression √
 ____________________
  
2 x)2 1 (y 1 2)2 ?
• What is the simplification of the expression √
 (x
• How can the expression (y 2 2)2 be written as a trinomial?
• How can the expression (y 1 2)2 be written as a trinomial?
• Which like terms appear on both sides of the equation? Can they be
subtracted from both sides to simplify the equation?
• Is the equation for the parabola, the quadratic equation x2 5 8y?
Ask a student to read the definitions following Question 1 aloud. Discuss as
a class.
Have students work with a partner or in a group to complete Questions 2
through 8. Share responses as a class.
Differentiation strategy
To assist all students, suggest that they represent the equation of the
parabola, x2 5 8y, using a table of values before they answer
the questions.
Questions to ask
• What is the difference between the general form of the equation for
a parabola and the standard form of the equation for a parabola?
• Given the equation of a parabola, how do you determine the
x-intercepts? The y-intercepts?
• For every x-value, is there one or more than one y-value on a
parabola? How do you know?
• For every y-value, is there one or more than one x-value on a
parabola? How do you know?
• What about the equation x2 5 8ysuggests the vertical orientation of
the parabola?
• What about the equation x2 5 8ysuggests if it opens up or down?
• If y 5 2in the equation x 2 5 8y, is the value of x equal to both 4
and 24?
• If y 5 4.5in the equation x 2 5 8y, is the value of x equal to both 6
and 26?
• If the radicand is negative, what does this imply about the algebraic
solution? What does this imply about the graph of the equation?
Have students work with a partner or in a group to complete Questions 9
and 10. Share responses as a class.
Questions to ask
• For every x-value, is there one or more than one y-value on a
parabola? How do you know?
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• For every y-value, is there one or more than one x-value on a
parabola? How do you know?
• What about the equationy 2 5 2xsuggests the horizontal orientation
of the parabola?
• What about the equation y 2 5 2xsuggests if it opens to the left or to
the right?
• Are the coordinates of the vertex included in the table of values?
• If x 5 26in the equation x 2 5 9y, how did you determine the
value of y?
• When x 5 66in the equation x 2 5 9y, what is the value of y?
• How does the graph of x 2 5 9ycompare to the graph of x 2 5 8y?
• Without graphing, how would you describe the graph of x2 5 7y?
Have students work with a partner or in a group to complete Question 11.
Share responses as a class.
Questions to ask
• If the axis of symmetry is along the x-axis, what is the orientation
of the parabola?
• If the axis of symmetry is along the x-axis do two different
points on the parabola share the same x-value or do they share
the same y-value?
• If the axis of symmetry is along the y-axis, what is the orientation of
the parabola?
• If the axis of symmetry is along the y-axis, do two different points on the
parabola share the same x-value or do they share the same y-value?
• Why does a parabola written in the form x2 5 4pyopen up or down?
• Why does a parabola written in the form y 2 5 4pxopen to the left or
to the right?
• Is x 5 0the x-axis or the y-axis? Is y 5 0the x-axis or the y-axis?
• Why is x 5 0the y-axis? Why is y 5 0the x-axis?
Differentiation strategy
To extend the activity, have students write each of the general forms of a
parabola and each of the standard forms of a parabola on poster paper.
Include an example, a graph, and a table of values. Display the posters
so students can associate the equations with their orientations as they
continue to study this topic.

Summary
The general form of a parabola centered at the origin is an equation of
the form A
 x2 1 Dy 5 0or By2 1 Cx 5 0. The standard form of a parabola
centered at the origin is an equation of the form x2 5 4py or y 2 5 4px.
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Activity 5.3

Making Sense of the Constant p

Facilitation Notes
In this activity, students use the distance p from the vertex to the focus
and the Distance Formula to algebraically derive the equation of a
parabola written in the form y 2 5 4px. Deriving the equation illustrates the
significance of 4p.
Have students work with a partner or in a group to complete Question 1.
Share responses as a class.
As students work, look for
The application of prior knowledge. If students do not understand the
definitions of parabola, directrix, vertex, and focus, choosing the right
coordinates to represent the points in this derivation is more difficult.
Review the definitions as needed and discuss their meaning in terms of
the graph.
Questions to ask
• In this situation, is the vertex of the parabola located at the origin?
• What are the coordinates of the origin?
• What is the distance from the vertex to the focus?
• What is the distance from the vertex to the directrix?
• How would you describe the orientation of the parabola?
• What given information helped you determine the coordinates of
the focus?
• What do you know about the location of a directrix, with respect to
the location of the focus?
• Why is the equation for the directrix x 5 2p?
• What are the coordinates of a point that lies on both the line of
symmetry and the directrix?
• If the distance from the focus to the vertex is p and the distance
from the vertex to the directrix is p, what expression represents the
distance from the focus to the directrix?
Have students work with a partner or in a group to complete Question 2.
Share responses as a class.
Questions to ask
• Which points were used to determine the value of d1?
• Which points were used to determine the value of d2?
• Why are the coordinates of point R (2p, y)?
• Why is d1 5 d2?
• Is the equation for the parabola in the form of x2 5, or y2 5?
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• If an equation of a parabola is written in standard form, what
information about the parabola can easily be determined?
Differentiation strategy
To extend the activity, have students derive x2 5 4py. Begin by sketching
a parabola oriented vertically upward, label the focus coordinates (0, p),
the coordinates of the point on the parabola (x, y), the equation of the
directrix y 5 2p, and the coordinates of the point on the directrix (x, 2p).

Summary
The standard form for the equation of a parabola centered at the origin,
y2 5 4px or x2 5 4py can be derived using the Distance Formula and the
definitions of focus, directrix, and parabola.

Activity 5.4

Using the Constant p to Graph a Parabola

Facilitation Notes
In this activity, given the equations of four parabolas, students identify the
coordinates of the vertex, the equation of the axis of symmetry, the focus,
and the equation of the directrix. After graphing each of the parabolas on
a coordinate plane, students note the relationship between the p-value
and characteristics of the graphical representation. Connections are
made between concavity and the location of the focus and the location of
the directrix.
Differentiation strategy
As an alternate grouping strategy, assign different sections of the class
only one of the four questions. Provide time for students to share their
solutions with the class. Each question describes a parabola that has a
different concavity. Then answer Question 5 as a class.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Differentiation strategy
To scaffold support, suggest that students create a table of values for
each of the equations before answering the questions.
Questions to ask
• In the equation y 2 5 20x, when x 5 0, what is the value of y?
• For every x-value, is there one or more than one y-value on a
parabola? How do you know?
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• For every y-value, is there one or more than one x-value on a
parabola? How do you know?
• If there are two y-values for most values of x, does this suggest a
horizontal orientation or a vertical orientation?
• If the graph of the equation of the parabola has a horizontal
orientation, does it follow that the directrix will be a vertical line or a
horizontal line?
• What about the equation y2 5 20x suggests it opens to the left or to
the right?
• Why does 20x 5 4px?
• If the value of p 5 5, what implications does this have on the graph
of the parabola?
• How is the value of p used to determine the coordinates of the focus?
• How is the value of p used to write the equation of the directrix?
• Does the parabola open toward the focus or away from the focus?
• Does the parabola open toward the directrix or away from
the directrix?
• In the equation x2 5 212y, when y 5 0, what is the value of x?
• For every x-value, is there one or more than one y-value on a
parabola? How do you know?
• For every y-value, is there one or more than one x-value on a
parabola? How do you know?
• If there are two x-values for most values of y, does this suggest a
horizontal orientation or a vertical orientation?
• If the graph of the equation of the parabola has a vertical
orientation, does it follow that the directrix will be a vertical line or a
horizontal line?
• What about the equation x2 5 212y suggests it opens up or down?
• Why does 212y 5 4py?
• If the value of p 5 23, what implications does this have on the graph
of the parabola?
• How is the value of p used to determine the coordinates of the focus?
• How is the value of p used to write the equation of the directrix?
• Does the parabola open toward the focus or away from the focus?
• Does the parabola open toward the directrix or away from
the directrix?
Have students work with a partner or in a group to complete Questions 3
and 4. Share responses as a class.
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Questions to ask
• In the equation x2 5 28y, when y 5 0, what is the value of x?
• For every x-value, is there one or more than one y-value on a
parabola? How do you know?
• For every y-value, is there one or more than one x-value on a
parabola? How do you know?
• If there are two x-values for most values of y, does this suggest a
horizontal orientation or a vertical orientation?
• If the graph of the equation of the parabola has a vertical
orientation, does it follow that the directrix is a vertical line or a
horizontal line?
• What about the equation x2 5 28y suggests it opens up or down?
• Why does 28y 5 4py?
• If the value of p 5 7, what implications does this have on the graph of
the parabola?
• How is the value of p used to determine the coordinates of
the focus?
• How is the value of p used to write the equation of the directrix?
• Does the parabola open toward the focus or away from the focus?
• Does the parabola open toward the directrix or away from
the directrix?
• In the equation y2 5 210x, when x 5 0, what is the value of y?
• For every x-value, is there one or more than one y-value on a
parabola? How do you know?
• For every y-value, is there one or more than one x-value on a
parabola? How do you know?
• If there are two y-values for most values of x, does this suggest a
horizontal orientation or a vertical orientation?
• If the graph of the equation of the parabola has a horizontal
orientation, does it follow that the directrix will be a vertical line or a
horizontal line?
• What about the equation y2 5 210x suggests it opens to the left or
to the right?
• Why does 210x 5 4px?
• If the value of p 5 22.5, what implications does this have on the
graph of the parabola?
• How is the value of p used to determine the coordinates of the focus?
• How is the value of p used to write the equation of the directrix?
• Does the parabola open toward the focus or away from the focus?
• Does the parabola open toward the directrix or away from
the directrix?
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Have students work with a partner or in a group to complete Question 5.
Share responses as a class.
Questions to ask
• What do the p-values in the equations y 2 5 20x and x2 5 28y have
in common?
• What do the p-values in the equations x2 5 212y and y2 5 210x
have in common?
• Which concavities are associated with positive p-values?
• Which concavities are associated with negative p-values?
• When p 5 5 or p 5 7, is the concavity up or to the right?
• When p 5 23 or p 5 22.5, is the concavity down or to the left?
Have students work with a partner or in a group to complete Question 6.
Share responses as a class.
As students work, look for
The necessary connections made to identify various characteristics of
each parabola. Discuss what minimal information must be given to reveal
all of the characteristics listed in the table in Question 6. Review each
characteristic, one at a time, and ask students, “If __________ is known, what
other characteristics can be identified?”
Questions to ask
• What aspect of the equation indicates the location of the vertex?
• What aspect of the equation indicates a vertical or horizontal orientation?
• How is x2 5 4py used to determine the p-value?
• Once the p-value is known, what additional characteristics of the
parabola can be revealed?
• How are the coordinates of the vertex used to identify the axis
of symmetry?
• What aspect of the equation indicates the concavity?
Differentiation strategy
To extend the activity, have students expand the table in Question 6 by
completing two additional columns. Ask them to draw the parabola that
opens down and the parabola that opens to the left.

Summary
In the standard form for the equation of a parabola centered at the origin,
y 2 5 4px or x2 5 4py, the value of p is positive when the parabola is concave
up or concave right and the value of p is negative when the parabola is
concave down or concave left.
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Activity 5.5

Writing an Equation Given a Focus and a Directrix

Facilitation Notes
In this activity, students determine equations of parabolas with a
vertices not at the origin given the focus and directrix, then identify
key characteristics of the graph. They are given the standard form of a
parabola with vertex at (h, k): (x 2 h)2 5 4p(y 2 k) or (y 2 k)2 5 4p(x 2 h).
Students rewrite the equation of a parabola in standard form, identify its
key characteristics, and sketch its graph. They also write an equation in
standard form given either the vertex and the focus or the vertex and the
directrix, then sketch the graph. Students complete a table that summarizes
the key characteristics of parabolas with different orientations and vertices
not at the origin.
Have students work with a partner or in a group to complete Questions 1
through 3. Share responses as a class.
Questions to ask
• If all of the points are equidistant from point (23, 25) and the line
y 5 3, do the points form a parabola? is the point located at (23, 25)
the focus of the parabola? Is y 5 3 the directrix?
• When solving for the value of d1, the coordinates of which two points
were substituted into the Distance Formula?
• When solving for the value of d2, the coordinates of which two points
were substituted into the Distance Formula?
• Why is d1 5 d2?
____________________
(x
  
1 3)2 1 (y 1 5)2 ?
• How do you rewrite the expression √
 ____________________
  
2 x)2 1 (y 2 3)2 ?
• How do you rewrite the expression √
 (x
• How can the square of a binomial, (a 1 b)2, be written as a trinomial?
The binomial (a 2 b)2?
• Which like terms appear on both sides of the equation? Can they be
subtracted from both sides to simplify the equation?
• How is this equation for the parabola different than the equations
you previously wrote?
• Is the axis of symmetry a vertical line through the x-coordinate or the
y-coordinate of the focus?
• Is the vertex 4 units away from both the focus and the directrix?
• If all of the points are equidistant from point (7, 5) and the line x 5 1,
do the points form a parabola? is the point located at (7, 5) the focus
of the parabola? Is x 5 1 the directrix?
• When solving for the value of d1, the coordinates of which two points
were substituted into the Distance Formula?
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• When solving for the value of d2, the coordinates of which two points
were substituted into the Distance Formula?
_____________________
(x
  
2 1)2 1 (y 2 y)2 ?
• How do you rewrite the expression √
 ____________________
  
2 7)2 1 (y 2 5)2 ?
• How do you rewrite the expression √
 (x
• Which like terms appear on both sides of the equation? Can they be
subtracted from both sides to simplify the equation?
• How is this equation for the parabola different than the equation in
Question 1?
• Is the vertex 3 units away from both the focus and the directrix?
• Do you need to complete the square to write x2 1 6x 1 16y 1 25 5 0
in the form (x 2 h)2 5 4p(y 2 k)?
• What are the coordinates of the point (h, k)? What is the p-value?
• Do you need to complete the square to write
y2 2 10y 2 12x 1 73 5 0 in the form (y 2 k)2 5 4p(x 2 h)?
• What are the coordinates of the point (h, k)? What is the p-value?
Have students work with a partner or in a group to complete Questions 4
and 5. Share responses as a class.
As students work, look for
The steps they used to transform the equation into standard form.
Did they begin by moving the constant term, 16, to the right side of the
equation, then complete the square on the left side and end up adding
16 to both sides? If so, they duplicated their efforts. Point out that they
didn’t have to move the constant term 16, they could have just moved the
term, 8x, to the right side and factored the left side of the equation
y2 1 8y 1 16 because it was the perfect square (y 1 4)2.
Questions to ask
• If the equation contains a y2 term, what implications does this have
on the orientation of the parabola?
• Is the axis of symmetry horizontal or vertical?
• If the equation of the parabola is (y 1 4)2 5 28x, what is the
p-value? What are the coordinates of the vertex point (h, k)?
• If the vertex is (0, 24) and the focus is (22, 24), what is the concavity
of the parabola?
• If the equation contains a x2 term, what implications does this have
on the orientation of the parabola?
• Is the axis of symmetry horizontal or vertical?
• If the equation of the parabola is (x 2 5)2 5 212(y 2 2), what is the
p-value? What are the coordinates of the vertex point (h, k)?
• If the vertex is (5, 2) and the focus is (5, 21), what is the concavity of
the parabola?
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• If the vertex and the focus have the same x-value but different
y-values, what implications does this have on the graph of
the parabola?
• If the coordinates of the vertex and the focus are known, how do you
determine the p-value? The directrix?
• What is the distance between the focus and the vertex?
• If the distance between the focus and vertex is 2 units, what is the
distance between the vertex and the directrix?
• Does the equation (x 2 h)2 5 4p(y 2 k) or the equation (y 2 k)2 5
4p(x 2 h) fit this situation?
Have students work with a partner or in a group to complete Question 6.
Share responses as a class.
As students work, look for
Use of a common language. Students should all be using the same
variables: (h, k) to describe the vertex, the p-value to describe the
distance from the focus to the vertex and distance from the vertex to the
directrix.
Questions to ask
• Is the orientation of the parabola vertical or horizontal?
• Is the axis of symmetry x 5 h, or y 5 k?
• Are the coordinates of the vertex always represented using (h, k)?
• To determine the coordinates of the focus point, when is the p-value
added onto the k-value of (h, k)?
• To determine the coordinates of the focus point, when is the p-value
added onto the h-value of (h, k)?
• When is the equation of the directrix written in the form y 5 k 2 p?
• When is the equation of the directrix written in the form x 5 h 2 p?
• What implications does a positive p-value have related to
the concavity?
• What implications does a negative p-value have related to
the concavity?
Differentiation strategy
To extend the activity, have students expand the table in Question 6 by
completing two additional columns. Ask them to draw the parabola that
opens down and the parabola that opens to the left.

Summary
The standard forms of parabolas with vertex (h, k) are (x 2 h)2 5 4p(y 2 k)
and (y 2 k)2 5 4p(x 2 h).
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Activity 5.6

Applications of Parabolas

Facilitation Notes
In this activity, students use the characteristics of parabolas to solve
real-world problems.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Differentiation strategy
To assist all students with Question 1, suggest they copy the parabolic
cable onto patty paper first, then position it over a coordinate plane so
they can easily locate the vertex at the origin and identify the coordinates
of the points on the top of the towers.
As students work, look for
The equation used to represent the parabolas in Questions 1 and 2. Did
students use x2 5 4py or did they use (x 2 h)2 5 4p(y 2 k)? Can either
equation be used to solve this problem situation? Is there an advantage
to using one equation rather than the other?
Questions to ask
• How can you locate the bridge on a coordinate plane to provide
coordinates that you can use to solve the problem?
• If you locate the lowest point of the parabolic cable at the origin, what
are the coordinates of the two points located at the top of each tower?
• Why are the coordinates of the two points on the top of the towers
(2450, 75) and (450, 75)?
• What is the orientation of the parabola?
• Which standard equation, y2 5 4px or x2 5 4py, is used to solve for
the p-value?
• Why is the equation x2 5 4py appropriate in this situation?
• How is the p-value of 675 used to write the equation of the parabola?
• How can you locate the satellite dish on a coordinate plane to
provide coordinates that you can use to solve the problem?
• If you locate the lowest point of the parabolic dish at the origin, what
are the coordinates of two points located at the top left and top right
at its opening?
• Using a satellite dish that has a width of 5’ and a depth of 1’, what are
the coordinates of two symmetric points located at the top of the rim?
• Why are the coordinates of the two points on the top left and top
right of the opening (22.5, 1) and (2.5, 1)?
• What is the orientation of the parabola?
• Which standard equation, y2 5 4px or x2 5 4py, is used to solve
for the p-value?
• Why is the equation x2 5 4py appropriate in this situation?
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• What point did you use to solve for the p-value?
• Is the p-value the solution to this problem situation?
Have students work with a partner or in a group to complete Question 3.
Share responses as a class.
Differentiation strategy
To assist all students with Question 3, suggest they copy the parabolic
mirror onto patty paper first, then position it over a coordinate plane so
they can easily locate the vertex at the origin and identify the coordinates
of symmetric points.
As students work, look for
The equation used to represent the parabolic mirror in Question 3. Did
students use y2 5 4px or did they use (y 2 k)2 5 4p(x 2 h)? Can either
equation be used to solve this problem situation? Is there an advantage
to using one equation rather than the other?
Misconception
Students may incorrectly assume the location of the focus is a horizontal
distance 6 inches to the right of the vertex. The given information of 6
inches should be used to identify the coordinates of the symmetric points
(6, 36) and (6, 236) located at the upper right top edge and lower right
bottom edge of the parabolic surface of the mirror.
Questions to ask
• Where is the vertex of the parabolic mirror in the diagram?
• How can you locate the parabolic mirror on a coordinate plane to
provide coordinates that you can use to solve the problem?
• If you locate the vertex of the parabola at the origin, what are the
coordinates of two symmetric points located at the top right and
bottom right of the parabolic surface?
• If these two symmetric points are situated at a horizontal distance of
6 inches from the vertex, what are the x-coordinates of both points?
• How did you determine the y-coordinates of both points?
• Why are the coordinates of two symmetric points located at the top
right and lower right of the parabolic surface (6, 36) and (6, 236)?
• What is the orientation of the parabola?
• Which standard equation, y 2 5 4px or x2 5 4py, is used to solve for
the p-value?
• Why is the equation y 2 5 4pxappropriate in this situation?
• What point did you use to solve for the p-value?
• Is the p-value the solution to this problem situation?

Summary
The characteristics of parabolas can be used to solve real-world problems.
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Talk the Talk: Simply Parabolic

DEMONSTRATE

Facilitation Notes
In this activity, students graph parabolas given equations. They then label
the parabola with its key characteristics: the vertex, focus, and directrix.
They then describe the concavity of each.
Have students work with a partner or in a group to complete Questions 1
and 2. Share responses as a class.
Questions to ask
• How is the equation in Question 2 different from the equation used
in Question 1?
• What aspect of the equation indicates the location of the vertex?
• What aspect of the equation indicates a vertical or horizontal
orientation?
• How was y2 5 4px used to determine the p-value?
• What aspect of the equation indicates the concavity?
Differentiation strategy
To extend the activity, ask students to summarize all of the connections
between each of the characteristics of a parabola. Have them design
a graphic organizer divided into spaces that contain different givens.
To complete the organizer they must list the characteristics that are
conclusive based on each scenario of different givens.

Summary
The value of p in the standard form of a parabola can be determined from
the equation and used to determine the characteristics of a parabola—
including the vertex, axis of symmetry, focus, directrix, and concavity.
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NOTES
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Warm Up Answers

5

Going the
Equidistance

1.
16
8
–16 –8

Use graphing technology to graph each
equation and its inverse. Determine the
vertex and axis of symmetry of each graph.
1. x2 5 8y
y

8
–16 –8

–8

0 8

16

x

–16

2. 2x2 5 8y

2.

• Derive the equation of a parabola given the
focus and the directrix.
• Solve problems using characteristics
of parabolas.

•
•
•
•
•

locus of points
focus
directrix
vertex of a parabola
concavity

16

y

–16 –8

• general form of a
parabola
• standard form of a
parabola

0
–8

8

16

x

–16

For 2
 x2 5 8y, the vertex
is (0, 0) and the axis of
symmetry is x 5 0.
For 2
 y2 5 8x, the vertex
is (0, 0) and the axis of
symmetry is y 5 0.

8
0 8

x

8

y

–8

16

16

16

–16 –8

8

For x 2 5 8y, the vertex is
(0, 0) and the axis of
symmetry is x 5 0.
For y 2 5 8x, the vertex is
(0, 0) and the axis of
symmetry is y 5 0.

Learning Goals

Key Terms

16

0
–8

–16

Equation of a Parabola

Warm Up

y

x

–16

You have studied parabolas as quadratic functions. What are the characteristics of a parabola
determined by the set of points equidistant from both a given point and a given line?
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Answers
1a.

GETTING STARTED

Hocus Pocus . . . Make the Locus!
Consider the grid with the plotted point and graphed line. Can you
create a set of points that are the same distance from both the point and
the line?

All the points are 1 unit
away from the plotted
point since it is the
center of the circle.
1b. No. All the points that
are 1 unit away from
the graphed line lie
along a line that is 1
unit above or below the
graphed line. Neither
line intersects with the
circle, so there are no
points on the circle that
are the same distance
from the plotted point
and the graphed line.

1. Construct a circle with a radius of 1 unit using the point as the
circle’s center.
a. What is the relationship between the points on the circle and
the plotted point?

b. Are any of the points on the circle the same distance
from the plotted point and the graphed line? Explain
your reasoning.

2. Construct a circle with a radius of 2 units using the point as the
circle’s center.
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Answers
a. Are any of the points on the circle the same distance from the
plotted point and the graphed line? Explain your reasoning.

2a. Yes; All the points on
the circle are 2 units
from the plotted point,
and all points that
are 2 units away from
the graphed line lie
along a line that is 2
units above or below
the graphed line. The
circle intersects with a
line 2 units above the
graphed line at one
point.

b. Plot a point on the circle that is the same distance from the
circle’s center and the line.

3. Continue to construct a total of eight concentric circles using
the point as the center with the radius of each successive circle
increasing by 1 unit.
a. How can you determine which points on each new circle are
the same distance from the circle’s center and the line?

2b. Check students’ points.

Think
about:

b. Plot the points on each circle that are the same distance
from the circle’s center and the line.

Will any of the points
be below the graphed
line?

4. Connect the points you plotted with a smooth curve.
a. What shape did you draw?

3a. I can use the radius
of each circle to
determine the number
of units away from
the plotted point each
circle is. I can then
determine where the
circle intersects the
horizontal line that is
the same number of
units away from the
graphed line.
3b. Check students’ points.
4. See graph in
Question 1.
4a. a parabola

b. What do all the points on the curve have in common?

4b. All the points on the
curve are the same
distance from the
plotted point and the
graphed line.
LESSON 5: Going the Equidistance • 277

A2_M01_T03_L05_Student Lesson.indd 277

5/25/21 2:04 PM

ELL Tip
Review the term successive. If students are unfamiliar with the term, define successive as following
one another, or following others. Provide a list of synonyms for successive with which students may
be familiar, such as consecutive, sequential, in a row, and running. Read aloud Question 3 and guide
students to make the connection of the definition of successive and the use of the term in the
phrase “…each successive circle…” in the context of the problem.
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AC T I V I T Y

5.1

Remember:

Everything you already
know about parabolas
remains true. The
axis of symmetry of a
parabola is a line that
passes through the
parabola and divides it
into two symmetrical
parts that are mirror
images of each other.

A Parabola as a
Locus of Points

You previously studied parabolas as quadratic functions and recognized
the equation of a parabola as y 5 x2. You analyzed equations and graphed
parabolas based on the position of the vertex and additional points
determined by using x-values on either side of the axis of symmetry.
Recall that when a plane intersects one nappe of the double-napped cone
parallel to the edge of the cone, the curve that results is a parabola.

Axis

Vertex
Edge of the
cone

Directrix
P

Focus

Axis of symmetry

In this lesson, you will explore a parabola as a locus of points to determine
more information about the parabola. A locus of points is a set of points
that share a property. A parabola is the set of all points in a plane that are
equidistant from both a focus and a directrix. The focus is a point which lies
inside the parabola on the axis of symmetry. The directrix is a line that is
perpendicular to the axis of symmetry and lies outside the parabola and does
not intersect the parabola.
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Answers
1. Create a parabola by folding patty paper.

1a-c. Check students’ patty
paper.
Sample answer.

a. Take a piece of patty paper. Near the bottom of the paper,
draw a line (the directrix). Draw a point (the focus) above the
line and label it point F.

F
b. Fold the patty paper so that point F and the line meet and
make a crease. Next, slide point F along the line continuing
to crease the patty paper. Repeat this process for at least
30 points along the line.

The folds form a
parabola.
2. Check students’ patty
paper.

c. What conic section is formed by the folds? Outline the shape.

The concavity of a parabola describes the orientation of the curvature
of the parabola. A parabola can be concave up, concave down, concave
right, or concave left, as shown. The vertex of a parabola is the point on
the axis of symmetry which is exactly midway between the focus and the
directrix. It is also the point where the parabola changes direction.
y

y

x

concave up

y

x

concave down

y

x

concave right

x

concave left

2. Label the vertex of the parabola you constructed.
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Answers
3a. The line formed by
the crease is the
perpendicular bisector
¯
of FD
  .

3. Investigate the parabola you constructed using patty paper.
a. Draw a point on the directrix and label it point D. Draw a line
from point F, the focus, to point D. Fold the paper so points F
and D meet. What is the relationship between the line formed
by the crease and FD?

F
b. Draw a line perpendicular to the directrix through point D.
Label the point where the perpendicular line intersects the
crease as point P. Where does point P lie?

D

3b. Point P is on the
parabola.

F

c. What is true about the distances from point P to point F and
to point D? How do you know this is true?

P
d. Draw two additional points on the directrix and repeat parts
(a) through (c). What do you notice?

D

3c. The distance from
point P to point F is
equal to the distance
from point P to
point D because
point P is on the
perpendicular bisector.
The definition of a
perpendicular bisector
is that any point on the
perpendicular bisector
is equal distance from
the two endpoints.
3d. Sample answer.
No matter what point I
pick on the directrix,
point P is on the
parabola, and it is an
equal distance from the
focus and the directrix.

4. Summarize what you discovered about the distance from any
point on a parabola to the focus and directrix.
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4. Any point on a
parabola is an equal
distance from the focus
and the directrix.
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Answers
_________________

AC T I V I T Y

5.2

1a. d1 5____________
     
  
√ (x 2 0)2 1 (y 2 2)2 
2
5√
   x
  
1 (y 2 2) 2 

Equations of a Parabola

________________

1b. d2 5    (x
  
√ 2 x)2 1 (y 1 2)2 
_______

The parabola shown is defined such that all points on
the parabola are equidistant from the point (0, 2) and
the line y 5 22. One point on the parabola is labeled
as (x, y).

y

1c. The two distances are
equal to one another.

8

d1 = d2

6
4
(0, 2)
2

1. Determine the equation of the parabola by
completing the steps.
a. Let d1 represent the distance from
(x, y) to (0, 2). Write an equation
using the Distance Formula to
represent d1. Simplify the equation.

5 √  (y 1 2)2 

–8 –6 –4 –2
y = –2

–2

d1

1d.

(x, y)

4

6

8

2

2

2

d2
0 2

_____________

  
1 (y 2 2)   5
√   x
________
√  (y 1 2)  
________________

x

–4

( √
  
x 2 1 (y 2 2)2 )2 5
__________
(√(y 1 2)2 )2

x 2 1 (y 2 2) 2 5
(y 1 2)2

–6
–8

	
x2 1 y 2 2 4y 1 4 5 y 2 1
4y 1 4
x 2 2 4y 5 4y
x 2 5 8y

b. Let d2 represent the distance from (x, y) to the line y 5 22 .
Write an equation using the Distance Formula to represent d2 .
Simplify the equation.

c. What do you know about the relationship between d1 and d2?

d. Write an equation for the parabola using Question 1, parts
(a) through (c). Simplify the equation so that one side of the
equation is x2 .
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Answers
2. The standard form of
the equation is x 2 5 8y.
The general form of the
equation is x 2 2 8y 5 0.

The general form of a parabola with a vertex at the origin is an equation
of the form Ax2 1 Dy 5 0 or By2 1 Cx 5 0.
The standard form of a parabola with a vertex at the origin is an
equation of the form x2 5 4py or y2 5 4px, where p represents the distance
from the vertex to the focus.

3. The x-intercept of the
parabola is the point
(0, 0). The y-intercept
of the parabola is the
point (0, 0).

2. Write the equation of the parabola from Question 1 in general
form and in standard form.

4. The parabola is
symmetric about the
y-axis.

3. What are the coordinates for the intercept(s) of the parabola?

5. The point is (4, 2).
6. (24, 2); the point
will have the same
y-coordinate and be
the same distance
from the y-axis in the
opposite direction.
7.

4. Describe the symmetry of the parabola.

x 2 5 8y

5. Calculate the coordinates of the point that has an
x-coordinate of 4.

x 5 8(4.5)
2

x 2 5 36

__

___

	√x2  5 √
 36 
	
x 5 6and x 5 26

6. Use symmetry to determine which other point on the parabola
has a y-coordinate of 2. Explain your reasoning.

The points are (6, 4.5)
and (26, 4.5).

7. Calculate the coordinates of each point that has a y-coordinate
of 4.5.
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Answers
8. How can you determine the points on the parabola that have a
y-coordinate of 24.5 graphically and algebraically?

8.


x2 5 8y

x2 5 8(24.5)
x 2 5 236

__

______

	√x2  5 √
 2 36 
The square root of a
negative number is an
imaginary number so
there are no points
on the parabola that
have a y-coordinate
of 24.5.
I can also look at the
graph to see that the
parabola is concave
up and will have no
y-values less than
the minimum y-value of
the vertex.

9. Consider the parabola represented by the equation y2 5 2x.
a. Sketch the parabola using the table of values.
y

x

y

8

24

2

22

0

0

2

2

8

4

Ask
x

yourself:
What does the form of
the equation tell you
about the shape of
the parabola?

9a.

y
8

b. What is the relationship between the axis of symmetry and
the equation of the parabola?

4
–8

0

–4

4

8

x

–4

c. What are the coordinates of the vertex?

–8

d. How is the concavity of the parabola related to the
orientation of the parabola?
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9b. The parabola has a
horizontal orientation.
Its axis of symmetry is
the x-axis represented
by the line y 5 0. The
parabola’s equation
has a y 2 term.
9c. The vertex of the
parabola is (0, 0).
9d. A parabola that has a
horizontal orientation
is either concave left or
concave right and the
graphed parabola is
concave right.
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Answers
10 a. S
 ee the table and
graph below.

10. Consider the parabola represented by the equation x2 5 9y.
a. Complete the table of values for the equation. Sketch the
parabola using the coordinates from the table.

10 b. T
 he parabola has a
vertical orientation.
Its axis of symmetry
is the y-axis
represented by
the line x 5 0. The
parabola’s equation
has an x2 term.

y

x

y

26
23
0
x

3

10 c. T
 he vertex of the
parabola is (0, 0).

6

10 d. A
 parabola that has a
vertical orientation is
either concave up or
concave down, and
the graphed parabola
is concave up.

b. What is the relationship between the axis of symmetry and
the equation of the parabola?

11a. If the axis of
symmetry is along
the y-axis, then the
standard form of the
parabola is x 2 5 4py.

c. What are the coordinates of the vertex?

d. How is the concavity of the parabola related to the
orientation of the parabola?

11. The standard form of a parabola with its vertex at the origin is
an equation of the form x2 5 4py or y2 5 4px.
a. What is the standard form of a parabola with an axis of
symmetry along the y-axis?
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10a.

x

y

26

4

23

1

0

0

3

1

6

4
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y
8
4
–8

0

–4

4

8

x

–4
–8
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Answers
b. What is the standard form of a parabola with an axis of
symmetry along the x-axis?

11b. If the axis of
symmetry is along
the x-axis, then the
standard form of the
parabola is y 2 5 4px.
11c. T
 he equation of the
axis of symmetry for
a parabola with a
vertical orientation is 
x 5 0.

c. What is the equation of the axis of symmetry for a parabola
with a vertical orientation?

11d. The equation of the
axis of symmetry for
a parabola with a
horizontal orientation
is y 5 0.

d. What is the equation of the axis of symmetry for a parabola
with a horizontal orientation?

11e. T
 he concavity of
a parabola with a
vertical orientation
would be described
as either concave up
or concave down.

e. Is the concavity of a parabola with a vertical orientation
described as concave up/down or concave right/left?

11f. T
 he concavity of
a parabola with a
horizontal orientation
would be described as
either concave left or
concave right.

f. Is the concavity of a parabola with a horizontal orientation
described as concave up/down or concave right/left?
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Answers
1a. The coordinates for the
vertex are (0, 0).
See graph below.

AC T I V I T Y

5.3

1b. See graph below.
1c. The coordinates of the
focus are (p, 0).
See graph below.
1d. The equation for the
directrix is x 5 2p. By
definition, any point
on the parabola is
equidistant between
the focus and the
directrix. The vertex is
p units from the focus,
so it must be p units
from the directrix.
Because the directrix
is on the other side of
the vertex, opposite
the focus, the point on
the directrix that is on
the line of symmetry
is (2p, 0). The directrix
is perpendicular to the
axis of symmetry, so it
is a vertical line, and its
equation is x 5 2p.
1e. The distance from the
focus to the directrix
is 2p.
See graph below.
x = –p

You have learned that the standard form of a parabola with a vertex at the
origin is an equation of the form x2 5 4py or y2 5 4px, where p represents
the distance from the vertex to the focus. What is the significance of the
value 4p in each equation?
1. Consider the sketch of the parabola. Let p represent the distance
from the vertex to the focus.
y
R
Q ( x, y)

x

a. Label the vertex with its coordinates.

Think
about:
What is the relationship
between the directrix
and the axis of
symmetry?

b. Label the distance, p, on the graph.

c. Label the focus with its coordinates.

d. Label the directrix with the equation for its line. Explain
your reasoning.

e. What is the distance from the focus to the directrix? Label
this distance on the graph.

y

R
(–p, y)

Q ( x, y)
focus

vertex
(0, 0) p
directrix

Making Sense of the
Constant p

2p (p, 0)
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Answers
2a. The points are (x, y) and
(p, 0).

2. Write an equation for the parabola.

__________________

a. Let d1 represent the distance from point Q on the parabola to
the focus. Write an equation using the Distance Formula to
represent d1. Simplify the equation.

  
d1 5   (x
√ 2 p)2 1 (y 2 0)2 
_____________

d1 5 √
   (x
  
2 p)2 1 y2 

2b. The coordinates of
point R are (2p, y).
See graph on the
previous page.

b. Line segment QR represents the perpendicular distance
from point Q on the parabola to the directrix. Draw line
segment QR. What are the coordinates of point R? Label the
coordinates on the graph.

2c. The points are (x, y) and
(−p, y).
__________________

d2 5    (x
  
√ 1 p)2 1 (y 2 y)2 
________

2d.

c. Let d2 represent the distance from point Q to point R. Write an
equation using the Distance Formula to represent d2 . Simplify
the equation.

d2 5 √
   (x 1 p)2 

_____________

  
2 p)2 1 y 2  5
√  (x
________
√ (x 1 p)2 

_______________

(√
    
  
(x 2 p)2 1 y 2)  2 5
__________

(√  (x 1 p)2) 2

(x
 2 p)2 1 y 2 5
(x 1 p) 2

d. Write an equation for the parabola using parts (a) through (c).
Simplify the equation so that one side of the equation is the
squared term.

	
x 2 2 2px 1 p2 1 y2 5 x 2
1 2px 1 p2
22px

1 y 2 5 2px
y 2 5 4px

e. Describe the significance of the equation derived in part (d).
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The equation is the
standard form of a
parabola with the x-axis
as the axis of symmetry.
The development of the
equation explains why
the equation includes 4p.
The value of p can be
determined from the
equation and then used
to place the focus and
directrix on the graph.
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Answers
1a. The vertex of the
parabola is (0, 0).
The axis of symmetry is
the x-axis represented
by the line y 5 0.

AC T I V I T Y

5.4

Let’s investigate different equations to understand the relationships
between the structure of the equation and its graph.

1b.	y2 5 4px
	
y2 5 20x
So, 4p 5 20and p
 5 5.
The coordinates of the
focus are (5, 0). The
focus is 5 units from
the vertex along the
x-axis.
The equation of the
directrix is x 5 25.
The directrix is
perpendicular to the
axis of symmetry and 5
units from the vertex in
the opposite direction
of the focus.
1c.

1. Consider the parabola represented by the equation
y 2 5 20x .

Ask
yourself:
What does the form of
the equation tell you?
What do you think the
graph will look like?

a. Identify the coordinates of the vertex and the equation of the
line of symmetry.

b. Determine the value of p. Then determine the
coordinates of the focus and the equation of the
directrix. Justify your reasoning.

y

c. Graph the parabola. Then describe
the concavity of the parabola.
Justify your reasoning.

8
x = –5

–8

4
(0, 0)

(5, 0) y = 0
0

–4

Using the Constant p to
Graph a Parabola

–4

4
p=5

8

x

–8

The parabola is
concave right. The
parabola opens toward
the focus and away
from the directrix.
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Answers
2. Consider the parabola represented by the equation x2 5 212y.

2a. The vertex of the
parabola is (0, 0).
The axis of symmetry is
the y-axis represented
by the line x 5 0.

a. Identify the coordinates of the vertex and the equation
of the line of symmetry.

2b.	x 2 5 4py
	
x 2 5 212y
So, 4p 5 212 and
 5 23.
p
The coordinates of the
focus are (0, 23). The
focus is 23 units from
the vertex along the
y-axis.
The equation for the
directrix is y 5 3.
The directrix is
perpendicular to the
axis of symmetry and 3
units from the vertex in
the opposite direction
of the focus.

b. Determine the value of p. Then determine the coordinates
of the focus and the equation of the directrix. Justify
your reasoning.

c. Graph the parabola. Then describe the concavity
of the parabola. Justify your reasoning.

2c.
y
8
4
–8

x =0
y=3

(0, 0)
0 4
–4
p = –3 (0, –3)
–4

8

x

–8
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the focus and away
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Answers
3a. The vertex of the
parabola is (0, 0).
The axis of symmetry is
the y-axis represented
by the line x 5 0.

3. Consider the parabola represented by the equation x2 5 28y.
a. Identify the coordinates of the vertex and the equation
of the line of symmetry.

3b.	x2 5 4py
	
x2 5 28y
So, 4p 5 28and p
 5 7.
The coordinates of the
focus are (0, 7). The
focus is 7 units from
the vertex along the
y-axis.
The equation for
the directrix is
y 5 27. The directrix
is perpendicular to
the axis of symmetry
and 27 units from the
vertex in the opposite
direction of the focus.

b. Determine the value of p. Then determine the coordinates
of the focus and the equation of the directrix. Justify
your reasoning.

c. Graph the parabola. Then describe
the concavity of the parabola.
Justify your reasoning.

3c.
16
8
(0, 0)
–16

–8

y
x =0
(0, 7)
p=7
0

–8

8

16

x

y = –7

–16

The parabola is
concave up. The
parabola opens toward
the focus and away
from the directrix.
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Answers
4. Consider the parabola represented by the equation y2 5 210x.

4a. The vertex of the
parabola is (0, 0).
The axis of symmetry is
the x-axis represented
by the line y 5 0.

a. Identify the coordinates of the vertex and the equation
of the line of symmetry.

4b.	y 2 5 4px
	
y 2 5 210x
So, 4p 5 210 and
p 5 22.5.
The coordinates of the
focus are (22.5, 0). The
focus is 22.5 units from
the vertex along the
x-axis.
The equation of
the directrix is
x 5 2.5. The directrix
is perpendicular to
the axis of symmetry
and 2.5 units from the
vertex in the opposite
direction of the focus.

b. Determine the value of p. Then determine the coordinates
of the focus and the equation of the directrix. Justify
your reasoning.

c. Graph the parabola. Then describe the concavity
of the parabola. Justify your reasoning.

4c.
y
8

x = 2.5

4
(–2.5, 0) (0, 0)
0 4
–8 –4
p = –2.5
–4

8

x

–8 x = 0
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Answers
5. When p is positive, the
parabola is concave up
or concave right.
When p is negative, the
parabola is concave
down or concave left.

5. Analyze each equation and its corresponding graph in Questions 1
through 4. Describe the relationship between the sign of the
constant p and the concavity of each parabola.

6. See partial table below.
6. Complete the table.
Parabola Centered at Origin
y

y

p

p

Graph

p

p
x

x

Equation of
Parabola
Orientation
of Parabola
Axis of
Symmetry
Coordinates
of Vertex
Coordinates
of Focus
Equation of
Directrix
Concavity
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Equation of Parabola

x2 5 4py

y2 5 4px

Orientation of Parabola

vertical

horizontal

Axis of Symmetry

y-axis, x 5 0

x-axis, y 5 0

Coordinates of Vertex

(0, 0)

(0, 0)

Coordinates of Focus

(0, p)

(p, 0)

Equation of Directrix

y 5 2p

x 5 2p

Concavity

p > 0 concave up
p < 0 concave down

p > 0 concave right
p < 0 concave left
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Answers

__________________

AC T I V I T Y

5.5

1a.	    
  
√(x 1 3)2 1 (y 1 5)2  5 
__________________

Writing an Equation Given
a Focus and a Directrix

    
  
√(x 2 x)2 1 (y 2 3)2 

______________________

(      
  
√ (x 1 3)2 1 (y 1 5)2) 2 5
_____________________

(√  (y 2 3)2) 2

In this activity, you will use the Distance Formula to determine the
equation of points that are equidistant from a given point (the focus)
and a given line (the directrix) where the vertex is a point other than
the origin.

	(x 1 3)2 1 (y 1 5) 2 5
(y 2 3)2

1. Consider the graph shown.
a. Determine an equation for all the points
equidistant from the point (23, 25) and
the line y 5 3.

	
x2 1 6x 1 9 1 y 2 1 10y
1 25 5 y 2 2 6y 1 9

y
8

	
x2 1 6x 1 9 5
216y 2 16

6

–10 –8 –6 –4 –2

(–3, –5)
d1 = d 2

4

y=3

2

d2

–2

0 2

–4 d
1

4

	
x2 1 6x 1 16y 1 25 5 0
6

x

(x, y)

–6
–8

b. Determine the coordinates of the vertex and equation of the
axis of symmetry of the parabola. Explain your reasoning.
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1b. Since the focus is the
point (23, 25) and the
directrix is the line 
y 5 3, I know the axis
of symmetry is the
vertical line through
the x-coordinate of the
focus, or x 5 23. The
vertex of the parabola
is an equal distance
between the focus
and the directrix along
the axis of symmetry.
Since the total distance
between the focus
and the directrix along
the axis of symmetry
is 8 units, the vertex
is 4 units away from
both the focus and
the directrix along the
same line. So the vertex
is the point (23, 21).
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Answers

__________________

2a.	    (x
  
√ 2 7)2 1 (y 2 5)2  5 
    
  
√(x 2 1)2 1 (y 2 y)2 

14

_____________________

(     (x
  
√ 2 7)2 1 (y 2 5)2) 2
__________

5 (√(x 2 1)2) 2

12
d1 = d 2

x=1

10

3.	
x 2 1 6x 1 16y 1 25 5 0

(x, y)
d2

8

(7, 5)

4
2
–6 –4 –2

–2

0 2

4

6

8

10

x

–4

	
y2 2 12x 2 10y 1
73 5 0
2b. Since the focus is the
point (7, 5) and the
directrix is the line
x 5 1, I know the axis
of symmetry is the
horizontal line through
the y-coordinate of
the focus, or y = 5. The
vertex of the parabola
is an equal distance
between the focus
and the directrix along
the axis of symmetry.
Since the total distance
between the focus
and the directrix along
the axis of symmetry
is 6 units, the vertex
is 3 units away from
both the focus and
the directrix along the
same line. So the vertex
is the point (4, 5).

d1

a. Determine the equation for all the points
equidistant from the point (7, 5) and the
line x 5 1.

6

	(x 2 7)2 1 (y 2 5)2 5
(x 2 1)2
	
x2 2 14x 1 49 1 y2 2
10y 1 25 5 x2 2 2x 1 1

2. Consider the graph shown.

y

__________________

b. Determine the coordinates of the vertex and equation of the
axis of symmetry of the parabola. Explain your reasoning.

Think
about:

The standard forms of parabolas with vertex at (h, k) are (x 2 h)2 5 4p(y 2 k)
and (y 2 k)2 5 4p(x 2 h).
3. Rewrite the equations from Questions 1 and 2 in one of
these forms.

How do these
equations compare
with the standard
form of the equation
of a circle:
(x 2 h)2 1 (y 2 k)2 5 r 2?

294 • TOPIC 3: Applications of Quadratics

	
x 2 1 6x 5 216y 2 25
	
x 2 1 6x 1 9 5 216y 2
25 1 9
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	(x 1 3)2 5 216(y 1 1)
	
y2 2 12x 2 10y 1
73 5 0
	
y 2 2 10y 5 12x 2 73
	
y 2 2 10y 1 25 5
12x 2 73 1 25
	(y 2 5)2 5 12(x 2 4)
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Answers
4a.	y 2 1 8y 1 8x 1 16 5 0

4. Rewrite each equation in standard form. Determine the
value of p, the coordinates of the vertex and focus, and the
equations of the directrix and the axis of symmetry.
Then sketch the graph of the parabola with the focus and
directrix and describe the concavity.

	
y 2 1 8y 5 28x 2 16
	
y 2 1 8y 1 16 5
28x 2 16 1 16
	(y 1 4)2 5 28x

a. y2 1 8y 1 8x 1 16 5 0

	
p 5 22
Vertex: (0, 24)
Focus: (22, 24)
Directrix: x 5 2
Axis of symmetry:
y 5 24
Concavity: concave left
y
4
–8

b. 4x2 2 40x 1 48y 1 4 5 0

x=2
0

–4

x

4
8
(0, –4)

(–2, –4) –4
–8
–12

4b.	4x 2 2 40x 1 48y 1
4 5 0
	
x 2 2 10x 1 12y 1 1 5 0
	
x 2 2 10x 5 212y 2 1
	
x 2 2 10x 1 25 5
212y 21 1 25
	(x 2 5)2 5 212(y 2 2)
	
p 5 23
Vertex: (5, 2)
Focus: (5, 21)
LESSON 5: Going the Equidistance • 295

Directrix: y 5 5
Axis of symmetry: x 5 5
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Concavity: concave
down
8

y
x= 0
y=5

4
–8

(5, 2)
0

–4
–4

4

x

8
(5, –1)

–8
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Answers
5a.

5. Write an equation in standard form for each parabola. Then,
graph and label the parabola.

y

.

8

x=3
(3, 4)

4

y=0

(3, 2)

–2 0

4

8

12

a. A parabola with a vertex at (3, 2) and a focus
at (3, 4).

x

–4
–8

The focus is 2 units
above the vertex,
so p 5 2.
The standard form of a
parabola with a vertical
axis of symmetry is
(x 2 h)2 5 4p(y 2 k).
By substitution,

b. A parabola with a vertex at (4, 1) and a directrix
at x 5 2 .

	(x 2 3) 5 4(2)(y 2 2).
2

So, the equation is
(x 2 3)2 5 8(y 2 2).
5b.

y
8
4

x=2
(4, 1)

–2 0

4

(6, 1) y = 1
8

12

x

–4
–8

The focus is 2 units to
the right of the vertex,
so p 5 2.
The standard form
of a parabola with
a horizontal axis of
symmetry is (y 2 k)2 5
4p(x 2 h).
By substitution,
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	(y 2 1)2 5 4(2)(x 2 4).
So, the equation is
(y 2 1)2 5 8(x 2 4).
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Answer
6. Complete the table.

6. See table below.
Parabola

y

y

Graph

(h, k)

p
p

p

(h, k)

p
x

x

Equation of
Parabola

(x 2 h)2 5 4p(y 2 k)

(y 2 k)2 5 4p(x 2 h)

Orientation
of Parabola
Axis of
Symmetry
Coordinates
of Vertex
Coordinates
of Focus
Equation of
Directrix
Concavity
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Orientation of Parabola

vertical

horizontal

Axis of Symmetry

x 5 h

y 5 k

Coordinates of Vertex

(h, k)

(h, k)

Coordinates of Focus

(h, k 1 p)

(h 1 p, k)

Equation of Directrix

y 5 k 2 p

x 5 h 2 p

Concavity

p . 0 concave up
p , 0 concave down

p . 0 concave right
p , 0 concave left
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Answers
1. Place the bridge on a
coordinate plane with
the center of the bridge
at the origin. Three
coordinate pairs are
known: (0, 0), (450, 75)
and (2450, 75).
The coordinates of
the vertex (0, 0) and
another point (450, 75)
can be substituted into
the standard form of a
parabola with a vertical
axis of symmetry to
calculate the value of p.
The standard form of a
parabola with a vertical
axis of symmetry is
(x 2 h) 2 5 4p(y 2 k).
Substitute the
coordinates of the
vertex:
(x 2 0)2 5 4(p)(y 2 0)
x 2 5 4py
Substitute the point
(450, 75):
4502 5 4p(75)
4502 5 300p
202,500 5 300p
675 5 p
x 2 5 4(675)y
x 2 5 2700y
2. Place the parabola that
represents the satellite
dish on a coordinate
plane with its vertex
at the origin. Three
coordinate pairs are
known: (0, 0), (22.5, 1)
and (2.5, 1).
The equation in
standard form for a
parabola with its center
at the origin is x 2 5 4py.
Substitute the point (2.5,
1): x2 5 4py
(2.5)2 5 4p(1)
6.25 5 4p
1.5625 5 p
The distance from the
vertex to the focus
should be 1.5625 feet.
So, the receiver should
be placed 1.5625 feet
away from the vertex of
the satellite dish.

AC T I V I T Y

5.6

Applications of Parabolas

1. The main cables of a suspension bridge are parabolic. The
parabolic shape allows the cables to bear the weight of the
bridge evenly. The distance between the towers is 900 feet
and the height of each tower is about 75 feet. Write an
equation for the parabola that represents the cable between
the two towers.

75 ft

900 ft

2. A cross-section of a satellite dish is a parabola. The satellite dish
is 5 feet wide at its opening and 1 foot deep. The receiver of the
satellite dish should be placed at the focus of the parabola.
How far should the receiver be placed from the vertex of the
satellite dish?
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ELL Tip
Assess students’ prior knowledge of the term suspension bridge.
If they are unfamiliar, first discuss the term suspension. Define the
root word suspend, in the context of the term suspension bridge, as
to hang something from somewhere. Sketch a drawing of the bridge in
Question 1. Define a suspension bridge as a bridge that is supported by
larger cables that are suspended and anchored between towers.
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Answer
3. Place the parabola that
represents the mirror
on the coordinate
plane with its vertex at
the origin.
Three coordinate pairs
are known: (0, 0), (6, 36)
and (6, 236).
The coordinates of
the vertex (0, 0) and
another point (6, 36)
can be substituted
into the standard
form of a parabola
with a horizontal
axis of symmetry to
calculate the value
of p. The standard
form of a parabola
with a horizontal axis
of symmetry is
(y 2 k)2 5 4p(x 2 h)

3. Many carnivals and amusement parks have mirrors that are
parabolic. When you look at your reflection in a parabolic mirror,
your image appears distorted and makes you look taller or
shorter depending on the shape of the mirror. The focal length
of a mirror is the distance from the vertex to the focus of the
mirror. Consider a mirror that is 72 inches tall with a vertex that
is 6 inches from the top and bottom edges of the mirror. What is
the focal length of the mirror?
6 inches

Substitute the vertex:
	(y 2 0)2 5 4p(x 2 0).
	
y2 5 4px
Substitute the point
(6, 36):
	362 5 4p(6)
	362 5 24p
	1296 5 24p
	54 5 p
The focal length of the
mirror is 54 inches.
LESSON 5: Going the Equidistance • 299
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ELL Tip
Two non-mathematical terms that appear in this problem are carnival and distorted. Define a
carnival as a typically outdoor entertainment event with games and shows. Define distort as to cause
something to change from its regular shape. Read aloud the first two sentences of Question 3,
“Many carnivals and amusement parks have mirrors that are parabolic. When you look at your
reflection in a parabolic mirror, your image appears distorted and makes you look taller or
shorter depending on the shape of the mirror.” Clarify any further misunderstandings students
may have about the use of the terms carnival and distorted in the context of the problem.
LESSON 5: Going the Equidistance • 299

A2_M01_T03_L05_TIG.indd 299

5/28/21 4:46 PM

Answers
y

1.

x=0

8

NOTES

(0, 4.5)
p = 4.5 4
–8

(0, 0)
0 4

–4
–4

8

TALK the TALK
Simply Parabolic

x

Graph each parabola. Label the vertex, the focus, and the directrix.
Then describe the concavity.

y = –4.5

–8

1. x2 5 18y

Vertex: (0, 0)
Axis of symmetry:
y-axis, x 5 0
p: 4.5
Focus: (0, 4.5)
Directrix: y 5 24.5
Concavity: concave up
2.

y

2. y2 1 44x 5 0

16
8

x = 11

y = 0 (–11, 0) (0, 0)
0 8
–16 –8
p = –11
–8

16

x

–16

Standard form:
y2 5 244x
Vertex: (0, 0)
Axis of symmetry:
x-axis, y 5 0
p: 211
Focus: (211, 0)
Directrix: x 5 11

300 • TOPIC 3: Applications of Quadratics
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Assignment

Assignment
Answers

LESSON 5: Going the Equidistance

Write

Write

1. f

1. locus of points

a. Ax2 + Dy = 0 or By2 + Cx = 0

2. parabola

b. x2 = 4py or y2 = 4px

3. focus

c. describes the orientation of the curvature of the

4. directrix

2. d
3. g

parabola

5. general form of a parabola

4. h

d. a set of points in a plane that are equidistant

6. standard form of a parabola

5. a

from a fixed point and a fixed line

7. vertex of a parabola

e. the maximum or minimum point of a parabola

8. concavity

f. a set of points that share a property

6. b

g. the fixed point from which all points of a parabola

7. e

are equidistant

8. c

h. the fixed line from which all points of a parabola
are equidistant

Practice
1a.

Remember

y

A parabola is the set of all points in a plane that are equidistant from a fixed point, the focus, and a
fixed line, the directrix. A parabola has an axis of symmetry, a vertex, and concavity. A parabola can be

8

concave up, concave down, concave right, or concave left.

4

The general form of a parabola centered at the origin is an equation of the form Ax2 + Dy = 0 or
By2 + Cx = 0. The standard form of a parabola centered at the origin is an equation of the form
x2 = 4py or y2 = 4px. The standard forms of parabolas with vertex (h, k) are (x − h)2 = 4p(y − k) and

–8

(y − k)2 = 4p(x − h).

0

–4

4

x

8

–4
–8

Practice

3

	
p 5 __
  4

1. For each equation, determine the value of p, the coordinates of the vertex
and focus, and the equations of the axis of symmetry and the directrix.

vertex: (0, 0)

Then graph the parabola and describe the concavity.
a. x2 = 3y

axis of symmetry: x 5 0

b. 2y2 = x

3

focus: (0,  __
4 )

c. x = − (y − 2)2 + 3
d. x2 − 8x − 4y − 4 = 0

3

directrix: y 5 2 __
4 

concavity: concave up
1b.
y
8
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4

1c.

vertex: (3, 2)

A2_M01_T03_L05_Assignment SE.indd 301

axis of symmetry: y 5 2

y

–8

concavity: concave
up

6/3/21 8:31 PM

focus: (2.75, 2)

4

directrix: x 5 3.25

8

concavity: concave left

4

0

4

–4
–8

8

x

1d.	p 5 1
vertex: (4, 25)
axis of symmetry: x 5 4
focus: (4, 24)

1

	p 5 2 __
4 

A2_M01_T03_L05_Assignment Answer Key.indd 301

directrix: y 5 26

–4
–8

4

8

x

–4
–8

1

	p 5 __
  8 
0

–4

0

–4

y

8

–4

–8

4

8

12

x

vertex: (0, 0)
axis of symmetry: y 5 0
1

focus: ( __
8 , 0)

1

directrix: x 5 2 __
8 

concavity: concave
right
LESSON 5: Going the Equidistance • 301
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Assignment
Answers
Practice
2a.	x2 5 12y

2. Determine the equation of each parabola with the given focus and directrix. Let (x, y) represent a
point on the parabola.

2b.	y 5 216x
2

a. focus: (0, 3); directrix: y = −3
b. focus: (−4, 0); directrix: x = 4

2c. y 2 5 28x

c. focus: (7, 0); directrix: x = −7

3a. (y 2 6)2 5 28(x 2 8)

3. Write an equation in standard form for each parabola. Then graph and label the parabola.
a. A parabola with a vertex of (8, 6) and a focus of (6, 6).

y

b. A parabola with a vertex of (1, 0) and a directrix of y = −3.

directrix

12
8

focus

4
0
–4 –2

4

Stretch
(8, 6)

8

12

The finish line of a 5K race is an archway of balloons. The archway is formed by two parabolas, one
representing the top of the archway and one representing the bottom of the archway as shown.

x
9 ft

3b. (x − 1)2 5 12y

The width of the archway on the ground is 60 feet. The height of the top of the archway is 18 feet. The

y

height of the bottom of the archway is 9 feet. The framework of the archway consists of vertical posts
10 feet apart with posts connecting the tops and bottoms of adjacent vertical posts. Calculate the sum

8

of the lengths of the posts.

4 focus
–8

(1, 0)
0 4

–4

8

x

Review

5

–4 directrix

1. Given cos θ = −___
13 in Quadrant III, use the Pythagorean identity to determine sin θ.

–8

3. Solve each system of equations.

2
2. Given cos θ = __
9 in Quadrant IV, determine sin θ and tan θ.

a. y = x2 + 3x − 7
x + y = −2

∙

b.

y = x2 + 3x + 2

∙ y = 2x + 4

4. Determine each product.

Stretch

a. (x3 − 6x + 5)(−2x2 − 8x + 4)
b. (2x3 − 5x2 − 7x + 12)(−11x2 + 12x − 1)

See next page.

Review
1. The solution is
12
sin θ
 5 2 ___
13 .

2. The solutions
___ are
77 
√____
sin θ
 5 2  9  and
___

√ 77 
tan θ
 5 2  _____
2 .
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3a. (1, 23) and (25, 3)
3b. (1, 6) and (22, 0)
4a.	22x5 2 8x4 1 16x3

1 38x2 2 64x 1 20
4b.	222x5 1 79x4 1 15x3
2 211x2 1 151x 2 12
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Assignment Answers
Stretch
The vertex of the top of the archway is the point (0, 18). The vertex of the bottom of
the archway is the point (0, 9). The points where the archway touches the ground
are (230, 0) and (30, 0). The equation of the upper parabola in standard form
is x2 5 250(y 2 18).
The equation of the lower parabola in standard form is x 2 5 2100(y 2 9).
The endpoints of the first vertical post are (220, 5) and (220, 10). Its length is 5 feet.
The endpoints of the second vertical post are (210, 8) and (210, 16). Its length is
8 feet.
The endpoints of the third vertical post are (0, 9) and (0, 18). Its length is 9 feet.
Due to symmetry, the length of the fourth vertical post is equal to the length of the
second vertical post, and the length of the fifth vertical post is equal to the length of
the first vertical post.
The endpoints of the first non-vertical post are (220, 10) and (210, 8). Its length is
approximately 10.2 feet.
The endpoints of the second non-vertical post are (210, 16) and (0, 9). Its length is
approximately 12.2 feet.
Due to symmetry, the length of the third-non vertical post is equal to the length
of the second non-vertical post, and the length of the fourth non-vertical post is
equal to the length of the first vertical post.
The sum of the lengths of the 5 vertical posts and the 4 non-vertical posts is
5 1 8 1 9 1 8 1 5 1 12.2 1 12.2 1 10.2 1 10.2 5 79.8 feet.
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Applications of
Quadratics Summary
KEY TERMS
•
•
•
•
•
•

restrict the domain
one-to-one function
inverse of a function
conic section
locus of points
parabola

LESSON

1

•
•
•
•
•
•

focus
directrix
vertex of a parabola
concavity
general form of a parabola
standard form of a parabola

Ahead of the Curve

Just like with the other inequalities you have studied, the solution to a quadratic inequality is the set
of values that satisfy the inequality.
For example, consider the inequality x2 2 4x 1 3 , 0.
Write the corresponding quadratic equation.

x 2 2 4x 1 3 5 0

Calculate the roots of the quadratic equation
using an appropriate method.

( x 2 3)(x 2 1) 5 0
(x 2 3) 5 0 or (x 2 1) 5 0
x 5 3or
x 5 1
Summary

Plot the roots to divide the number line into three regions.

Interval 1

1

Interval 2

3

Interval 3

Choose a value from each interval to test in the original inequality. Identify the solution set as the
interval(s) in which your test value satisfies the inequality.
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1

Interval 1
Try x 5 0
2
0 5 4(0) 1 3 , 0
3 , 0 ×

3

Interval 2
Interval 3
Try x 5 2
Try x 5 4
2
2
2 5 4(2) 1 3 , 0 4
 2 4(4) 1 3 , 0
4 2 8 1 3 , 0
 6 2 16 1 3 , 0
1
21 , 0¸
3 , 0 ×

Interval 2 satisfies the original inequality, so the solution includes all numbers between 1 and 3.
Solution: x [ (1, 3) , or 1 , x , 3 .

LESSON

All Systems Go!

2

The graph of a linear equation and the graph of a quadratic equation can intersect at two points, at
one point, or not at all.
The method to determine the solution or solutions of a system involving a quadratic equation and a
linear equation is similar to solving a system of two linear equations. First, substitute one equation
into the other. Then, solve the resulting equation for x and calculate the corresponding values for y.
These values represent the point(s) of intersection. Finally, graph each equation of the system to verify
the points of intersection.
y

y 5 x2 2 6x 1 7
y 5 2x

12
10

 x 5x2 2 6x 1 7
2
0 5x2 2 8x 1 7
0 5 (x 2 7) (x 2 1)
x 2 7 5 0
x 5 7
y 5 2(7)
y 5 14

x 2 1 5 0
x 5 1
y 5 2(1)
y 5 2

(7, 14)

14

8
6
4
(1, 2)

2
−8

−6

−4

0

−2

2

4

6

8

x

−2

The system has two solutions: (7, 14) and (1, 2).
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LESSON

3

The Ol' Switcharoo

A function takes an input value, performs some operation(s) on this value, and creates an output
value. The inverse of a function takes the output value, performs some operation(s) on this value,
and arrives back at the original function’s input value. In other words, an inverse of a function is a
function that “undoes” another function.
Given a function f(x), you can determine the inverse function algebraically by following these steps:
Step 1: Replace f(x) with y.
Step 2: Switch the x and y variables.
Step 3: Solve for y.
Step 4: If y is a function, replace y with f 21(x).
The graph of the inverse of a function is a reflection of the function across the line y 5 x.
For example, given that (4, 5) is a point on the graph of g(x),
the corresponding point on the graph of g 21(x) is (5, 4).
A function is a one-to-one function if both the function and its inverse are functions.
A linear and exponential function are always one-toone functions, but a quadratic function is not.
Therefore, you need to restrict the domain of the
original quadratic function so that the inverse is also
a function. To restrict the domain of a function
means to define a new domain for the function that is
a subset of the original domain.

y
9

y=x

g–1(x)

8
7

6

g(x)

5
4
3
2
1
0

1

2

3

4

5

6

7

8

x

9

For example, you can determine the equation of the inverse of the basic quadratic function
f(x) 5 x2 by first restricting the domain to x . 0, replacing f(x) with y, switching the x and y variables,
and solving for y.

__

f(x) 5 x2
y 5 x2
x 5 y2
__
y5√
 x 

 x  for x . 0.
The inverse of f(x) 5 x2 is f 21(x) 5 √
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LESSON

4

Modeling Behavior

Quadratic regression equations can be used to model real-world situations and make predictions.
For example, as vans, trucks, and SUVs have increased in popularity, the fuel consumption of these
types of vehicles has also increased.
Fuel Consumption
(billions of gallons)

0

23.8

5

27.4

10

35.6

15

45.6

19

52.8

y

Fuel Consumption (billions of gallons)

Years Since
1980

54
48
42

36
30
24
18
12
6
0

2

4

6

8
10 12 14
Years Since 1980

16

18

x

The quadratic regression equation that best fits the data is y 5 0.0407x2 1 0.809x 1 23.3. The r2
value for the quadratic regression fit is 0.996. Just as with linear and exponential regressions, the
equation can be used to make predictions for the data.
For example, you can predict the fuel consumption in the year 2020 by substituting x 5 40into the
regression equation.
y 5 0.0407(40)2 1 0.809(40) 1 23.3
y ø 121
In 2020, fuel consumption will be about 121 billion gallons.
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Going the Equidistance

5

Axis

You previously studied parabolas as quadratic functions. You analyzed
equations and graphed parabolas based on the position of the vertex
and additional points determined using x-values on either side of the
axis of symmetry.
A parabola can also be described as a conic section.

Vertex

A locus of points is a set of points that share a property. A parabola
is the set of all points in a plane that are equidistant from a focus and
a directrix. The focus is a point which lies inside the parabola on the
axis of symmetry. The directrix is a line that is perpendicular to the
axis of symmetry and lies outside the parabola and does not intersect
the parabola. Thus, a parabola is equidistant from the focus and the
directrix. The vertex of a parabola is the point
on the axis of symmetry which is exactly midway
between the focus and the directrix. It is also the
point where the parabola changes direction.

Edge of the
cone

Axis of
Symmetry

P

The concavity of a parabola describes the orientation
of the curvature of the parabola. A parabola can be
concave up, concave down, concave right, or concave
left, as shown.

Focus

d
d

Vertex
Directrix

y

x

concave up

y

y

x

x

concave right

y

concave down

x

concave left
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The general form of a parabola centered at the origin is an equation of the form Ax2 1 Dy 5 0 or
By2 1 Cx 5 0. The standard form of a parabola centered at the origin is an equation of the form
x2 5 4py or y2 5 4px, where p represents the distance from the vertex to the focus.
Parabola
Graph

y

y

p

p
p

x

x

x2 5 4py
vertical
y-axis
(0, 0)
(0, p)
y5p
up or down

Equation of Parabola
Orientation of Parabola
Axis of Symmetry
Coordinates of Vertex
Coordinates of Focus
Equation of Directrix
Concavity

p

y2 5 4px
horizontal
x-axis
(0, 0)
(p, 0)
x5p
right or left

The standard forms of parabolas with a vertex at (h, k) are (x 2 h)2 5 4p(y 2 k) and (y 2 k)2 5 4p(x 2 h).
Parabola
Graph

y

y

(h, k)
p
p

p

(h, k)

p

x

Equation of Parabola
Orientation of Parabola
Axis of Symmetry
Coordinates of Vertex
Coordinates of Focus
Equation of Directrix
Concavity

(x 2 h)2 5 4p(y 2 k)
vertical
x5h
(h, k)
(h, k 1 p)
y5k2p
up or down

x

(y 2 k)2 5 4p(x 2 h)
horizontal
y5k
(h, k)
(h 1 p, k)
x5h2p
right or left
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Glossary
A

absolute minimum

absolute maximum
A function has an absolute maximum if there
is a point that has a y-coordinate that is
greater than the y-coordinates of every other
point on the graph.
Example

A function has an absolute minimum if there
is a point that has a y-coordinate that is less
than the y-coordinates of every other point
on the graph.
Example
The ordered pair (1, 24) is the absolute
minimum of the graph of the function

The ordered pair (4, 2) is the absolute
maximum of the graph of the function
1 2
f(x) 5 2 __
2 x 1 4x 2 6.

2

10

4

y 5 __
  3 x2 2 __
  3 x 2 ___
  3 .

y

y
8

8

6

6

4

4

–8

–6

–4

0

–2
–2
–4
–6

1
y = – x 2 + 4x – 6
2

–8

y = 2 x 2 – 4 x – 10
3
3
3

(4, 2)

2
2

4

6

8

x

–8

–6

–4

2
0

–2

2

4

6

8

x

–2
–4

(1, –4)

–6
–8
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absolute value

Binomial Theorem

The absolute value of a number is its distance
from zero on the number line.

The Binomial Theorem states that it is possible
to extend any power of (a 1 b) into a sum of the
form shown.
n n 0
n n22 2
n n21 1
    )
  a b 1 (
    )
  a b 1 (
    )
  a b
(a 1 b) n 5 (
1
0
2

argument of a function
The argument of a function is the expression
inside the parentheses.
Example
For y = f(x ] c) the expression (x ] c)
is the argument of the function.

n
n
1 … 1 ( 
   a1bn 2 1 1 (
 n ) a0 bn
n 2 1)
Example

Use the Binomial Theorem to find the third term
of (x 1 y)20.
20 20 2 2 2 _____
20!
   )
  x
y 5   18!2! x18 y2
(x 1 y)20 5 (
2

average rate of change

20 ? 19

5 _______
  2 ? 1 x18 y2 5 190 x18 y2

The average rate of change of a function is
the ratio of the independent variable to the
dependent variable over a specific interval. The
f(b) 2 f(a)

 .
formula for average rate of change is  ________
b2a

for an interval (a, b). The expression a 2 b
represents the change in the input of the
function f. The expression f(b) 2 f(a) represents
the change in the function f as the input changes
from a to b.
Example

C
Change of Base Formula
The Change of Base Formula allows you to
calculate an exact value for a logarithm by
rewriting it in terms of a different base. It is
especially helpful when using a calculator.
The Change of Base Formula states:
loga (c)

Consider the function f(x) 5 x .
2

The average rate of change of the interval (1, 3) is

32 2 12
921
8
_______
  3 2 1  5 ______
  3 2 1  5 __
  2  5 4.

, where a, b, c . 0 and
log b (c) 5  _______
log (b)
a

a, b ﬁ 1.
Example

log 50

log4 (50) 5  ______

log 4

B

≈ 2.821928095

biased sample
A biased sample is a sample that does not
accurately represent all of a population.
Example
A survey is conducted asking students their
favorite class. Only students in the math club
are surveyed. The sample of students is a
biased sample.

closed under an operation
A set is closed under an operation if the
operation is performed on any of the numbers
in the set and the result is a number that is also
in the same set.
Example
The set of whole numbers is closed under
addition. The sum of any two whole numbers is
always another whole number.
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coefficient of determination

complex numbers

The coefficient of determination (R2) measures
the “strength” of the relationship between the
original data and its regression equation. The
value of the coefficient of determination ranges
from 0 to 1 with a value of 1 indicating a perfect
fit between the regression equation and the
original data.

The set of complex numbers is the set of all
numbers written in the form a 1 bi, where a and
b are real numbers. The set of complex numbers
consists of the set of imaginary numbers and
the set of real numbers.

coefficient matrix
A coefficent matrix is a square matrix that
consists of each coefficient of each equation in
the system of equations, in order, when they are
written in standard form.
Example
For the system

The coefficient matrix is

2x 2 y 2 2z 5 3
3x 1 y 2 2z 5 11
22x 2 y 1 z 5 28

2 21 22
1 22
3
[22 21 1]

constant matrix
A constant matrix is a matrix in one column that
represents each of the constants in the system
of equations.
Example
For the system

Example
The numbers 1 1 2i, 7, and 23i are complex
numbers.

composition of functions
Composition of functions is the process of
substituting one function for the variable in
another function.
Example
If f(x) 5 3x 2 5 and g(x) 5 x2, then the
composition of the functions f(g(x)) can be
written as f(g(x)) 5 3(x2) 2 5 5 3x2 2 5.
The composition of functions g(f(x)) can be
written as g(f(x)) 5 (3x 1 5)2.

concavity
The concavity of a parabola describes the
orientation of the curvature of the parabola.

The constant matrix is

2x 2 y 2 2z 5 3
3x 1 y 2 2z 5 11
22x 2 y 1 z 5 28

3
11
[28 ]

common logarithm
A common logarithm is a logarithm with a base
of 10. Common logarithms are usually written
without a base.
Example
log (10x) or log x are examples of a common
logarithm.
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concavity of a parabola

cubic function

The concavity of a parabola describes the
orientation of the curvature of the parabola.

A cubic function is a function that can be written
in the standard form f(x) 5 ax3 1 bx2 1 cx 1 d
where a ﬁ 0.

Example
y

Example

y

x

The function f(x) 5 x3 2 5x2 1 3x 1 1 is a cubic
function.
y

x
8
6

concave up

4

concave right

2

y

y

−8

−6

−4

0

−2

2

4

6

8

x

−2
−4

x

x

−6
−8

concave down

f(x) = x3 − 5x2 + 3x + 1

concave left

D
dimensions

constant matrix
a constant matrix is a matrix in one column that
represents each of the constants in the system
of equations.

cube root function
The cube root function is the inverse of the
power function f(x) 5 x3.
Example

The dimensions of a matrix are its number of
rows and its number of columns.
Example
A5[


1

0

25

22

1

4


7 ]
3

Matrix A is a 2 x 4 matrix because it has 2 rows
and 4 columns.

__

The cube root function is g(x) 5 3√ x .

G-4 • Glossary

A2_THL_GLOSS_TIG.indd 4

04/06/21 5:19 PM

directrix

Euclid’s Formula

The directrix of a parabola is a line such that all
points on the parabola are equidistant from the
focus and the directix.

Euclid’s Formula is a formula used to generate
Pythagorean triples given any two positive
integers. Given positive integers r and s, where
r . s, Euclid’s Formula is (r2 1 s2)2 5 (r2 2 s2)2 1 (2rs)2.

Example

Example

The focus of the parabola shown is the point
(0, 2). The directix of the parabola shown is
the line y= –2. All points on the parabola are
equidistant from the focus and the directix.

Let r 5 3 and s 5 1.
(32 1 12)2 5 (32 2 12)2 1 (2 ? 3 ? 1)2
102 5 82 1 62

y

So, one Pythagorean triple is 6, 8, 10.

8

d1 = d2

even function

6
4
(0, 2)
2
–8 –6 –4 –2
y = –2

–2

d1

An even function f is a function for which
f(2x) 5 f(x) for all values of x in the domain.

(x, y)
d2

0 2

4

6

8

x

–4

Example
The function f(x) 5 x2 is an even function because
(2x)2 5 x2.

extraneous solution
Extraneous solutions are solutions that result
from the process of solving an equation; but are
not valid solutions to the equation.

E
equivalent compound inequality
Absolute value inequalities can take four different
forms. To solve a linear absolute value inequality,
you can first write it as an equivalent compound
inequality.
Example

Example
log2 (x) 1 log2 (x 1 7) 5 3
log2 (x2 1 7x) 5 3
x2 1 7x 5 23
x2 1 7x 5 8
x2 1 7x 2 8 5 0
(x 1 8)(x 2 1) 5 0

Absolute Value Equivalent Compound
Inequality
Inequality
|ax 1 b| , c

2 c , ax 1 b , c

|ax 1 b| # c

2 c # ax 1 b # c

|ax 1 b| . c

ax 1 b , 2 c or ax 1 b . c

|ax 1 b| $ c

ax 1 b # 2 c or ax 1 b $ c

x1850
x 5 28

or

x2150
x51

The solution x 5 28 is an extraneous solution
because the argument of a logarithm must be
greater than zero.
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extrema

factored form of a quadratic function

Extrema are the set of all relative maximums,
relative minimums, absolute maximums, and
absolute minimums for a graph.

A quadratic function written in factored form is
in the form f(x) 5 a(x 2 r1)(x 2 r2), where a ﬁ 0.

Example
The graph shown has 2 extrema, a relative
maximum at (2, 3) and a relative minimum
at (0, 21).
y

6
(2, 3)

−6

−4

−2

0 2
−2 (0, −1)

4

6

8

x

y = −x3 + 3x2 − 1

−4

focus

Example

2
−8

The function h(x) 5 x2 2 8x 1 12 written in
factored form is h(x) 5 (x 2 6)(x 2 2).

The focus of a parabola is a point such that all
points on the parabola are equidistant from the
focus and the directix.

8

4

Example

The focus of the parabola shown is the point
(0, 2). The directix of the parabola shown is
the line y = –2. All points on the parabola are
equidistant from the focus and directix.
y

−6
−8

8

d1 = d2

6

F

4
(0, 2)
2

Factor Theorem
The Factor Theorem states that a polynomial is
divisible by (x 2 r) if the value of the polynomial
at r is zero.

–8 –6 –4 –2
y = –2

–2

d1

(x, y)
d2

0 2

4

6

8

x

–4

Example
The polynomial x3 2 2x2 1 2x 2 1 is divisible by
x 2 1 because (1)3 2 2(1)2 1 2(1) 2 1 5 0.

fractal
A fractal is a complex geometric shape that is
constructed by a mathematical pattern. Fractals
are infinite and self-similar.
Example

Stage 0

Stage 1

Stage 2

Stage 3
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function

general form of a parabola

A function is a relation such that for each element
of the domain there exists exactly one element in
the range.

The general form of a parabola centered at the
origin is an equation of the form
Ax2 1 Dy 5 0 or By2 1 Cx 5 0

Example

Example

The equation y 5 2x is a function. Every x-value
has exactly one corresponding y-value.

The equation for the parabola shown can be
written in general form as x2 – 2y = 0.
y

function notation

8

Function notation is a way of representing
functions algebraically. The function f(x) is read as
“f of x” and indicates that x is the input and f(x) is
the output.
Example

6
4
2
−8

−6

−4

0

−2

2

4

6

8

x

−2
−4

The function f(x) 5 0.75x is written using function
notation.

−6
−8

Fundamental Theorem of Algebra
The Fundamental Theorem of Algebra states
that any polynomial equation of degree n must
have exactly n complex roots or solutions; also,
every polynomial function of degree n must have
exactly n complex zeros. However, any root or
zero may be a multiple root or zero.

geometric series

Example

The geometric series corresponding to the
geometric sequence 2, 4, 8, 16 is 2 1 4 1 8 1 16,
or 30.

The polynomial equation x5 1 x2 2 6 5 0 has
5 complex roots because the polynomial
x5 1 x2 2 6 has a degree of 5.

G
Gaussian elimination
Gaussian elimination is a method for solving
linear systems of equations, named after the
mathematician Carl Friedrich Gauss. It involves
using linear combinations of the equations in the
system to isolate one variable per equation.

A geometric series is the sum of the terms of a
geometric sequence.
Example

H
half-life
A half-life is the amount of time it takes a
substance to decay to half of its original amount.
Example
The radioactive isotope strontium-90 has a
half-life of about 30 years. A 1000-gram sample
of strontium-90 will decay to 500 grams in
30 years.
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Horizontal Line Test
The Horizontal Line Test is a test to determine if
a function is one to one. To use the test, imagine
drawing every possible horizontal line on the
coordinate plane. If no horizontal line intersects
the graph of a function at more than one point,
then the function is one to one.

The function y 5 x2 does not pass the Horizontal
Line Test because a horizontal line can be drawn
that intersects the graph at more than one
point. So, the function is not one to one.
y
4
3

Example

2

The function y 5 x passes the Horizontal Line
Test because no horizontal line can be drawn
that intersects the graph at more than one
point. So, the function is one to one.

1
−4

−3

−2

0

−1

1

2

3

4

x

−1
−2

y

−3

4

−4

3
2

I

1
−4

−3

−2

0

−1
−1
−2
−3
−4

1

2

3

4

x

identity matrix
The identity matrix, I, is a square matrix whose
elements are 0s and 1s. The 1s are arranged
diagonally from upper left to lower right as
shown.
Example
I1   5 [ 1]
I2   5 1
 0
[
⎡1
I3   5 0
⎣ 0

⎢

0
1 ]
0 0⎤
1 0

0 1⎦

⎥

imaginary numbers
The set of imaginary numbers is the set of all
numbers written in the form a 1 bi, where a and
b are real numbers and b is not equal to 0.
Example
The numbers 2 2 3i and 5i are imaginary numbers.
The number 6 is not an imaginary number.
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imaginary part of a complex number

invertible function

In a complex number of the form a 1 bi, the term bi
is called the imaginary part of a complex number.

An invertible function is a function whose
inverse exists. It is one-to-one and passes the
Horizontal Line Test, so its inverse will also be a
function.

Example
The imaginary part of the complex number
3 1 2i is 2i.

Example
y

imaginary roots (imaginary zeros)

6

Equations and functions that have imaginary
solutions requiring i have imaginary roots or
imaginary zeros.
Example
The quadratic equation x2 2 2x 1 2 5 0 has two
imaginary roots: 1 1 i and 1 2 i.

f(x) = x3

8

4
2
−8

−6

−4

0

−2

2

4

6

8

x

8

x

−2
−4
−6

inverse of a function

−8

The inverse of a one-to-one function is a
function that results from exchanging the
independent and dependent variables. A
function f(x) with coordinates (x, f(x)) will have an
inverse with coordinates (f(x), x).

8

Example

6

y

The inverse of the function y 5 2x can be found
by exchanging the variables x and y.

g(x) = x2

4
2

The inverse of y 5 2x is x 5 2y.
−8

−6

−4

0

−2

2

4

6

−2
−4
−6
−8

The graph of f(x) 5 x3 is an invertible function
because it is one-to-one and passes the
Horizontal Line Test. Therefore its inverse will
also be a function.
The graph of g(x) 5 x2 is not an invertible
function because it does not pass the Horizontal
Line Test. Its inverse does not exist.
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iterative process

linear absolute value equation

An iterative process is one in which the output
from one iteration is used as the input for the
next iteration.

An equation in the form of I x – a I =c is a linear
absolute value equation.

Example
A recursive sequence uses an iterative process to
generate its terms.
an 5 3an 2 1 1 1

Example
The equation I x – 1 I = 6 is a linear absolute value
equation.

linear absolute value inequality

a1 5 2
Begin with the first term, which is 2, and
substitute it into the sequence to get the
next term.

An inequality in the form I x + a I < c is a linear
absolute value inequality.

a2 5 3a1 1 1

The inequality I w – 145.045 Ι ≤ 3.295 is a linear
absolute value inequality.

5 3(2) 1 1

Example

57
Then substitute a2 into the sequence to produce
a3, and so on.

L

linear programming
Linear programming is a branch of mathematics
that determines the maximum and minimum
value of linear expressions on a region produced
by a system of linear inequalities.

logarithm
The logarithm of a positive number is the
exponent to which the base must be raised to
result in that number.
Example
Because 102 5 100, the logarithm of 100 to the
base 10 is 2.
log 100 5 2

locus of points
A locus of points is a set of points that satisfy one
or more conditions.
Example
A circle is defined as a locus of points that are
a fixed distance, called the radius, from a given
point, called the center.

Because 23 5 8, the logarithm of 8 to the base
2 is 3.
log2 (8) 5 3

line of reflection
A line of reflection is the line that the graph is
reflected across. A horizontal line of reflection
affects the y-coordinates. A vertical line of
reflection affects the x-coordinates.
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logarithm with same base and argument

matrix element

The logarithm of a number, with the base equal
to the same number, is always equal to 1.

Each number in the matrix is knows as a matrix
element.

log b (b) 5 1
Example

matrix equation

log4 (4) 5 1

Matrices can be used to solve a system of
equations. A system can be written as a matrix
equation, or an equation with matrices.

logarithmic equation
A logarithmic equation is an equation that
contains a logarithm.

multiplicative inverse of a matrix

Example
The equation log2 (x) 5 4 is a logarithmic
equation.

The multiplicative inverse of a matrix (or just
inverse) of A is designated as A21, and is a matrix
such that A ? A21 5 Ι or the identity matrix.

logarithmic function

multiplicity

A logarithmic function is a function involving a
logarithm.

Multiplicity is how many times a particular
number is a zero for a given function.

Example

Example

The function f(x) 5 3 log x is a logarithmic
function.

The equation x2 1 2x 1 1 5 0 has a double root
at x 5 21. The root 21 has a multiplicity of 2.

M

x2 1 2x 1 1 5 0

matrix

(x 1 1)(x 1 1) 5 0

A matrix (plural matrices) is an array of numbers
composed of rows and columns. A matrix is
usually designated by a capital letter.

x1150
x 5 21

or x 1 1 5 0
or

x 5 21

matrix multiplication
In matrix multiplication, an element apq of the product matrix is determined by multiplying each
element in row p of the first matrix by an element from column q in the second matrix and calculating
the sum of the products.
Example

Sprinter’s Matrix

⎢

		1st
	Lauren ⎡ 3
Kerri 0
Meaghan 0
Erin ⎣ 2

2nd 3rd
1
0
2
0
1
3
1
0

4th
0
1
1
1

⎥

5th
0⎤
2
2
1 ⎦

⎢⎥

Scoring Matrix

Results Matrix

Points
1st ⎡10 ⎤

3

2nd
8
3rd
6
4th
4
⎣
5th  2 ⎦

⎢ ⎥

Points
	Lauren ⎡ 38 ⎤
5

Kerri
Meaghan
Erin

24
34
⎣ 34 ⎦
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N

P

natural base e

polynomial function

The natural base e is an irrational number equal
to approximately 2.71828.

A polynomial function is a function that can be
written in the form
p(x) 5 xn 1 xn 2 1 1 ? ? ? 1 x2 1 x 1 ,
where the coefficients, represented by each ,
are complex numbers and the exponents are
nonnegative integers.

Example
e2 ≈ 2.71832 ≈ 7.3892

Example

natural logarithm
A natural logarithm is a logarithm with a base
of e. Natural logarithms are usually written as ln.
Example
loge (x) or ln x is a natural logarithm.

O
odd function
An odd function f is a function for which
f(2x) 5 2f(x) for all values of x in the domain.
Example
The function f(x) 5 x3 is an odd function because
(2x)3 5 2x3.

The function f(x) 5 5x3 1 3x2 1 x 1 1 is a
polynomial function.

polynomial long division
Polynomial long division is an algorithm for
dividing one polynomial by another of equal or
lesser degree.
Example
4x2 2 6x 1 3
2x 1 3 8x3 1 0x2 2 12x 2 7
2(8x3 1 12x2)
212x2 2 12x
2(212x2 2 18x)

one-to-one function
A function is a one-to-one function if both the
function and its inverse are functions.

6x 2 7
2(6x 1 9)
Remainder 216

Example
The equation y = x3 is a one-to-one function
x = y, is a function. The
because its inverse, 3√—
equation y = x2 is not a one-to-one function
x = y, is not a function.
because its inverse, + √—
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power function
In this material, a power function is a function
of the form P(x) 5 axn where n is a non-negative
integer.
Example
The functions f(x) 5 x, f(x) 5 x2, and f(x) 5 x3 are
power functions.

Power Rule of Logarithms
The Power Rule of Logarithms states that the
logarithm of a power is equal to the product of
the exponent and the logarithm of the base of
the power.
log b (x) n 5 n ? log b (x)

Q
Quadratic Formula

__________

2b  √
 b2 2 4ac 
The Quadratic Formula x 5  ________________
  
, can
2a

be used to calculate the solutions to any quadratic
equation of the form ax2 1 bx 1 c, where a, b, and
c represent real numbers and a ﬁ 0.

Quotient Rule of Logarithms
The Quotient Rule of Logarithms states that the
logarithm of a quotient is equal to the difference
of the logarithms of the dividend and the divisor.
 __  y ) 5 logb (x) 2 logb (y)
logb (
x

Examples
log (
 __
  2 ) 5 log x 2 log 2
x

Example

R

In (x)2 5 2 In x
radical function

Product Rule of Logarithms
The Product Rule of Logarithms states that the
logarithm of a product is equal to the sum of the
logarithms of the factors.

A radical function is a function that contains one
or more radical expressions.
Example

________

The function f(x) 5 √ 3x 1 5 is a radical function.

log b (xy) 5 log b (x) 1 log b (y)
Example
log (5x) 5 log 5 1 log x

rational equation
A rational equation is an equation that contains
one or more rational expressions.

pure imaginary number

Example

A pure imaginary number is a number of the
form bi, where b is not equal to 0.

The equation ______
  x 2 1  1 ______
  x 1 1  5 4 is a rational
equation.

1

1

Example
The imaginary numbers 24i and 15i are pure
imaginary numbers.

rational function
A rational function is any function that can be
written as the ratio of two polynomial functions.
A rational function can be written in the form
P(x)

f(x) 5   ____
Q(x)  where P(x) and Q(x) are polynomial

functions, and Q(x) ﬁ 0.
Example
1

1

______
The function f(x) 5  ______
x 2 1  1   x 1 1 is a rational
function.
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real part of a complex number

relation

In a complex number of the form a 1 bi, the term
a is called the real part of a complex number.

A relation is the mapping between a set of input
values called the domain and a set of output
values called the range.

Example
The real part of the complex number 3 1 2i is 3.

reflection
A reflection of a graph is the mirror image of the
graph about a line of reflection.

regression equation

Example
The set of points {(0, 1), (1, 8), (2, 5), (3, 7)}
is a relation.

relative maximum
A relative maximum is the highest point in a
particular section of a graph.
Example
y

A regression equation is a function that models
the relationship between two variables in a
scatter plot.

8
6

Example
The regression equation
y 5 20.41x3 1 3.50x2 2 4.47x 1 8.44 models
the relationship between time and the number of
vehicles.

Vehicles (thousands)

y

4

(2, 3)

2
−8

−6

−4

−2

0 2
−2 (0, −1)
−4

27

−6

24

−8

4

6

8

x

y = −x3 + 3x2 − 1

21

The graph shown has a relative maximum at (2, 3).

18
15
12
9
6
3
0

1

2

3

4

5

6

7

8

9

x

Time
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relative minimum

restrict the domain

A relative minimum is the lowest point in a
particular section of a graph.

To restrict the domain of a function means to
define a new domain for the function that is a
subset of the original domain.

Example

S

y
8

self-similar

6

A self-similar object is exactly or approximately
similar to a part of itself.

4

(2, 3)

Example

2
−8

−6

−4

−2

0 2
−2 (0, −1)
−4

4

6

8

x

A Koch snowflake is considered to be self-similar.

y = −x3 + 3x2 − 1

−6
−8

The graph shown has a relative minimum at (0, 21)

Remainder Theorem
The Remainder Theorem states that the
remainder when dividing a polynomial by (x 2 r)
is the value of the polynomial at r.

sine function
The sine function is a periodic function. It takes
angle measures (θ values) as inputs and then
outputs real number values which correspond
to the coordinates of points on the unit circle.
Example
The function h(θ) 5 2sin(2θ) 1 1 is a sine function.

Example
The value of the polynomial x2 1 5x 1 2 at 1 is
(1)2 1 5(1) 1 2 5 8. So, the remainder when
x2 1 5x 1 2 is divided by x 2 1 is 8.

___

x16
2 1⟌x2 1 5x 1 2
  x  
x2 2 x
¯
6x 1 2
6x 2 6
¯
8
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solution of a system of inequalities

standard form of a parabola

The solution of a system of inequalities is the
intersection of the solutions to each inequality.
Every point in the intersection satisfies all
inequalities in the system.

The standard form of a parabola centered at the
origin is an equation of the form x2 5 4py or
y2 5 4px, where p represents the distance from
the vertex to the focus.

Example

Example

The solution of this system of linear inequalities …

The equation for the parabola shown can be
written in standard form as x2 = 2y.

200a 1 100c # 800

y

75(a 2 1) 1 50c $ 150
… is shown by the shaded region, which
represents the intersection of the solutions to
each inequality.

8
6
4

y

2

8
−8

6

−6

Child Rafters

–4

4

6

8

x

−6

0

–2

2

−4

2
–6

0

−2
−2

4

–8

−4

2

4

6

8

−8

x

–2
–4
–6

standard form (general form)
of a quadratic function

–8

A quadratic function written in the form
f(x) 5 ax2 1 bx 1 c, where a ﬁ 0, is in standard
form, or general form.

Adult Rafters

square matrix
A square matrix is a matrix that has an equal
number of rows and columns.
Example

Example
The function f(x) 5 25x2 2 10x 1 1 is written in
standard form

Matrix C is a 2 x 2 square matrix.
9 22
C5[


24
1]

square root function
The square root function is the inverse of the
power function f(x) 5 x2 when the domain is
restricted to x $ 0.
Example

__

The square root function is g(x) 5 √
 x .
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symmetric about a line

synthetic division

If a graph is symmetric about a line, the line
divides the graph into two identical parts.

Synthetic division is a method for dividing a
polynomial by a linear factor of the form (x 2 r).

Example

Example

The graph of f(x) 5 x is symmetric about the
line x 5 0.

The quotient of 2x2 2 3x 2 9 and x 2 3 can be
calculated using synthetic division.

2

y

3

2

8
6

2

23

29

6

9

3

0

4

The quotient of 2x2 2 3x 2 9 and x 2 3 is 2x 1 3.

2
−8

−6

−4

0

−2

2

4

6

8

x

T

−2
−4

the number i

−6

The number i is a number such that i2 5 21.

−8

V
variable matrix

symmetric about a point

A variable matrix is a matrix in one column that
represents all of the variables in the system of
equations.

A function is symmetric about a point if each
point on the graph has a point the same
distance from the central point, but in the
opposite direction.

Example
For the system

Example
The graph of f(x) 5 x3 is symmetric about the
point (0, 0).

2x 2 y 2 2z 5 3
3x 1 y 2 2z 5 11
22x 2 y 1 z 5 28

y
8

A quadratic function written in vertex form is in
the form f(x) 5 a(x 2 h)2 1 k, where a Þ 0.

4
2
−6

−4

0

−2
−2
−4
−6

x
y
[ z ]

vertex form of a quadratic function

6

−8

The variable matrix is

2

4

6

8

x

Example
The quadratic equation y 5 2(x 2 5)2 1 10 is
written in vertex form. The vertex of the graph is
the point (5, 10).

−8
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Z

vertex of a parabola

Zero Property of Logarithms
The Zero Property of Logarithms states that the
logarithm of 1, with any base, is always equal to 0.

The vertex of a parabola is the point on the axis
of symmetry which is exactly midway between
the focus and the directrix. It is also the point
where the parabola changes direction.

log b (1) 5 0
Example

Example
y

log3 (1) 5 0

y
directrix

focus
focus

x

x

vertex

vertex
directrix

vertical asymptote
A vertical asymptote is a vertical line that a function
gets closer and closer to, but never intersects.
The asymptote does not represent points on the
graph of the function. It represents the output
value that the graph approaches.
Example
The graph has two asymptotes: a vertical
asymptote x 5 2 and a horizontal asymptote
y 5 21.
y
8
6
4
2
–8

–6

–4

0

–2

2

4

6

8

x

–2
–4
–6
–8
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